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Lecture	
  3	
  
Displacement	
  Current	
  

Fields	
  in	
  Ma9er	
  
Boundary	
  Condi=ons	
  



Maxwell’s	
  Displacement	
  Current	
  
It	
  is	
  not	
  really	
  a	
  current.	
  	
  It	
  just	
  acts	
  like	
  one.	
  

 
Loop

!
B(!r) ⋅d

!
l ="∫ µ0 d

!
A ⋅
!
J =

S
∫ µ0I

Maxwell	
  determined	
  the	
  sta=c	
  Ampere’s	
  Law	
  could	
  not	
  be	
  correct.	
  	
  
Inconsistent	
  with	
  charge	
  conserva=on	
  

 

d
!
A ⋅
!
J =

S1
∫ I

d
!
A ⋅
!
J =

S2
∫ 0



Remember	
  for	
  Faraday’s	
  Law	
  
Any	
  surface	
  with	
  the	
  same	
  
perimeter	
  gave	
  the	
  correct	
  
answer.	
  

 
loop

!
E ⋅d
!
l"∫ = − d

!
A ⋅ ∂
!
B
∂tS

∫  

!
B ⋅d
!
A

S1+S2
∫ = 0

From	
  Gauss’	
  Law	
  

 

d
!
S1 = d

!
S

d
!
S2 = −d

!
S

!
B ⋅d
!
S

S1+S2
∫ = 0⇒

!
B ⋅d
!
S1

S1
∫ =

!
B ⋅d
!
S2

S2
∫



 
d
!
A ⋅
!
J + dQ

dt
=

S
∫ 0

Conserva=on	
  of	
  Charge	
  

  dA

Volume 

:areaA

  dA

  dA
J	
  

Q(t)	
  

But	
  

 Sε0
!
E ⋅d
!
A"∫ =Q

So	
  

 
d
!
A ⋅
!
J + ε0

∂
∂t
!
E⎛

⎝⎜
⎞
⎠⎟ =

S
∫ 0



 
d
!
A ⋅
!
J + ε0

∂
∂t
!
E⎛

⎝⎜
⎞
⎠⎟ =

S
∫ 0



Faraday:	
  	
  =me	
  varying	
  B	
  makes	
  an	
  E	
  

 
loop

!
E ⋅d
!
l"∫ == − d

dt
!
B ⋅d
!
A

S
∫   

Eθ (r)=−
r
2
∂Bz
∂t

Ampere-­‐Maxwell:	
  	
  =me	
  varying	
  E	
  makes	
  a	
  B	
  

   

!
B ⋅d
!
l ="∫ µ0ε0

d
dt

!
E ⋅d
!
A

S
∫

  
Bθ (r)=

µ0ε0r
2
∂Ez

∂t

example	
  

example	
  

Put	
  together,	
  fields	
  can	
  sustain	
  themselves	
  -­‐	
  Electromagne=c	
  Waves	
  





   

!
B ⋅d
!
l ="∫ Bθ (r)2πr

   
Φe =

!
E ⋅d
!
A

S
∫ = πr2Ez

   

!
B ⋅d
!
l ="∫ µ0 (I +ε0

dΦe

dt
)

  
Bθ (r)=

µ0ε0r
2
∂Ez

∂t

Recall	
  from	
  Faraday:	
  

  
Eθ (r)=−

r
2
∂Bz
∂t



Conduc=on	
  current,	
  Displacement	
  
current,	
  Polariza=on	
  current	
  

In	
  vacuum	
  

!!!
∇×B= µ0 J+ ε0

∂E
∂t

⎛
⎝⎜

⎞
⎠⎟

Flow	
  of	
  charge	
  
“real”	
  current	
  

Displacement	
  
	
  	
  “current”	
  

!!J= J f + Jp
“Free”	
  current	
   polariza=on	
  current	
   !!!

Jp = ε0χE

∂E
∂t

!!!

Jp =
∂
∂t

ε0χEE⎡⎣ ⎤⎦ !
!!!!!!!!Electric!Susceptibility!!χE



Dielectric	
  Terminology	
  

!!!

∇× B
µ0

= J f +
∂
∂t

ε0 1+ χE( )E⎡⎣ ⎤⎦

∇× B
µ0

= J f +
∂
∂t
D

D= ε0 1+ χE( )E = εE

D!!!Electric!flux!density

ε = ε0 1+ χE( ) !!Dielectric!contant

1+ χE( ) !!Relative!Dielectric!constant



Maxwell’s	
  Equa=ons	
  in	
  Ma9er	
  

 
!
E ⋅d
!
A"∫ =Q / ε0

 
!
B ⋅d
!
A"∫ = 0

 
Loop

!
B(!r) ⋅d

!
l ="∫ µ0 d

!
A ⋅
!
J + ε0

∂
!
E
∂t

⎡

⎣
⎢

⎤

⎦
⎥

S
∫

 
loop

!
E ⋅d
!
l"∫ = − d

!
A ⋅ ∂
!
B
∂tS

∫

 ∇⋅
!
B = 0

 
∇×
!
B = µ0

!
J + ε0

∂
!
E
∂t

⎡

⎣
⎢

⎤

⎦
⎥

 
∇ ⋅
!
E =

ρ
ε0

 
∇×
!
E = − ∂

!
B
∂t

Basic	
  Equa=ons	
  (Vacuum)	
  

Here	
  	
  	
  	
  	
  and	
  J	
  are	
  the	
  total	
  charge	
  and	
  current	
  densi=es	
  
	
  
Includes	
  charge	
  and	
  current	
  densi=es	
  induced	
  in	
  dielectric	
  and	
  magne=c	
  materials	
  

ρ



Separate	
  charge	
  and	
  current	
  densi=es	
  
into	
  “free”	
  and	
  “induced”	
  components	
  
	
  
Somewhat	
  arbitrary	
  but	
  very	
  useful	
  

!!J= J f + Jm + Jp
“Free”	
  current	
  

polariza=on	
  current	
  
magne=za=on	
  current	
  

!
ρ = ρ f + ρp

“Free”	
  charge	
  density	
  

polariza=on	
  charge	
  density	
  

!!!
Jp = ε0χ

∂E
∂t

!!Jm =∇×M

!!!ρp = −∇⋅ε0χE = −∇⋅P

magne=za=on	
  density	
  

polariza=on	
  density	
  

!!!M= µ0χmH



Maxwell’s	
  Equa=ons	
  in	
  Ma9er	
  

 
!
D ⋅d
!
A"∫ =Qfree

 
!
B ⋅d
!
A"∫ = 0

 
Loop

!
H(!r) ⋅d

!
l ="∫ d

!
A ⋅
!
J free +

∂
!
D
∂t

⎡

⎣
⎢

⎤

⎦
⎥

S
∫

 
loop

!
E ⋅d
!
l"∫ = − d

!
A ⋅ ∂
!
B
∂tS

∫

 ∇⋅
!
B = 0

 
∇×
!
H =
!
J free +

∂
!
D
∂t

 ∇⋅
!
D = ρ free

 
∇×
!
E = − ∂

!
B
∂t

Equa=ons	
  in	
  linear	
  media	
  

D = ε0E+ P = εE B = µ0H +M = µH

P = ε0χEE M = µ0χMH



Maxwell's Equations in Matter	
  

f t
∂∇× = +
∂
DH J

t
∂∇× = −
∂
BEf∇⋅ = ρD 0∇⋅ =B

14	
  

0 ε , bε ρ= + = = −∇⋅D E P E P

0 : Polarzation fieldeε χ=P E

0 (1 ) :permittivity
1 : relative permittiity
: electric suscepibility

e

r e

e

ε ε χ
ε χ
χ

= +
= +

0

1 1 ,

: Magnetization field

b

m

µ µ
χ

= − = =∇×

=

H B M B J M

M H

0 (1 ) : permeability
1 : relative permeability
: magnetic susceptibility

m

r m

m

µ µ χ
µ χ
χ

= +
= +

(linear and isotropic matter)

In	
  a	
  good	
  conductor	
  –	
  Ohms’	
  Law	
  (point	
  version)	
  

  
J f = σ E+ v ×B( )



Boundary	
  Condi=ons	
  

!!

Medium!#1

ε1 ,µ1 ,σ 1

!!!!!!!!!!!!E1
!!!!!!!!!!!!D1

!!!!!!!!!!!!B1
!!!!!!!!!!!!H1 !!

Medium!#2

ε2 ,µ2 ,σ 2

E2
D2

B2

H1

How	
  are	
  components	
  
of	
  the	
  fields	
  on	
  one	
  
side	
  of	
  the	
  boundary	
  
related	
  to	
  those	
  on	
  
the	
  other	
  side?	
  



General	
  Comments	
  
Tangen=al	
  components	
  of	
  E	
  are	
  always	
  equal.	
  
	
  
Normal	
  components	
  of	
  B	
  are	
  always	
  equal.	
  
	
  
Normal	
  component	
  of	
  E	
  discon=nuous	
  implies	
  a	
  surface	
  
charge	
  density.	
  
	
  
Normal	
  components	
  of	
  D	
  discon=nuous	
  implies	
  a	
  free	
  
surface	
  charge	
  density	
  
	
  
Tangen=al	
  components	
  of	
  B	
  discon=nuous	
  implies	
  a	
  
surface	
  current	
  density.	
  
	
  
Tangen=al	
  components	
  of	
  H	
  discon=nuous	
  implies	
  a	
  free	
  
surface	
  current	
  density.	
  



Induced	
  surface	
  charge	
  density	
  



Dielectric	
  Sphere	
  



Magne=zed	
  Rod	
  



Conduc=ng	
  Sphere	
  



Boundary	
  Condi=ons	
  

    A
∫ (∇×E) ⋅da = −

A
∫

∂B
∂t

⋅da =
C
!∫ E ⋅dlApplying Stokes’s theorem  

•  The tangential component of electric field E is continuous 
across a boundary  

0h→

boundary
2TE

1TE

lΔ

21	
  

Tangential Component of E 

:contourC

2 1

2 1

( ) 0

0 since 0

T T

A

T T

E l E l

h
t
E E

Δ + −Δ =
∂ ⋅ → →
∂

→ =

∫
B da



free charge densityf fρ ρ∇⋅ = =D

: free surface

charge density
fσ

3
f fd r daρ σ=

Applying the Divergence theorem  3ˆ ( )f
A V

da d rρ⋅ =∫ ∫D n r

•  The normal component of the electric flux field D is discontinuous by the 
free surface charge density 

2 1 2 2 1 1ˆ( )N N f f N N fa Q a E Eσ ε ε σ− ⋅ Δ = = Δ → − =D D n

Normal Component of D 
0Consider the electric flux field: (1 ) (linear/isotropic matter)eε ε χ= = +D E E

0h→fσ
2ND

1ND

n̂

n̂ :areaaΔ1ε

2ε



Normal	
  E?	
  

   ∇⋅ε0E = ρt ρt = total charge density

  

σ t : total surface

charge density

  ρtd
3r =σ tda

Applying the Divergence theorem  
   A
∫ ε0E ⋅ n̂da =

V
∫ ρt (r)d 3r

   ε0(EN 2 −EN1) ⋅ n̂Δa = Qt =σ tΔa → ε0EN 2 − ε0EN1 =σ t

0h→ σ t

   EN 2

   EN1

n̂

n̂ :areaaΔ1ε

2ε

•  The normal component of the electric field E is discontinuous by the total 
surface charge density/  ε0



Magnetic field: f t
∂∇× = +
∂
DH J

   C
!∫ H ⋅dl =

A
∫ J f ⋅da +

A
∫

∂D
∂t

⋅daApplying Stokes’s theorem  

•  The tangential component of magnetic field H is discontinuous by the free  
surface current  

24	
  

Tangential Component of H 

2 1 ˆ( )T T fl l lΔ + −Δ = Δ ×H H K n

(linear/isotropic matter)
= / (linear/isotropic matter and nonferromagnetic)
ε
µ

=D E
H B

   

A
∫ J f ⋅da → J f Δlh → K f Δl

as h→ 0

0 since 0
A

h
t

∂ ⋅ → →
∂∫
D da

2 1 ˆT T f− = ×H H K n

:contourC

0h→

boundary
2TH

1TH

lΔ
n̂

fK
free surface
current density

ˆ : outward normal to the surface boundaryn

n̂



Tangen=al	
  B	
  

•  The tangential component of magnetic flux density B is discontinuous by 
the total  surface current  

   BT 2 −BT1 = µ0K t × n̂

2 1 ˆT T f− = ×H H K n

 ×µ0



0∇⋅ =B

    A
!∫ B ⋅ n̂da = 0

•  The normal component of the magnetic flux field B is 
continuous across boundary 

2 1 2 1ˆ( ) 0N N N Na− ⋅ Δ = → =B B n B B

Normal Component of B 

Magnetic flux density : B

0h→

2NB

1NB

n̂

n̂

:areaaΔ

Normal compontent of H

2 1 2 1( )N N N NH H M M− = − −

∇⋅ = −∇⋅H M

→



Boundary	
  Condi=on	
  Summary	
  

2 1 2 2 1 1ˆ( )N N f f N N fa Q a E Eσ ε ε σ− ⋅ Δ = = Δ → − =D D n

   ET 2 = ET1

Tangen=al	
  Components	
  

2 1 ˆT T f− = ×H H K n    BT 2 −BT1 = µ0K t × n̂

Normal	
  Components	
  

   ε0(EN 2 −EN1) ⋅ n̂Δa = Qt =σ tΔa → ε0EN 2 − ε0EN1 =σ t

2 1 2 1ˆ( ) 0N N N Na− ⋅ Δ = → =B B n B B

2 1 2 1( )N N N NH H M M− = − −



Let’s	
  play	
  the	
  boundary	
  condi=on	
  
game!	
  

!!

Medium!#1

ε1 =2ε0 ,µ1 = µ0 ,σ 1 =0

!!!!!!!!!!!!E1 =2x̂+4ŷ+6ẑ
!!!!!!!!!!!!D1 /ε0 = !!x̂+ !!ŷ+ !!ẑ
!!!!!!!!!!!!B1 /µ0 =6x̂+7ŷ+8ẑ
!!!!!!!!!!!!H1 = !!x̂+ !!ŷ+ !!ẑ !!

Medium!#2

ε2 = 4ε0 ,µ2 =2µ0 ,σ 2 =0

E2 = !!x̂+ !!ŷ+ !!ẑ
D2 /ε0 = !!x̂+ !!ŷ+ !!ẑ
B2 /µ0 = !!x̂+ !!ŷ+ !!ẑ
H2 = !!x̂+ !!ŷ+ !!ẑ

z	
  
x	
  

y	
  

No	
  free	
  surface	
  charge	
  of	
  current	
  



Boundary	
  Condi=ons	
  in	
  a	
  Capacitor	
  

!ε1!ε2 h	
  
h1	
  

h2	
  
!ε1
!ε2

A2	
   A1	
   A	
  

V,	
  Q	
   V,	
  Q	
  

Which	
  boundary	
  Condi=ons	
  Apply?	
  



Boundary	
  Condi=ons	
  in	
  a	
  Capacitor	
  

!!

Case!#1
E1 = E2 !=!V /h!!!!!!tangential!E
Q1 = A1D1 = A1ε1V /h
Q2 = A2D2 = A2ε2V /h

!ε1!ε2 h	
  

A2	
   A1	
  

V,	
  Q	
  

!!

Case!#1

Q =Q1 +Q2 =
A1ε1 + A2ε2

h
⎛

⎝⎜
⎞

⎠⎟
V

C =
A1ε1 + A2ε2

h
⎛

⎝⎜
⎞

⎠⎟
!!Capacitors!in!parallel



Boundary	
  Condi=ons	
  in	
  a	
  Capacitor	
  

!!

Case!#2
No!free!surface!charge!on!boundary
between!ε1 !and!!ε2.
D1 = D2 !=!Q/A
E1 = D1 /ε1 =Q/ ε1A( )
E2 = D2 /ε2 =Q/ ε2A( )

!!

Case!#2

V = h1E1 +h2E2 =Q
h1
Aε1

+
h2
Aε2

⎛

⎝⎜
⎞

⎠⎟

C −1 =
h1
Aε1

+
h2
Aε2

⎛

⎝⎜
⎞

⎠⎟
!!Capacitors!in!series

h1	
  

h2	
  
!ε1
!ε2

A	
  

V,	
  Q	
  



Let’s	
  play	
  the	
  boundary	
  condi=on	
  
game!	
  With	
  conduc=vity!!	
  

!!

Medium!#1

ε1 =2ε0 ,µ1 = µ0 ,σ 1 =σ

!!!!!!!!!!!!E1 =2x̂+4ŷ+6ẑ
!!!!!!!!!!!!D1 /ε0 = !!x̂+ !!ŷ+ !!ẑ
!!!!!!!!!!!!B1 /µ0 =6x̂+7ŷ+8ẑ
!!!!!!!!!!!!H1 = !!x̂+ !!ŷ+ !!ẑ
!!!!!!!!!!!!J1 /σ = !!x̂+ !!ŷ+ !!ẑ !!

Medium!#2

ε2 = 4ε0 ,µ2 = µ0 ,σ 2 =2σ

E2 = !!x̂+ !!ŷ+ !!ẑ
D2 /ε0 = !!x̂+ !!ŷ+ !!ẑ
B2 /µ0 = !!x̂+ !!ŷ+ !!ẑ
H2 = !!x̂+ !!ŷ+ !!ẑ
J2 /σ = !!x̂+ !!ŷ+ !!ẑ

z	
  
x	
  

y	
  


