Problom 1.

Problem 1. Consider a Galton-Watson branching process { X}, } >0, where Xy = 1 and X, equals the

population size in the n-th generation. Assume that the offspring random variable Z is supported on {0, 2}
and P(Z =0) = po, P(Z =2) =p2 =1 — po.

(a) What is the generating function of the distribution Pz?
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Problem 2. Let X, Y be independent RVs.

(a) Assume that £X exists and that X L Y, ie., X and Y have the same distribution. Show that
EX|IX+Y)=EY|X+Y)=(X+Y)/2as.

(b) Assume that EX? and EY? are finite. Suppose that X is symmetric, i.e., that X and —X have the
same distribution, X < —X. Show that E(X+Y)?X2+Y?=X%2+Y?as.
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Preoblom 3,

Problem 3. Let X,,,n > 1 be i.i.d. RVs with X ~ Exp(\) (exponential distribution). Form the partial
sums S, = X;+-- +X ,n > 1and put .Sy = 0. Consider the sequence of RVs Z,, = /S,, —/Sp_1,n =
15 2sz:2: Does this sequence converge in probability, almost surely, or in L;? If yes, 1dent1fy the limit.

By SLN  Sa, FX=

n

n— % |
By Netwton's binomial  (x+a) =[x + Q—J% - o)
X +1 tm
R R e
Z Xr\«-l _ Xn _ Xn i%/ 2.3 Staqf(na ot some .
Cals R afd

2
Moroyeh
PwOP(OVZ 76) = P(xmm@,f) - exp(~a.ae(§), 30

T pa<oe, and B Bonel - Cantefle P(Z, 7€ 1.0)=0 .
Jhis cmplies that Z, — O &5, 30 clo 50,

qOm(:\LCmca{ EZ, = 5_\7@ +5 we also argue et E€Z,70, 3
n

Zn _'T’D L‘/]L|



Pro flem Y-

Problem 4. Consider a random walk on {0, 1, ...,n} with transition probabilities given by
bi, g=1i-1
a; j=i+1
Dij = .
1—(ai+b;) j=1
0 l7—1>1,
where ag = bg = a, = b, =0and a; > 0,b; > 0,i = 1,..., ,n — 1. Suppose the walk starts in state k.

What is the expected time of absorption at 0?
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Problem S

Problem 5. (a) Let (X,,), be a sequence of independent RVs with E|X,,| < co and EX,, = 0,n > 1.
Show that for every fixed £ > 1, the sequence
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forms a martingale.
(b) Let (X,,)n be a sequence of integrable RVs such that
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Show that the sequence of RVs Z,, := ;(Xl +---4+ X,,),n > 1 forms a martingale.
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