MATH 360 Name: KEY
EXAM I
February 15, 2006

Directions: For maximum credit, please show all work in most reasonable detail. If
you run out of room, you may pick up extra paper (supplied by instructor/proctor)
and attach to this exam. No books or notes. Formula sheet provided. Calculator
permitted, with programming/memory mode shut off. Please choose FOUR from
the following SIX (worth 25 pts each.) If you do more, I will grade the best four.
Bonus problem included. Good luck!

I. (25 total)

0 0<r<l
a.) (13) Find L{f(r)}for f (t)=43-3r 1<t<2} from first principles (i.e., using
1 )

definition of Laplace Transform)

L{f(t)}: Tf(t)e_srdt = Jl-O e dt + .2[3(1—t)e_”dt + ]:1 e dt = 3.2[(1 _t)e—srdt + Te—srdt
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b.) (12) Verify your answer in a.) using step function method

0 0<r<l1
f(6)=43-3t 1<r<2t=0-[ult)—ult =D]+30—=1)ult =1)—ulr =2)]+1-u(t-2)
1 2<t¢t

= 3(r = ulr =1) = 3ulr = 2)+ 3tu(r — 2) + ulr — 2) = =3(c = Dulr = 1) — 2u(t = 2) + 3ru(r - 2)



L ()} = 3L{(e = Dule — 1)} = 2L{u(r — 2)}+ 304 - 2)} = -3L{u(t - 1)t - 1)}-2<
= 3¢ Lfr} -2 -3 ()= 3o (1) -2 3(matat )2 3 ey
=347 (45 43)]

II (25 total) Given f(t)=te™ sinht

a.) (15) Find L{f(r)}by inserting definition of hyperbolic sine:
sinhar = %(e‘” - ) and using THMS5

b.) (10) Find L{f(¢)}by not inserting definition of hyperbolic sine, but by using
THM?7 and THMS. Show that you get the same answer

e According to THM7: L{f(t)}= L{e"'t sinh t}: F(s+1), where:
F(s)= L{tsinht}
e According to THMS:

Lisinh e} = (1) Lsinhr} = ()£ )=~ 257 ) =25

s 1)2
e So F(S+1) 23+2 — 2(s+1) — 2(s+1) — 2(s+1)

(s+1)*-1 s24+25+1— 1 s24as) s2(s+2)
(+2=f (2 (+2+25)

IIL. ) (10) Find L[ <]

e According to THMS: F(s)= e‘“( L )= e G(s)= L{u(t —3)f(r —3)}, where:

G(s)=—

(3‘-%—3)4
e According to THM7: G(s) = S+13 -=H(s+3)= L{e‘“h(t)}, where:

H(s)= L)) =%

e So:

(-

14 L{u(e —2)}



H(s)=L{n(t)} =2 =1 -2 = n(t) =11 = G(s)= L{te ¥’} =
F(s)=L 1u(t—3)e_3(’_3)(t—3)3}: f)=Lult-3)’e™ (t-3)

c) (15) L' ]

3)*+16

s (s43)7+42

e According to THM4: %“;3 = {j flw da)} where: L{f(r)}= 2

e According to THM7: L{f(¢)}= 5+;)+3)4 =F(s+3)= L{e‘3’ g(t)}, where:
Lig(t )} = = cos 4t

e So:

f)=r" (%ﬁ)= je_3” cosdardw =5

s+3)? +42
0

= < (=3cos 4t +4sindr)— L (—3)= L] (4sin 4 — 3cos 4r) + 3]

(—3cos4w+4sindw)

IV. Given your answer for f(¢) in problem Ib.)

a.) (10) Find f'(¢)

0 0<r<l1
From Ib: f(t)=43-3r 1<t<2}=3(1—1)ult —1)—2ult —2)+3tu(r—2)
1 2<1t

So:f(ﬁ:[ Bu(t —1)+3(1-1)8(r —1)]-26(r — 2)+ 3[ult = 2)+ t6(t - 2)]
=3(ult—2)—ult=1))+3(1-1)d(r —1)+ 8 —2)(3r - 2)

b.) (15) Find L{ f'(#)}
L{f (0)y=3L{ult = 2)} = 3L{u(r =)} + 3L{0(t = 1)} = 3L{t5(r =)} + 3L{r0(t = 2)} - 2L{5(r - 2)}

s

=33 43¢ =314 (e )+ 314 (e7) 20




=323 4307 43(e )+ 3(2e ) - 207

= —39;“' 3 43¢ 43¢ + 67 =27

=e [6—3+e S(4—%)]

V. (25) Given f(¢t) f(t) = (t + 4)zcosh4t

a) (5)Find lim_ . f(t)
lim, ,(t +4)° cosh4r = [hm,_m (t+4) Ilim,_m cosh 4¢]
=16-1(e" +¢°)=16

b.) (15) Find F(s)=L{f(¢)}

L{t +4) coshdr}= 1 Ll (r + 4 J+ L Lle™ (c + 4)*}
According to THM7: L{ei‘” (t+4) }z F(sF4), where: F(s)= L{(t -+ 4)2}
=L{ +2t+16}=%+%+%

Hence:
1L{ “(t+4) }+ L{ (t+4) } {%ﬂ e B e S1f4)}

—z—iif T t8 +r—5£* m*g

(5 Find lim__,_ sF (s), thereby verifying THM10

3 — 14 { s s 8s s s 8s
lim, . sF(s)=lim_ \ =5+ Cprost oy Tt |

=0+0+lim_,_{& +2}+0+0=8lim _m(14+1+‘§]=8(1+1)=16

VI(25pts) Prove

a) (10) Lu(t—1t,)=6(t-1,)

%u(t_to):é‘(t_to)

Proof:

ult —t, +h)—ult—1,)
h

%”(t —1 ) =lim,_,,

Define: h = -a. Then:



u(t—to—a)_”(t_to) : u(t_t‘))_u(t_to_a)=§(t_to)

= hma—)O
a

%M(t _tO): lima—)O
—da

by (15) [ £()S(-1,)= £(,)

{u(t—to)—u(t—to —a)}

a

[r08t=1,)= [ £e)tim,.,

hmﬁw{jf ut — 1, dt—jf ut 1, —a)d} hmﬁw{jf t)dt — jf }

tota

=lim, If(t)dt =lim,_,+ [f( )a] = f(to)

The last step in the proof involved approximating the integral j f(r)dr with the area of a

rectangle of height f(#o) and width a. Note that in the limit a— 0, the approximation
becomes exact. (See figure next page ) :

flto)

Area (for small a)
ty+a

jfr)dr~ o




BONUS (20) PTS The Gamma Function

a) (15)Prove: (Property 2): I'(1/2) =Vr

For I['(1/2) =1, then p = -'/,
F(%) = jx_%e_xdx >u= x%,du = %x_%dx,x —u® = dx=2x7du = 2udu
0
oo u(oo)
Ix e dx= Iu e (2udu 2_[
0 u(0)
This last integral is evaluated by performing the following trick:

F(%) = ZTe_”zdu = [I( 5 I = 4_” e dudw = T ]ie_(”zwz)dudw
0

—o0—00

(I.e. by squaring the integral we convert it into a double integral over the first
quadrant of the Cartesian plane, which is one-fourth the (infinite) region of the
entire Cartesian Plane.) The integral can be evaluated using a change of variables

from Cartesian (u,w) to Polar Coordinates (7,0):
)

(The integral with the exponential term is evaluated using the u — subsitution: u = r°)

T T ) = zﬁ " rdrd@ =TdQT o rdr = 0 {—%e"
0 0

—o00—00

Hence:

PP =224 L]im, e e = —alo-1]=

2

~TW)=+r

b) (5) Find L{e>'(r -5)"*}

Let u =7— 35, then: L{e”'(t-5)"} = L{e®e™ u”?} = e*L{e ™" v’}

—ezsL{ - m} ePF(s+5), where: F(s L{um} @

s2

Where: F(%) F( ) %%1—‘(5) 15\7 (According to Property 2, 3)



So: F(s)= L{um}: ) 1573 oy L{f(e)} = ® 5z (s +5)
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