MA360 Handout 9a (week of March 20)
Sp2006 Kallfelz

PreExam II Exercises

I. a) Use THM12 to find the inverse LT of: mz—)

(s2+l)(52+32 )

w

= L{cos t}L{cos 3t} L{(cost *Cos 3t)}

(s2 +l) (3 +32

where:
t

t
cost *cos3t = jcos(t —u)cos Sudu = J-cosucos 3(r —u)du
0 0
t
1 1 Lo !
—EJ-cost—4u +cos(t +2u)ld —3{— 1nt—4u +3s1n(t+2u)|0}
0

:—é{— 1n3t—s1nt}+ (sin3r —sinz =3sin 3t —$sint =§(3sm3t—s1nt)

b.) Use your result obtained in a) to solve: x(t)+ j x(w) = cos3t,x(0)=0
0

L{x(t) +j-x (M w} = L{cos3t} = SY(S)_X(O)-i-%Y(s):L

= (s+1)r(s)=- = (57 +1)r(s) = 12—9):”/() m
cox(t)= Ly }: (from _Ia) =1 (3sin3t —sint)

s2+1)\s2+6

II) Solve: x+2x+5 j x(wdw=458(-1), x(0)=0
0

L+ 2045 @K@} = L{AS(— 1)) = s¥(5)+ 27 (s)+ 2¥(s) = de™

se”*

= (52 +2s+ S)Y(s) =4se” =Y (s)= 4m =4
Method 1: Use THM7 & THMS:

Y(s)=de piiiy = de {lllg - = e {F (s +1)- G(s + 1)}

(s+1)7+22 l{(s+1)2+22J
Where, according to THM7:

F(s+1)= L{e"f(t)}, where F(s)=— S = =L{f(t)}= f(t)=cos2t
G(s+1)= L{e"g(t)}, where G(s) =% = L{g(t)}= g(t)=Lsin2¢




Hence, according to THMS:

Y(s)=4e™* {L{e_' (cos 2t —1sin 2t)}}: 4L{u(t —1)e " Vcos2(r —1)- Lsin2(¢ - 1)]}
So:

x(t) = 4ulr —=1)e"[cos(2t — 2) — Lsin(2r — 2)] = 4ee ' [cos 2(r —1) = Lsin 2 = 1)] £ > 1

Method 2: Using Lemmal (Handout 5b) & THMS:

Y(s)=4e” (i = L it = b e sin(ar +9)

(s+1)*+22 s+b) +0”

(where: k =+/(a—b) + @,

Here:a=0,b=1, ®=2, p=tan"'(2)=tan"'(-2), k =/(0-1) +2> =+/5

Note: By the Pythagorean Theorem:
tang=-2=2=9=H =5

= sin ¢ = sin(arctan(—2)) = O =2 cosp=2=—

1
g =

Hence:

LTI;HZ —€ ' sin 2t+¢)=§ (sm2tcos¢+cos2tsm¢)
=S t( Fsin2t+ % cosZt) ¢ (cos 2t —Lsin2r)

Hence, according to THMS:
Y(s)=4e™ {L{e" (cos2t —1sin 2t)}}= 4L{u (t—1)e " cos2(r—1)- Lsin2(¢ - 1)]}

So: x(r) = 4u(t —1)e"[cos(2r — 2) = Lsin(2r — 2)] = 4ee " [cos 2(t —1)— Lsin 2(r 1)} £ > 1

IIL.) Solve: % —3x+2x=2¢",x(0)=2,%(0)=-1
(a) By the UC (Undetermined Coefficients) Method

Auxiliary Eqn.: 7> =3r+2=(r—-2)(r-1)=0= x,(t) = c,e” +c,e'
g(t)=2e" = x,(t)= Ae™" k(1) =—Ae™ % (1) = x,,()) = Ac”'
i, (6)-3x,(t)+2x, (1) =64e" =2¢" = A=

1
3



So:

t

%(0)=-1=2¢,+c, L1 =2¢c,+c, =-2
e =—t=c,=4

Hence: x(t)=—-1e” +4e' +1e™

b) By the LT method

L{E=3i+2x} = L{2e ™ } = (7Y (s)= 25 +1)-3(s¥ (s) - 2) + 2¥ (s) =
= (s> =3s+2(s) =2 =T+ 25 = (s = 2)(s — )Y (s) = 2233

s+1

252 —5(s+1)

— —_A B C
= Y(S) — G is—Ziis—l - is+li + is—Zi + is—l

By Heaviside Cover Method:

~Y(s) =g -t ol

= x(t)=L{r(s)}=1e™ —Ze* +4e'

IV) A resistor of 10ohms is hooked up to a voltage source V(¢) is series with an
inductor of 2 henries, and a switch. Initially the current = 0. Find the current
when:

Vo) R=10Q




Using Loop Rule:  V(¢)= L%+ Ri = V(s)= LsI(s)+ RI(s) = V(s)=2(s + 5)I(s)

a) V(t) = 20>

L{206_3’}— 20 = 2(s+5)(s)= 2 =(s+5)(s)

s+3

= I( ) v+31(()v+5 = vé3+ YES
=(s=-3)=>A=L=5(s=-5)=>B=4=-5

A(s)=5 -2 =it)=L"{I(s)} =5 —e™)

b) V(r)=50sin 3t

V(s)= L{50sin 3t} = i
= I(s)= X

52437 (s+5)

=2s+5)I(s)= 2= (s+5)(s)

+32

Method 1 (THM12).

1(s)= 50— -5 = 5S0L{Lsin 3}L{e ™ }= 2 L{(sin3r ™ )}

2432 545

! t
where: (sin 3t*e™ ) = jsin 3t —u)e™ du = j sin 3ue 3 gy
0 0

(For algebraic simplicity, select the representation of the convolution on the right)

t t
[sin3ue™"du = ¢ [ sin 3ue™du = ™ % (Ssin3u —3cos 3u)(0}

0
_ o {% (5sin3t —3cos3t)— L (- 3)}:%{8’ (5sin 3t —3cos3t)+ 3}
=L |(5sin3t —3cos3r)+ 3e‘5’]

Hence: i(r)=2- %[(5s1n3t—3cos3t)+3e 5']— [551n3t—3cost)+3e ]

Method 2 (Partial Fractions):

I(s)= 30— =2ty B 50 =(As+A, Ns+5)+B(s> +9)

(v2+9)(v+5) (v2+9) s+5

(s=-5)=50=34B=>B=2=2

17

= 50 = (A1s+A2)(s+5)+%(s +9)




(s=0)=50=54,+22 =54, =50-L =54, =L = A, =12
Differentiating the above eqn.:

0=(As+2 )+ A (s +5)+32s5= (24, +2)s+ (54, + =)
SI2A 4R =0 A =2
check : s : 54, +%:0=5'(—%)+%0K

Hence:

—osE B 1 { 255+125 4 25 } 25{ 5 1 }
— 1 17— 1 9=25s+ — 25 3-s+
I(S) - §? + s+5 7 17 s249 + s+5 17 4249 + s+5

+9

= i) =51 b L s

Using Lemmal (Handout 5b) on the first term:

L—l : s+2¢ir 2}— k Sll’l(a)l+¢) (Where: k= \/(a_b)—z‘i‘a)za¢ = arcta (awb)

s+b)

Hence: L'}—£ }: I — }: B4 % Gin(31 + @)

A‘+0)2+32 S_0)2+32

Where:
p=tan' ()= tang=2=0=3,A=5=>H=VA’+0* =34
cosp=4 = 24’Sin¢:%zﬁ

L' H‘(;)ZLZ }: ~-L"! L_Sﬁ}: — 33 (sin 3¢ cos @ + cos 3¢ sin ¢)

5
27 sin3t + - cos 3t) $sin 3t — cos 3¢

ﬁ

Hence:
i(r)= %{L_1 {ﬁh L' {ﬁ}}: 2 {55in3r —cos3t+e ™ |
=2|(5sin3t —3cos3t)+3e™™ ]



