Proktom 1.

Problem 1. Consider a standard Galton-Watson branching process (X, )n>0 with Xo = 1 and X,,41 =
Zi("l Z,(L _21, where (ZT(Lk), n > 1,k > 1) is a collection of iid RVs with finite expectation x and variance
o2, taking values in Ny.

(a) Prove that M,, := X,,/u™ forms a martingale with respect to the natural filtration (F,,),, defined by
.Fn—a-(XO,Xl, . Xn).

(b) Show that E(X?2 | F,) = p?X2 + 02X,,.
(c) Show that M,, is bounded in L? (i.e., SUPp>1 EM,% < 00) if and only if p > 1.
(d) Show that for pu > 1, Var(My,) = 02 /(u(p — 1)).
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Proflem 2.

Problem 2. Let X;,7 > 1 be a symmetric random walk on Z, and let S,, be the position at time n.
Consider D,, := maxy<j<n Sk — Sn. Now take an integer d > 0 and let 7" := inf{n > 0 : D,, > d}.

(a) (OST) Is it true that £ST = 0?
(b) Show that ET" < oo for any d > 0.

(c) Find E(maxo<g<7 Si). Does the optional stopping theorem (OST) apply to this calculation, i.e., are
its assumptions satisfied?
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COROLLARY 17.8 (Optional Stopping Theorem, Version 3). Let (M;) be a mar-
tingale with respect to {Fi} having bounded increments, that is |My41 — M| < B
for all t, where B is a non-random constant. Suppose that T is a stopping time for
{Fi} with E(1) < co. Then E(M;) = E(M).
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Pro flomne I

Problem 3. Given a Brownian motion process B(t),t > 0 and a time value s > 0. For each of the
following processes

(1) X(t) =—B(?)

@) X(t) = B(s — t) — B(s)

(3) X (t) = aB(t/a?), where a # 0 is a number
@) X(t) = tB(1/t),t > 0 and X(0) = 0

show that X (¢) is a Gaussian process with Cov(X (¢1)X (t2)) = t1 A to. Argue further that X (¢) is a
Brownian motion.
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Problem 4. For a standard Brownian motion process on R, define M (t) = maxs<; B(s),t > 0.

(a) Show that M (t) g |B(t)| (the RVs M (t) and | B(t)| have the same distribution). (Hint: for instance,

use the reflection principle)
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(b) Show moreover that M (t) — B(t) = M (t).
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Problem 5. Let B(t) be a standard BM and let @ > 0. Define the process X (t) = e~ B(e?®),t > 0.

(a) Show that X () Gaussian, i.e., that every finite-dimensional sample forms X (¢1), ..., X (t,) a Gauss
ian vector.

(b) Find EX (t) and Cov(X (t), X (s)).
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