MA360 Handout 5b (week of Feb 6 )

Sp2006 Kallfelz

Note: New (absolute) due date for Assignment I (See posted assignment sheet for details)
Assignment: page 68 Sheng (Exercise 6) Problems 1,2,3,5,6,9,11,14,18,20

Partial Fractions

The core idea behind this technique is algebraic: We know how to combine
sums/differences of rational expressions into one rational expression. It's the procedure
of obtaining a common denominator. The question is how to reverse the procedure, i.e.
express a rational expression in terms of the sum of simpler rational expressions: this is
the technique of partial fractions:

« Getting a Common Denominator

X.1) f(x) = A +.+ A + Kx) +..
(X-X1)... (X-XK)g(X) (x-X1) (x-X0) g(x)

— Method of Partial Fractions

The method is straightforward: As suggested above, we see constants A; ... Ay and
functions K(x) ... such that above fractions can be de-coupled into the sum of simpler
fractions listed on right. The technique is purely algebraic: Multiply (X.1) by the
denominator term. Because X is a variable, we can se x equal to the previous
denominator factor, isolating the various constants. There are various rules of thumb to
this process (See table).

. Note: In the case of non-repeating linear irreducible factors, the Heaviside Cover-Method
provides a convenient short-cut: Simply set: x = x;, "cover" the term on LHS, them the solution for Ay
is automatically computed.



If (X.1) is of the form: Then use:

L f(x) = Al +.+ A
(X-X1)... (X-Xx) (x-X1) (X-X0)
(non repeating irreducible linear factors)
18
f(x) = Al +..+ A .
(x-xp)* (x-X1) (x-xp)*
(repeating irreducible linear factors)
111
f(x) = Alx+ B, +..+ Akx+ Bk
(0 X” + Bix + Y1) (0 X° + Bix + ) (o x> +Bix+v) (0 x* +Bix + 1)
(non repeating irreducible quadratic factors)
V.

f(x) = Ax+B;  +..4+ Ax+ By
(o x* +Bx +7)" (o x> +Bx+7) (o4 X +Bix +7)

(repeating irreducible quadratic factors)

F(S) — (3v+7

Example (Problem 4, p 68 Sheng)

= L{u(t—2)f(r—2)} (according to Thm8) where:

s2-25-3
Fls)= 2 = L0} = S5 = o+ ok

5, =3:A=7—T(3'33:17)=4

Using Heaviside Cover Method:
,=—-1=>B=51 -

Hence: F(s)= 1% = T D = arfe }- Ll Y= L{ae? =)}




So:

F(s)= %”TT = L{u(t-2)f(t-2)}= L{u(t - 2)(463('_2) —e 72 )}

= f(t)=4e ¥ —e%e 1 >2

e Example (#7, Sheng, p 68)

F(S) v+lb+i: 241

Method 1: (cumbersome, without using partial fractions')

_ o (sHa 0 (s41) 4 o | B ' 1
F(S) 3+l (s +l) (s+1)(s2+l) B (s+1)(52+1) (s+1)(52+1) = (52+1) +4 (s+l)(s2+l) = L{Sln t}+ 4m
1 _ 1 .
Aside: )Gl TR Rk ey e Teee g e £(0)}
{f( )} s|s —2v+2 =5 K L{g( )}
(using Thm7, Thm 4)

e} = g = i = g = L h0} = L)} = 2 = Lisina)

- L{g(r)}= L{e’ sin t}:> L{f(r)}= %L{e' sin t}: L{je“’ sin (ada)}
= f(t):je“’ sinadw = -~

0

£ (sin - cosa))(t =Le'(sint —cost)—2e’(0-1)

:E{e’(sint—cost)+1}:ml)1m:L{e ' l[e (sinz—cost) +1]}

. 1 }:5[(sint—COSt)+e_r]

s+l) s2+1

so: F(s)= L{sint}+ 4m = L{sint+ 2sins—2cost + 26_'}: L{3sint— 2cost + 26_'}

- f(t)=3sint —2cost +2¢™
Method 2: (Using partial fractions)

¢ Method 2a: (Resolving the irreducible over the complex numbers)

s+5 — s+5

= > = TtAr 2 S
(s+1)(s2+1) — (s#D)0s=)(s+i) — Go+1)  (s=i) * (s+i)

" In some of these problems, especially of this garden variety, there exists more than one approach. It’s
valuable to see more than one method applied.



Using Heaviside: s, =—1= A= 5% =1y =2

—ll

== B= i = i = 45 = )= 4 ) = 4 () = s ei) =14

_ 45 x5 —i45 _ 1 (=5 ) — 1 (=it5  1wi) — 1 (144i45) _ 1 N_ 1.3
s =-n1=>C= ) = Do) = 2o _E( = )_E( o 'F;)_E( ] )_Z(4+6l)_1+71

3.
1+3 l 1+El

. s+5 — s+5 —_A B cC __2
Hence: 55 = Tt = T+ 6on H 6 = T~ T T T

l+1 l+1

F(s)=zﬁ5 ot = 2L{e } 1+—z L{e”}+ 1+—z L{e ”}
So: =L{2e" —(1+20)e™ +( 1+5i)e_”}:> flr)=2e" —(e’ —e_i’)—%i(ei' —e_i’)

=2e™" —2isint—3i[2isint]=2¢™ — 2isinz +3sinz

Note: isint = cost, since i = ¢, which rotates any complex number z = x+iy = re”
(where: r=+/x"+y*,¢= arctan(%)) in the counterclockwise direction by Z. Hence,

when z=sint=y=e'’z= sin(t+§)= cost
So: f(t)=2e™ —2cost+3sint

e Method 2b: Focusing on the real numbers only (leaving second term in
denominator in irreducible form)

(s+iv)-(3:52+1): (3+1Y-(35+1 m Bilv;ll;z :>S+5:A(s2+1)+(BIS+B2)(S+1)

B, +B, =1

= s5+5=(A+B))s’ +(B,+B,)s+(A+B,)=> A=-B, = '
-B, +B,=5

=B, =3,B, =-2

Hence:

R B RS e R e B e b 2Lfe™ }-2L{cos 1} + 3L{sin1}
= L{2e" —2cost+ 3S11’1t}.'. f(t)=2e" —2cost +3sint

e Example (Sheng, problem 12)




. 2s%3s (26 3) B B,
F(s)= G2)6f — (22) =g teot E

s;=1=B,=1
5,=2=>A=2
(252 =3s)=2(s=1)* +B,(s = 2)(s = 1)+ (s - 2)
= (252 =35)=4(s—1)+ B,[(s—2)+ (s = 1)]+1
4s—3=4s—4+(25-3)B, +1
—=45-3=45-3+B,(25s-3)= B, =0
F(s)= 532 (_1 =2L{ezr}+G (s—1)
So: = G(s)=~4 =L{t}.. G(s-1) L{e t}
- F(s)= 2L{e2’ }+ L{e t}z L{Zez’ +te }:> flt)= er(2e’ +t)

Lemmal: (From Example 3-3, p. 63, Sheng): L'}« }: fe"” sin(ar + @)

+b) +w”

(where: k =+/(a—b)’ +@*,¢ = arctan( a”_’h )

Proof: st =xtbret) bbb - (54 p)+(a—b)G(s +b)

* (s +b) 10 (s+b)+@?  (s+b)+ (s+b)*+o

— =L{cosa)t},G(s)=521 c=L1.e =Likinar}

+0 s +w

Where: F(s)=—

Hence:

= F(s+b)+(a—b)G(s+b)= L{e"” cos at}+ ML{e_bt sin a)t}

(s+b)*+
=L{ [cosa)t+( sma)t]}:f (t)=e [cosa)t+( )sma)t]

(a —b)sin a)t]

Consider the following triangle, as suggested by the coefficients in the above

terms:

s(2s—3)= A(s—l)2 +Bl(s—2)(s—1)+Bz(s—

2)



Then according to the Pythagorean Theorem, its hypotenuse is: k = +/(a — b)2 +w’

And: ¢ = tan"'(-2),cos ¢ = £ sin ¢ =

So:
(a—

s+a —
(3 +b)

=k (sm @ cos ax +cos gsin ar) = *"sin(ax + @)

(a- b)sma)t] [ cos ax +-— sma)t]

Lemma?2: (From Example 3-4, p. 65, Sheng):

N(s)
[(s—a 2+l?2]2 ,
then: L' {F(s)}=<= = (g —bp *—bpt)cosbt + (p + bg * +bgt )sin bt
where: k =a+ib= R(s)=N(s),R(k)= p+iq,R'(k)= p*+ig*

If: F(s)=

(Note: p*, g* are not the complex conjugates of p and ¢! The superscript just
indicates that they’re not necessarily equal to p , g.)

Proof (Sketch)?:

F(s)= Nz(s) > =(r(s—a)) " N(s), where: r(s—a)=+/(s—a)’ +b, such
[(s—a) +b2]

that for 2= x+iy = r(s)e’® = x{s)= £ = cos .y = £ =sin g p(s) = tan”'2)

N(s) As+A B;s+B,
[( +b ] S a P+b? J [s a >4+ b? ]
= N(s)=(As+A,)(s—af +b*)+ Bs+B,

(Note: the coefficients A, A, ,By, B, are all real-valued)
Note that: N(k)= N(a+ib)=[Ak+ A, |(~ib) +b2|+ B (a+ib)+ B

N(k)=N(a+ib)=[Ak+A,J-6>+b* |+ B (a+ib)+ B

Hence:
= N(k)=B,a+ B, +ibB,

? This proof comprises lots of tedious algebra, I set up the strategy here and omit the details near the end.



Define: N(k)=R(k)= p+iq, then: p+iq=(aB, +B,)+ibB, = B, =L,B, =%

2=
Furthermore: N'(s)= A, ((s —a)’ + b)+ 2(A s+ A, s —a)+ 4

(substituting in the value for B, =% )

Define: N'(k)=N’(a+ib)= p*+ig*

Hence:

N'(k) = A, () +0)+2(A, (a+ib)+ A, Na +ib—a)+ L =2i(aA, +A,)b—207A, +1
= prtigh=(2—2b°A, )+ 2i(aA, + A, )b

= 4, ==t p¥)

(Equating real terms on both sides to get A;)

Moreover, when equating imaginary terms on both sides:
q*=2baA, +24, = (= p*)+2bA, = 4, = (g5 p )3t

F(s) = N(s)  _  As+A4 B;s+B,

1+
[(S—cz)2+172]2 s—a) +b°] [(S—a)z”’z]z
- Al l(S—a;2+bz]+A2 l(s_“)lersz +B i

s 1
HimapeoF 7 72 fo-apaef

e Use Lemmal for the first term: m (setting the constants in Lemmal

equal to the constants here in the following fashion: a =0, b =-a, ®=">b

Hence
L' { e }= 4 o (sin bt + arctan(—2)) = Y o (sin bt cos @ + cos bt sin ¢)

= JaZi pu (sinbt Nperes +cosbt%)=%(—asinbt+bsinbt)
a” +i

a“+b

¢ The second term of course is (using Thm?7):

_1{ 1 _ pat —1{ 1 et -1 b et s
L x—a)z-%—hz}_e L s2+b2}_eTL (52+b2)_eTS1nbt

e For the third term:

S sS—a a

- +
-0 F  lis-ap+s2f  [mapo?f




For the term: where L™ {H(s)} can be obtained

[(X—as)?jrbz]z - H(S - a) = H(s) =

either through THM12 or by Partial Fraction
e For the fourth and the other part of the third term: [

1 a
(s—a )2 -%—bz]2 ’ [(s—a )2 -%—172]z

s
(Sz +b2 )2 ’

Note: =G(s—a)=G(s)= , which can be resolved through partial

[(v —a) +b]Z

fractions.

(2 2)2

e Example (Problem 8. p 68 Sheng)

F(S) = ixz—lz()b:v—SOi

the denominator term is reducible, since b* —4ac =100+ 200 =300 > 0

Method 1: Factor denominator and use partial fractions

—(=10)+/100+200 10)+\/100+20 \/W
S10 = =5+80 _5453

2s — 2s —_ A B
o0550) — G lo=ma) — Gms) T G=s3)

Using Heaviside Cover method: s =s, = A == = 101((1)}3[) =1 (3 +4/3 )

: G _ -
s=s5,=> B= (YZY)—“i(:O[)— 1+;F (3 \/_)

+B-+3)2

= Fls)= 2y =B+ 3)
=4 (343 4433t
= %{3(65@ +e ¥ )+ \/5(65\@ — M )}
To confirm identity with Sheng’s answer, observe:
By )
= < {6 cosh 5331 + 243 sinh 5331 | = 2¢™ cosh 5431 +2 €% 4/3 sinh 54/3¢

=2¢" cosh~/25 -3t + % ¢” sinh /253t = 2¢™ cosh /75t + 2 ¢* sinh~/75¢

= 2¢% cosh/75¢ + %eSt sinh/75¢



Method 2: Use Formula from Lemmal:

(Completing the square in the denominator term)

_ s _ [ s+ _ [ s _ s
F(s) - (xz—lz()x—SO) - 21s2—10s+22—25—50]_ 2L(s—5)2—75]_ 2 (s— (0\/*)2
Hence: o = \/ﬁi,a =0,b=5

So: f(t)=LXe" sin(ax + @)

Where: k =y(0=5) +(W75) =+25-75 = 5iv/2

f(t) -k e5' sm(a)t +¢)= %eﬁ (sini 75 cos ¢ + cos ix/75¢sin ¢)

Hence:

(To obtain the expressions for sing, cos¢, recall the triangle in the proof of
Lemma 1, sketched above in page 5)

)= %eﬁ (sin i 75t - H +cosin/75¢ - ﬂ)
= {s (o) _ il )) BT (ki) )

75

sk el o)

S sinh /757 + @ cosh \/%t}

then multiply final answer by the coefficient 2

Method3 (Using techniques from previous chapter)

— 2s — [ s — 5—=5+5 { }
Fls)= g, so)—zus-s)z-w]‘z[( w} i T e
s _ 5t _ 1
Aside: - )—\/F_G( L{e gt }:>g )=L {27«/?} cosh /75t

(5_5)25_\/7? =H(s-5)=L{e"n(e)}= n(t)= L {ﬁ}z =sinh/75
{5’2c0sh\/_t+ 10 s1nh\/_t}




e Example (Problem 20, Sheng)

_ 9435753 _ N(s)
F(S)_ (s2+25+4sf a [(S+1)2+22]2

Using Lemma2: a=-1,b=2,k=a+ib=-1+2i

- N(s)=s +35? —(s+3)=s2(s+3)—(s+3)=(s2 —1)(s+3)=(s—1)(s+1)(s+3)
N'(s)=3s>+6s—1

= N(k)=p+ig=(-1+2i—1)(=1+2i +1)(= 1+ 2i +3) = (= 2+ 2i)(2i )2 + 2i)
=8(—1+i)i)1+i)=8i(i = 1)1 +i)=—16i
so:p=0,g=-16

N'(s)=3>s2 +65—1
= N'(k)= p*+igt=3(-1+2i) +6(-1+2i)-1=3(1-4i—4)-6+12i—1=3-12i—12—-6+12i—1=-16

so: p*=-16,q*=0
hence:

L{F(s)}=<5[(q —bp *—bpt)cosbt +(p + bq * +bqt)sin br]
=< [(~16+32-0)cos 2 + (0 +0—32¢)sin 2¢]
= <_[16.cos 21 — 32t sin 2t] = ™" (cos 2¢ — 2¢sin 2t)

10



