Peollem |

Problem 1. We say that a random variable X is constant a.s. if there is a real number a such that
FiX—=a)j—1

For each of the following statements, determine whether it is true or false and explain why.

(1) If X is independent of itself, then X is constant a.s. (Hint: a contradiction should be easy to construct)

(2) If X is independent of X2, then X is constant a.s. (Hint: squaring smoothes out differences)

(3)If X,Y, X +Y are jointly independent, then X and Y are constants a.s. (Hint: do not think)

(4)If X and Y are independent and X + Y and X — Y are independent, then X and }" are constants a.s.
{Hint: think Gaussian)

(l\ Yes . Suppose. that X i3 n&L congant | then theng (s B < B(R) souch that

0 < P(ReB) <1 Then
p(Xeb, xe8Y= O £ P(Xes) P(XebS)
Comtradickon to Tt sssumplion & independence

@) No. Let K=%1 oith Pﬂ)@a@i&'l'a each. Then P(X*=1)=] and
)

L

A
PO¥=L,x%10) = P(X=t) P(X%1) = 4 1 Thus A ard X e indegenderit
Bl X s not constant

(3) Yes. T_g at least one ag_ XN (s not constant, XY ca,nn'oin:
be Lnd&genden:(; ;g X and ¥ Breause ¢k s a deterministtie
Sunetion "g— K and Y.

(‘l) No. Teke X~J(C0(l\)‘(~3([o,t) independent Then
wryf ~ N (on) , XY ~N (@
Clearly | EX* =EY* =0, 0
va(QQ&\()Qﬁ*‘f\) = E ((X*‘()(X'-‘f)) - EXY-EY* =0
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Problem 2. (a) Let X and ¥ be RVs and suppose that X = Y a.s. Suppose that E X exists. Using the
definition of the expectation (integral) as a limit, prove formally that Y also exists and EX = EY.

(b) For any finite number of independent integrable RVs X, ..., X,,, E(]]Z, Xi) = [, EX;. Now
suppose that we are given a sequence of independent integrable RVs X, X5,... . Is it always true that
E(JTZ, X;) =112, EX; ? If not, is it sometimes true?

Sonee.  X=Y a.s, P(X-r‘f.) = P(K+ )= S0 R car) Oomél

ounselves o X X>o. We haw

am{ thue . :
&' - —
$ ki piiiexck)= Z F PCRT<R)
n n =\

The. Lk on o0 o0 the &ff axists
= the Lt on the right also exists

By Ak, thi fimd s BV, gohich fheeRne exGls and egualk EX
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Problem 3. Let X be an RV with EX?2 < ~o. Show that

> s Var (X)
A —FEA >e)< :
o Var(X) + €2

Give examples to show that this bound is sometimes attained.

Sence EX°‘<00) also EX <00, Ascume that EX=0-

( limitcn g irtegration (r

£ = e EX = £(e-X) < E(e-X) 1 e i o)
onsta‘v{ an

Caucfw- Se l\waf 2

\4 [£0x-e)- [plx<e) =J(V“"X*527 J'A Pxoe)

L .
|- P(X»e) % _£ , as 'tegauzw/

Var X +£°
_T.F EX #0, consider Y= X~EX, $0 Vare (Y>" Var (Y)‘ s just shocun,

X< €}

Var (Y)

-£X > -—P(T}&)é g
P(x-£x>9) Van () + €

To construd an RV o 2chich - this Bound (s atlained eith
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Problem 4. (a) Let X, Y be RVs. Show that if £ max(X,Y) and F min(X, Y) exist, then also £ X and
EY exist, and moreover

EX +EY = Emax(X,Y) + Emin(X,Y).
(b) Furthermore, let X, ..., X, be RVs with finite expectations. Show that
Emax{Xy,...,Xn} > max{EX;,...,EX,}

and
Emin{X,,...,X,.} < min{EX,,...,EX,}

(c) Let (X, ), be a sequence of nonnegative RVs. We are given that P(3 "~ | X; < co) = 1. Show that
in this case also

o

E(Z_Ek) - > BX.

n=

{max (X )¢} = {w: Y(w) < X(w) sx} LY X(@) Y(0) _<1] €F

x0 max (X,Y) (s an RV and so 1S P\ CXJ)
Nedt We have
%+ = max (X)) + min (XY) as.
Ta/&ting erpectofions on Both sides We oblain the claim
(b) To prove +he £ inst L‘ne‘%c(a&'%’ we ohserve that $o adl ¢

Xi < max { Xi -, ¥nl

Ta,kéy expectafions. on  Both sides,
Exe 2 E max 1%, Xn? fa 2l (=10

max { EXi-s EXa} & E meox X X

The second Cr\tgua&‘ly 1N arm/ogoug

() This foloue byt monotent onvergence theorem  applieo
N
o E&"Vg%?%. Sene f’(fc‘mZXn<°°)-——(

Nad® n=| N1?® a-
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Problem 5. Let F'(x) be a distribution function (CDF).
(a) Find [ F'(x)dF(x) (Hint: rather than thinking, change the variable)
(b) Find [ F k(x)dF™(x), where n and k are some natural numbers.

(c) Show that any distribution function satisfies the following relations:

) 3/ W _ o Gi) tim rf Fl) _,
r—+oo0 fo iy T——o0 s y
= dF(y)
by

{:’iz’)limx/ dF (v)
a0 S Y

=0

—0; (iv) hﬂ}m[

@ Wit g=F(x) e integial  Becomies S%A‘8=l&)

?

1 1

(6) Wi g=F(), g FYe) dF'l) - Sa“o‘a‘—'nﬁa dy = =
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(9) 2 4
()if g2t Fa, %0 oss’é f

o 0% dF(\s F( 0
(i) Fygexeo0gpels® 052 \@F&ﬁ ) 7

() For occo, y<-Jiaf, <l ¢ g |
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