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Dispersion	
  Rela5on	
  
Plane	
  waves	
  in	
  a	
  nondispersive	
  medium	
  

ω

!ω = +kv
!ω = −kv

!k

Slope	
  =	
  v	
  

!!

ω = +kv
λ = v / f

λ =2π /k
ω =2π f

Slope	
  of	
  omega	
  vs	
  k	
  is	
  independent	
  of	
  k	
  or	
  
omega	
  
	
  
Pulses	
  maintain	
  their	
  shape	
  while	
  
propaga5ng	
  

!!
v =1/ εµ
ε ,µ !!independent!of!frequency



Dispersion	
  

ω 2 = k2

εµ
= k2v2 But	
  in	
  reality	
  

ε = ε(ω )
µ = µ(ω )
v = v(ω )

hJps://en.wikipedia.org/wiki/PermiNvity	
  
"Dielectric	
  Spectroscopy".	
  Archived	
  from	
  the	
  original	
  on	
  2006-­‐01-­‐18.	
  Retrieved	
  2018-­‐11-­‐20.	
  

Different	
  frequencies	
  propagate	
  with	
  
different	
  speeds	
  
	
  
Group	
  velocity	
  dispersion	
  	
  -­‐	
  	
  GVD	
  
	
  
Dielectric	
  func5on	
  is	
  complex	
  	
  
Absorp5on	
  
	
  



Dielectric	
  Func5on	
  for	
  H2O	
  



Phase	
  and	
  Group	
  Velocity	
  
vg	
  

vp	
  

!!

ω ε(ω )µ0 = k

The!crests!travel!at!
the!phase!velocity

vp =
ω c

k(ω c )

The!envelope!travels!at
the!group!velocity

v g =
dω
dk

ωc



Group	
  and	
  Phase	
  Velocity	
  
Consider	
  a	
  superposi5on	
  of	
  two	
  waves:	
  

E = E0 cos k1z −ω1t( ) + E0 cos k2z −ω 2t( )

Trig	
  iden5ty::	
  

cos A( ) + cos B( ) = 2cos(A + B
2

)cos(A − B
2

)

E = 2E0 cos kz −ωt( )cos Δkz − Δωt( )

k = 1
2
k1 + k2( ),         ω = 1

2
ω1 +ω 2( ) = 1

2
ω (k1)+ω (k2 )( )  

Δk = 1
2
k1 − k2( ),       Δω = 1

2
ω (k1)−ω (k2 )( ) ≈ Δk dω

dk
 

ω1 =ω (k1),   ω 2 =ω (k2 )



Carrier	
  and	
  Envelope	
  	
  

E = 2E0 cos kz −ωt( )cos Δkz − Δωt( )  
Carrier	
  

!! 

Speed!of!carrier:!!!!ω /k = vphase
Speed!of!envelope:!!!Δω/Δk
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! ! dω(k)/dk=v group

envelope	
  



Dispersion	
  Rela5on	
  

!!
ω(k)!!!!vs!!!!k!!!
not!a!straight!line

!ω c !!
slope!=!v g =

dω
dk

ωc

!!
slope!=!vp =

ω
k

ωc



Problem	
  
The	
  dielectric	
  func5on	
  for	
  a	
  plasma	
  is	
  

!!

ε(ω )= ε0 1−
ω p

2

ω 2

⎛

⎝
⎜

⎞

⎠
⎟ , !!!!!where!!ω p

2 = ne
2

mε0
, !!n!is!the!electron!number!density.

ω p !!is!called!the!plasma!frequency.

Find	
  the	
  dispersion	
  rela5on	
   !!ω(k),!!!also!find!!vp , vg

!!

k2 =ω 2εµ0 =ω
2ε0µ0 1−

ω p
2

ω 2

⎛

⎝
⎜

⎞

⎠
⎟ =

1
c2

ω 2 −ω p
2( )

vp =
ω
k
= cω

ω 2 −ω p
2( )1/2

= c

1−ω p
2 /ω 2( )1/2

rewriting!the!dispersion!rellation
ω = k2c2 +ω p

2( )1/2

vg =
dω
dk

= kc2

k2c2 +ω p
2( )1/2

= c 1−ω p
2 /ω 2( )1/2



Simple	
  Models	
  

Suppose	
  you	
  have	
  a	
  dielectric	
  material	
  that	
  also	
  has	
  a	
  conduc5vity?	
  

 
∇×
!
H =
!
J free +

∂ε
!
E

∂t  
!
J free =σ

!
E Ohm’s	
  Law	
  

Pass	
  to	
  Phasor	
  Representa5on	
  

ik × Ĥ = σ − iωε( )Ê

= iω ε + iσ
ω

⎛
⎝⎜

⎞
⎠⎟ Ê

Effec5ve	
  Dielectric	
  func5on	
  

′ε + i ′′ε = ε + iσ
ω

⎛
⎝⎜

⎞
⎠⎟



Modifica5on	
  to	
  dispersion	
  rela5on	
  
k2 =ω 2εµ =ω 2µ ′ε + i ′′ε( )

If	
  frequency	
  is	
  real,	
  (controlled	
  by	
  source	
  of	
  waves),	
  k	
  must	
  be	
  complex.	
  

k = ′k + i ′′k

E = Re Êexp i ′k + i ′′k( )z − iωt⎡⎣ ⎤⎦{ }

= exp − ′′k z[ ]Re Êexp i ′k z − iωt[ ]{ }



Two	
  limi5ng	
  cases:	
  	
  1.	
  weak	
  damping	
  
	
   	
   	
   	
  2.	
  good	
  conductor	
  

′ε >> ′′ε

′′ε = σ
ω

>> ε

k2 =ω 2µ ′ε 1+ i ′′ε
′ε

⎛
⎝⎜

⎞
⎠⎟ 1>> ′′ε

′ε
    loss tangentWeak	
  damping	
  

k = ′k + i ′′k ′′k << ′k

 k
2 = ′k + i ′′k( )2 = ′k 2 − ′′k 2 + 2i ′k ′′k ! ′k 2 + 2i ′k ′′k

2 ′k ′′k =ω 2µ ′′ε′k 2 =ω 2µ ′ε

′′k
′k
= 1
2

′′ε
′ε

Decay	
  per	
  wavelength	
  
determined	
  by	
  loss	
  tangent	
  E = Re Êexp i ′k + i ′′k( )z − iωt⎡⎣ ⎤⎦{ }

= exp − ′′k z[ ]Re Êexp i ′k z − iωt[ ]{ }



Good	
  Conductor	
  

 
k2 =ω 2µ ε + iσ

ω
⎛
⎝⎜

⎞
⎠⎟ ! iωµσ

k = ′k + i ′′k ′′k = ′k = ωµσ
2

i = 1+ i
2

!!
η2 =

µ2
ε2

=
ωµ2
iσ

!
δ = 2

ωσµ2

!!
δ = ′′k −1 = 2

ωσµ2
Current	
  flows	
  in	
  a	
  layer	
  

Surface	
  Impedance	
  

exp − ′′k z[ ]



Skin	
  Depth	
  

!!
δ = ′′k −1 = 2

ωσµ2



Surface	
  Impedance	
  

!
δ = 2

ωσµ2

!!
η2 =

µ2
ε2

=
ωµ2
iσ

!!
Etan
Htan

=η2

Ra5o	
  of	
  tangen5al	
  E	
  to	
  tangen5al	
  
H	
  at	
  surface	
  

!!

η2 = Zs =
ωµ2
iσ

Zs = (1− i)
ωµ2
2σ = (1− i)Rs

Resistance	
  +	
  i	
  Reactance	
  

Poyn5ng	
  Flux	
  

!!
Sz =

1
2Re Etan

* Htan{ }= 12Rs Htan
2



Reflec5on	
  from	
  conductor	
  

reflected	
  

incident	
  
transmiJed	
  

!
δ = 2

ωσµ2

!!
ρ =

Zs −η1
Zs +η1

Formally	
  the	
  same	
  as	
  reflec5on	
  
from	
  dielectric.	
  	
  Just	
  use	
  the	
  
surface	
  impedance	
  

!!

η2 = Zs =
ωµ2
iσ

Zs = (1− i)
ωµ2
2σ ≡ (1− i)Rs

Calculate	
  power	
  transmission	
  coefficient	
  

!!T =1−R =1− ρ
2

Assume	
   !!Zs <<η1



!!

Sz =
1
2Re Etan

* Htan{ }= 12Rs Htan
2

Htan =2Ĥinc

Sz =
1
2
Rs
η1
4η1 Ĥinc

2
= 4Rs

η1
Pinc



Simple	
  model	
  of	
  polarizable	
  material	
  

q,	
  m	
  
Spring	
  constant-­‐	
  !!mω0

2

Displacement	
  

!!!xd(t)
Atom/molecule	
  

!!!
m d2

dt2
xd(t)= −mω0

2xd(t)−mν
d
dt
xd(t)+qE(x ,t)Newton’s	
  law	
  

Restoring	
  
force	
  

fric5on	
  
force	
  

driving	
  
force	
  

Phasors	
  
!!!
ω0

2 − iων −ω 2⎡⎣ ⎤⎦ x̂d =
q
m
Ê(x)

Current	
  density	
  
!!!
J= qN d

dt
xd(t)!!!!!!!!Ĵ= −iωqNx̂d !!!Ĵ− iωε0Ê = −iωε0εrÊ

!!
εr = 1+

ω p
2

ω0
2 − iων −ω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
!!!!!!!!!!!!!!ω p

2 = Nq
2

ε0m
!!!!!Complex	
  rela5ve	
  

dielectric	
  
func5on	
  	
  

Number	
  density,	
  m-­‐3	
  	
  	
  



Model	
  rela5ve	
  dielectric	
  func5on	
  

!!
εr = 1+

ω p
2

ω0
2 − iων −ω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
!!

Real	
  
	
  
Imaginary	
  



Simple	
  Model	
  for	
  Dielectric	
  Func5on	
  

!ω0
2 !

Loss	
  free	
  case	
  

Restoring	
  
force	
  

!!
εr = 1+

ω p
2

ω0
2 −ω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
!!



Dispersion	
  Rela5on	
  

Two	
  modes	
  
	
  
	
  

!!
ω(k)!!!!vs!!!!k!!!
not!a!straight!line

!!
ω 2 1+

ω p
2

ω0
2 −ω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= k2c2 !!



Dispersion	
  and	
  AJenua5on	
  
Pulses	
  contain	
  a	
  spectrum	
  
of	
  frequencies.	
  	
  	
  
	
  
In	
  dispersive	
  media	
  
different	
  frequency	
  
components	
  propagate	
  
with	
  different	
  speeds.	
  
	
  
Pulses	
  spread	
  out.	
  
	
  
Losses	
  lead	
  to	
  aJenua5on	
  



How	
  to	
  represent	
  a	
  pulse	
  

At	
  z=0,	
  
	
  
	
  

!!

E(z =0,t)=Re Êe(z =0,t)exp −iω ct⎡⎣ ⎤⎦{ }
Êe(z =0,t)!+!time!varying!envelope
ω c !!+!!carrier!frequency

The	
  same	
  
waveform	
  can	
  be	
  
represented	
  as	
  a	
  
Fourier	
  integral	
  
	
   !! 

Êe(z =0,t)exp −iω ct⎡⎣ ⎤⎦ =
d !ω
2π∫ Ee( !ω )exp −i ω c + !ω( )t⎡⎣ ⎤⎦

Ee( !ω )!+!Fourier!transform!of!time!varying!envelope
ω c + !ω !!+!!!frequency

! 
Ee !ω( )

!ω c ! ω =ω c + !ω

Spectrum	
  is	
  narrow	
  and	
  peaked	
  
at	
  the	
  carrier	
  frequency	
  
	
  



Aher	
  Propaga5on	
  

!! 

Êe(z ,t)exp −iω ct⎡⎣ ⎤⎦ =
d !ω
2π∫ Ee( !ω )exp ik(ω c + !ω )z − i ω c + !ω( )t⎡⎣ ⎤⎦

Ee( !ω )!!!*!!Peaked!at!! !ω=0

Taylor!expand!k(ω c + !ω )= k(ω c )+
dk
dω

ωc

!ω + ....

Êe(z ,t)exp −iω ct⎡⎣ ⎤⎦ = exp i k(ω c )z −ω ct( )⎡⎣ ⎤⎦
d !ω
2π∫ Ee( !ω )exp −i !ω t − dk

dω
ωc

z
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

Carrier	
  Wave	
   Envelope	
  

!!

Êe(z =0,t − z /vg),
vg = dω /dk ωc

!!the!group!velocity
The	
  pulse	
  envelope	
  retains	
  its	
  shape,	
  
but	
  travels	
  at	
  a	
  different	
  speed	
  than	
  
the	
  crests	
  of	
  the	
  carrier.	
  



Phase	
  and	
  Group	
  Velocity	
  
vg	
  

vp	
  

!!

The!crests!travel!at!
the!phase!velocity

vp =
ω c

k(ω c )

The!envelope!travels!at
the!group!velocity

v g =
dω
dk

ωc



Dispersion	
  Rela5on	
  

Two	
  modes	
  
	
  
	
  

!!
ω(k)!!!!vs!!!!k!!!
not!a!straight!line

!ω c !!
slope!=!v g =

dω
dk

ωc

!!
slope!=!vp =

ω
k

ωc



Energy	
  and	
  Momentum	
  of	
  Light	
  

Energy	
  density	
   Power	
  Flux	
  
 

ε0

!
E

2

2
+

!
B

2

2µ0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!
S =

!
E×
!
H( )        

Units:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Joules/m3	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  WaJs/m2	
  

Pulse	
  
Moves	
  at	
  c	
  

   EM linear momentum density: ε0E×B = S / c2

 Power Flux = c Energy Density

  

Energy Density
Momentum Density

= S / c
S / c2 = c

A	
  pulse	
  of	
  light	
  carries	
  energy	
  and	
  momentum:	
  ra5o	
  =	
  c	
  



Energy	
  and	
  Momentum	
  

Energy	
  density	
   Power	
  Flux	
  
 

ε
!
E

2

2
+
µ H 2

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

!
S =

!
E×
!
H( )        

Units:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Joules/m3	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  WaJs/m2	
  

Pulse	
  
Moves	
  at	
  vg	
  

  
Power Flux = v g  Energy Density

Energy	
  Density	
  

 

U = d 3x∫
∂(ωε(ω ))

∂ω

!
E

2

2
+ ∂(ωµ(ω ))

∂ω
H 2

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 



Group	
  Velocity	
  Dispersion	
  (GVD)	
  

!! 

Êe(z ,t)exp −iω ct⎡⎣ ⎤⎦ =
d !ω
2π∫ Ee( !ω )exp ik(ω c + !ω )z − i ω c + !ω( )t⎡⎣ ⎤⎦

Ee( !ω )!!!*!!Peaked!at!! !ω=0

Taylor!expand!k(ω c + !ω )= k(ω c )+
dk
dω

ωc

!ω + ....

Let's!go!one!order!higher

k(ω c + !ω )= k(ω c )+
dk
dω

ωc

!ω + 12
!ω 2 d2k
dω 2

ωc

d2k
dω 2 = −

1
vg
2
d
dω

vg

Remember,	
  we	
  stopped	
  at	
  first	
  order	
  

Different	
  frequencies	
  propagate	
  with	
  different	
  group	
  veloci5es	
  
Evolu5on	
  of	
  pulse	
  envelope	
  



Gaussian	
  Pulse	
  Envelope	
  

!!
Êe = E0 exp − t

2

τ 2
− i ′Ω t2

2
⎡

⎣
⎢

⎤

⎦
⎥

!! 

Pulse!width!,!!!!!τ
Chirp,!!!!!!!!!!!!!!!!! ′Ω

Instantaneous!frequency!,! d
dt

′Ω t2

2 = ′Ω t

If!! ′Ω >0!!Low!frequencies!come!before!high!frequencies
If!! ′Ω <0!!High!frequencies!come!before!low!frequencies

Fourrier!Transform

E( !ω )= dt
−∞

∞

∫ Êe(t)exp i !ωt⎡⎣ ⎤⎦ =π
1/2τ cE0 exp −

!ω 2τ c
2

4
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

τ c
2 =

τ 2

1+ i ′Ω τ 2 /2



Inverse	
  Transform	
  

!! 

Êe(z ,t)exp ik(ω c )z − iω ct⎡⎣ ⎤⎦ =

!!!!!!!!!!!!!!!!!!!!!!!! d !ω2π∫ Ee( !ω )exp iz dk
dω
!ω + d

2k
dω 2

!ω 2

2
⎛

⎝⎜
⎞

⎠⎟
− i ω c + !ω( )t⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Êe(z ,t)=
τ c
τ s
E0 exp −

t − z /vg( )2
τ s
2

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

τ c
2 = τ 2

1+ i ′Ω τ 2 /2

τ s
2 = τ c

2 −2iz d
2k

dω 2
You	
  will	
  be	
  asked	
  to	
  make	
  plots	
  for	
  HW	
  



Simple	
  Case:	
  no	
  ini5al	
  chirp	
  

!!

Êe(z ,t)=
τ c
τ s
E0 exp −

t − z /vg( )2
τ s
2

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

τ c
2 = τ 2

1+ i ′Ω τ 2 /2 = τ
2

τ s
2 = τ c

2 −2iz d
2k

dω 2 = τ
2 − i(2z ′′k )

Êe(z ,t)=
τ c
τ s
E0 exp −

t − z /vg( )2
τ 4 +(2z ′′k )2 τ 2 + i(2z ′′k )( )

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

Pulse!Width:!!!!!!!τw(z)= τ 2 +(2z ′′k )2 /τ 2

Chirp:!!!!!!!!!!!!!!!!!!!!! ′Ω (z)=4(z ′′k )/ τ 4 +(2z ′′k )2( )



CPA	
  –	
  2018	
  Nobel	
  Prize	
  in	
  Physics	
  

hJps://
www.nobelprize.org/
prizes/physics/2018/
strickland/facts/	
  

Gérard	
  Mourou	
  and	
  Donna	
  Strickland	
  “for	
  their	
  method	
  of	
  genera5ng	
  high-­‐
intensity,	
  ultra-­‐short	
  op5cal	
  pulses”	
  

hJps://www.nobelprize.org/
prizes/physics/2018/mourou/
facts/	
  



T3	
  Lasers	
  -­‐	
  (Table	
  Top	
  TerawaJ)	
  
Ultra-­‐	
  High	
  Intensity	
  -­‐CPA	
  

Oscillator	
  

Sample	
  parameters:	
  
Pulse	
  energy 	
  1	
  Joule	
  
Pulse	
  Dura5on	
  100	
  fsec	
   	
  =	
  	
  1	
  10-­‐13	
  sec	
  
Power 	
   	
  10	
  TW 	
  =	
  	
  1	
  	
  10+13W	
  
Wave	
  Length 	
  1	
  mm	
   	
  =	
  	
  1	
  	
  10-­‐4	
  cm	
  
Spot	
  Size 	
   	
  10	
  mm	
   	
  =	
  	
  1	
  	
  10-­‐3	
  cm	
  
Power	
  Density	
  	
  	
  	
  	
  	
  	
  6.4	
  	
  10+18	
  waJs/cm2	
  

grating

CPA:	
  Chirped	
  Pulse	
  Amplifica5on,	
  

Expander	
  

2K	
  

Amplifier	
  

Energy	
  gain	
  108	
  

Compressor	
  

1/2K	
  



Realiza5on	
  at	
  UMD	
  –	
  H.	
  Milchberg	
  

Power	
  Amplifiers	
  

Compressor	
  

Gra5ng	
  

Experimental	
  
chamber	
  

Stretcher	
  

Gra5ng	
  

Oscillator	
  



Applica5ons	
  of	
  Short	
  Pulse	
  Lasers

 
• Particle Acceleration:   Use laser as a driver of plasma waves.  Ultra High gradient 50 

Gev/m  (50 Mev/mm) 
 
• Ultra-short wavelength radiation:   generate high harmonics in nonlinear media 

     soft X-rays in cluster gasses (Ditmire, Milchberg) 
 
• ICF fast Igniter:   Inertial fusion approach, use short pulse to burn a hole for 

subsequent long pulse to heat and compress target 
 
• X ray lasers:  create population inversions in partially ionized gasses 
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