ENEE324, Home assignment 2. Date due February 22, 2026, 11:59pm EST.

Instructor: Alexander Barg

Please upload your work as a single PDF file to ELMS (under the ”Assignments” tab)

e Submissions on paper or by email will not be accepted.

e Please do not submit your solutions as multiple separate files (pictures of individual pages). Such submis-
sions are difficult to grade and will not be accepted.

e Justification of solutions is required.

e Each problem is worth 10 points.

Problem 1. A rare disease affects 1% of the population. A diagnostic test returns a positive result in 92%
of infected individuals and in 4% of healthy individuals.

(a) If arandomly selected person tests positive, what is the probability that they actually have the disease?

(b) Suppose a person takes the test twice independently and both results are positive. What is now the
probability that the person has the disease?
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Problem 2. A company has two departments, Research (R) and Marketing (M). Overall, 60% of employees
work in R and 40% in M. Among employees in R, 70% work remotely at least two days per week, while
among employees in M, 30% do so.

(a) What is the probability that a randomly chosen employee works remotely at least two days per week?

(b) Given that an employee works remotely at least two days per week, what is the probability that they
are in Research?

(c) Consider the events F; “works in Research” and E» “works remotely at least two days per week”. Is
it true that P(E1)P(Es) = P(E1E»s)?

(d) A pair of employees are chosen independently at random. What is the probability that they work in
different departments?
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Problem 3. (A variant of the Monty Hall problem)

There are 5 closed boxes; exactly one contains a prize. You choose one box (it stays closed). The host,
who knows where the prize is, opens two empty boxes among the remaining four and then offers you the
option to switch to one of the two unopened boxes other than your original choice (you choose randomly
between those two if you switch).

(a) What is the probability of winning if you keep your original choice?
(b) What is the probability of winning if you switch?
(c) Which strategy is better?

@') (/r; ‘o/c the. in\Ha\ pli)lla,bilu‘a (BN 75 arc) r‘Dth‘\rg C\narge,s
(b) Let Bi= {Pr‘cac in box 1}, L=02,)5
Without loss oF ge,nem(lit-& (the goame (W g_ymmdnc)

cessume Hot Yol c\h 0oL Box |

LoT#
PR+ RO YP (Bs)

P (win | switehi )
8 O+t h) k=<

() Switehing is bellIr



Problem 4. Two players alternate rolling a fair die until the first 6 appears. The player who rolls the first 6
wins. Player A rolls first.

Is P(A wins) >, =, or < 1/2?
(1) Let p = P(A wins). We compute p by conditioning on what happens in the first two rolls (A’s roll
followed by B’s roll).
(2) What is the probability that A wins immediately on the first roll?
(3) What is the probability that A does not win on the first roll and B wins on the second roll?
(4) What is the probability that neither A nor B rolls a 6 in the first two rolls?
(5) Use the hint: if neither player rolls a 6 in the first two rolls, the situation is exactly the same as at the

beginning of the game. Explain why, in this case, the probability that A eventually wins is again p.
(6) Combine the previous steps to write an equation for p of the form

p = (probability A wins immediately) + (probability no 6 in first two rolls) - p.

(7) Find p and argue whether A has an advantage.

(8) Simulate the game by computer to confirm your answer. What is the smallest number of trials you
used to match the answer to within 1072? 10732 You can use any software package. Include the
code in your paper.
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Problem 5. An urn contains 4 red balls and 6 blue balls. Three balls are drawn without replacement.
(a) What is the probability that exactly two of the three balls are red?
(b) Given that at least one of the three balls is red, what is the probability that all three are red?

(c) Suppose instead the balls are drawn with replacement. How do your answers to (a) and (b) change?
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Problem 6. A message bit X € 0, 1 is transmitted over a noisy channel. The sender chooses X = 1 with
probability 0.3 and X = 0 with probability 0.7. The channel flips a transmitted bit independently with
probability 0.08.

(a) If the receiver observes Y = 1, what is the posterior (conditional) probability that X = 1? In other
words, find P(X = 1Y =1)

(b) Suppose now that each bit is transmitted three times independently (i.e., X is sent as X X X), and the
receiver decides by majority rule. What is the probability that the receiver decodes incorrectly?

(c) Compare the error probability in part (b) with the error probability when a single transmission is used.
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