MA360 Handout 5a (week of Jan 6 )

Sp2006 Kallfelz

Note: New (absolute) due date for Assignment I (See posted assignment sheet for details)
Assignment: page 68 Sheng (Exercise 6) Problems 1,2,3,5,6,9,11,14,18,20

e Example (3(a), p54 Sheng, modified)

Find f(7), f'(¢) and the associated LTs of f(z), f(¢):

a.) From the graph:
1= {_2;;22 =2 )l 1) le) 200 Yoe) e 1)

=2{(r + Duale +1) = tulr) - ulr
= 2{(r + Dua(r +1) = 20u(r) = (r = Duu(r = 1)}

b.)
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L{f(e)}=2L{( + Dulr + 1)} - 4L{tu(r)} - 2L{(c = Dule 1)}

=2¢' '%2—46_05 r—2e” ~Y—‘2=Y%(es —2—6_5)

(Note: It’s obviously much simpler to use THMS for the above three terms, where, in each case,
the shifting constantis a = 1, a =0, a = -1, respectively, and in all three above cases, f(f) =t.)

c.)
F0)= 4 2{e + Dule +1) = 20(e) = (¢ = Duule = 1)}
= 2{ue + 1)+ (¢ + )3 +1) - 2ule)— 2¢8(¢) — ult —1) - (r = )5 (e — 1)}
=2Hulr +1)—2ult)—ult —)}+ 2§10 + 1)+ 8 +1) - 2¢5(¢) - 18(t — 1)+ 0(e — 1)}
= 2ule +1)—2ulr) —ult = 1))+ [0t +1)+ 8t +1)—28(r —1)+ 5 = 1)]}

(recall that tXr) = O for all 7)
d.) According to THM2: L{f (t)}=sL{r(t)}- 7 (0)
Here: £(0)=2{(0+1)u(1)-2-0-(0-1)u(0-1)}=2

(Note: we can see this directly from inspecting the graph of this function. But analytically, note that
according to the definition of the step function, the first term survives)

So: L{f’(t)}zs-%(es —2—e"5)—2:%[e5 —2—s—e"5]



Pre-Test Exercises (Answers)

1. Use Euler’s Thm. to derive: L{cos ar}, L{sin ax}

L{eiwf }_ 1 — 1 stHo _ s+i® — s Y S
— o s—i @ 2o 22 2 2
s—iax s-ir s+Hio ST+ STt ST+

L{e”‘” }: L{cos ax +isin ar}= L{cos er }+ iL{sin ax }
s L{cosarn}= el Lisinar}= e

t—1 1<t<2

0 otherwise

2. a)Find L{f (1)}, f(t):{

} from first principles

2

L{f}= T F)edr = [(e=1)e™dr+ To e dt = .Z[te_”dt - Jz-e‘”dt
0 2 1 1

= (1-2e7 )+ (1= —1)= < [1-2e 4o —Le +11]
=L,S[—e_s +%(1—e_5 ]=%[—e_s(l+s)+l]

(The first integral above was evaluated by parts, where: U =t, dV = ™)

b.) Verify your answer in a.) using step function method

ﬂ:):{” ISts‘z}z(t—l)(u(t—l)—u(t—Z))z(t—l)u(t—l)—tu(t—2)+u(t—2)

0  otherwise

S L{f (o)} = L{(e = Dulr = 1)} = L{tu(r = 2)}+ L{u(e - 2)}

e According to THMS: L{(t - ) (t — )}z L{u(t — 1)(t — 1)}= e‘sL{t}: i—z

L{m(z- 2= (1) < Lfu( - 2)}= -2 {2}

_ _ s -2 -2 -2
2se” . e " _ 2e -zi-e — e . (1+2S)
s s

s

e According to THMS:

o L{F (@)= L{(e = Du(e = 1)} = Lo (e - 21+ L{u( - 2)} = < — < (1 + 25)+ =

=—[1 e (1+25)+se™ =" [— ‘(1+5) +1]




3. Find: Lft(e™ —¢))

According to Thm 6: L{t‘l f (t)}: TF (a))da) where: L{f(t)} = F(s)

L[e,i]-LH:jL[e—ww-ij[e—fhw

= j s~ | g =lm, {ln|a)+ 5”:1 - 1n|a)+ 1”:1 }
=lim, 1n| “a’;ﬁ =lim, 1n| j:ﬂ - ln|%

sl = et 4 1n( =3 )

1+0

=lim,_,_ In/~<

=Inl+ ln|ﬁ| = 1n|‘§7

4. Find: L[t(e’ cosht)]

(Note change from cosh3t, to illustrate the facility of two methods below:)

Method1:

Lile" coshr)]= Lite' (s =t Lfre™ }+ L Lfr}= L (- 1)L Lfe> }+ 1L

L e 1 = = S
22542

Method 2:

L[t(e’ cosh t)] =(-1)< L{e’ cosh t}
e According to THM7: L{e’ cosh t}: F(s—1), where:
F(s)= L{cosht}= e L{e’ cosh t}: ﬁ =L

s2-2s

L[t(e’ cosh t)] L{e cosh t}— —di[ S—_lz)] = _{‘V(‘V‘Z?‘(‘f‘l)(zs‘z)J
Hence: o
571 =s(s=2) _ 25% 45252425 _ 22542
s2(5—2)2 s2(5—2)2 52(5—2)2




0

5. Find: L{j e? coshSade}

® According to Thm4: L{J‘e‘“’ cosh 3a)da)} = %L[e" cosh 3t]

0

e According to Thm 7: L[e” cosh3t] = F(s + 1), where:
F(s)= L(cosh at) =55 = L[cosh3t]= =5

So: F(s+l)—v—+1

-9

ol () _
Hence: LL[ “ cosh Ba)da)} %(m)z_ Alml 5
-1 s
6. Find: L Pml
e According to THM4: %F(s) = L{jf(w)dw}, where: F(s)= ﬁ =L{f(t)}
0
Hence: (x+sz_)i42 - (si;z_fﬁ - (s+(:)r22342 B (x+24)+42 =F (S + 2)_ F, (S * 2)
¢  Where according to THM7:
F(s)=—5=L{cos4t}= F,(s+2)= L{e’z’ cos 4t}
F,(s)= = = L{sindt}= F/(s+2)= L{e‘z’ sin 4t}
Hence: F(s)= o= L{f(1)}= L{e ' (cos 4t —sin 4t)}

So: LF(s)= L{j e *”(cos4w—sin 4(o)d(o}

0

Hence: L P +16J = je’zw (cos4w—sin4w)dw

0

e (asinbu —bcosbu)

b* +a’ e

Formula 30: J. e™ sinbudu =



e (acosbu +bsinbu)

b’ +a’ e

Formula 31: Ie”“ cosbudu =

So:

e ?(=2sin4w—4cos 4a))|r
2% +47

=—1 [e‘zr (sin4t +2cos4t)— 2]

10

e’ sindadw = = —%[e’z’ (sin 47 + 20054t)—e°(0+2)]

O —

!

¢ t

je’zw cosdarle = e *?(=2cos 4w+ 4sin 4w)

2?2 + 42

= 1 [e (~ cos 4t +2sin 4¢) +1]

= —i[e’z’ (—cos4r +2sin 4t)— eo(—1+0)]

(=]
(=]

J-e‘z“’ (cosdw—sin dw)dw = - [e‘z’ (— cos4r + 2sin 4t ) + 1]+ L [e‘z’ (sin 4¢ + 2cos 4t) — 2]
0

= e (cos4r +3sin4r)—1]

7. Find: L'| =]

e According to THMS: (j—)z = L{u(r—4)f (¢ —4)}, where: —— = L{f(r)}

4
-2 s=2)

e According to THM7: —— = F(s—2)= L{ez’g(t)}, where: L = L{g(¢)}

s—Z)z -

—

—

Hence: -+ = L{g(0)} = Lt} = L = Ll }= <o = Lule - 4)( - ) |}

1
(s—2

Sot L[ = ule - 4)i - 4)e2 ) = e (- 4)e 12 4

8. Find : L For Icostl, p = 7.

1 5 (e +e™ 1 T sy T sy
LHCOSI|]:1_€_m J-e (e _;€ jdt:zl_e_m {}[g( )dt+£€( )dt}

0

T e



L-il-s_iis}_e_m[i-il-s_i—ls}}:2(1—1e_m){(1+e_m )
_ (1+e_j‘v){i—s—i—s}: (1+e_m){(s2s }_ s(t+e™)

21—e)| (s> +1)] (1—e™)s*>+1)

9. Use Thm 11 to verify in the case of lim; .. f(£), where: f(f) = 4te”" — ¢”'sinh2¢
lim,  f(t)=1lim,__{4te™ — ¢ sinh2t}=41im,__te™ —L(lim,__e™ —lim,__e™)=0

lim, , sF(s)=lim,_, sL{4te™ — ¢™ sinh 2¢}

L{ate™ — e sinh 2t} = 4L{te™ }- L™ sinh 2t}

e According to THM 5: L{te ™ }= (1)< (e )= (-1)£-L =

ds ds s+3 T (s13)
e According to THM7: L{e‘3’ sinh 2t}: F(s+3),F(s)= L{sinh 2t} = o
Hence: F(s+3)=—2

(s+3)* -4

4 2
(s+3)  (s43)7+4

So: L{dte™ —e™ sinh2r}=4Lfte™ }- L{e™ sinh 2t} =

wlim g sF(s)=Tim [0 -2 —]= 8- =0

10. Prove: Tf(t)é'(t—to):f(to)

Proof:



{u(t—to)—u(t—to —a)}

a

[£08t=1,)= [ fOtim,_,

hmﬁoa{jf u(t -1, dt—.[f u(r -1, —a)dt}—hmﬁo {J‘f 1)dt — jf }

=1lim, , 1 J‘f(t)dtzlimﬁ0 L1 )al= £ (z,)

Iy
I

The last step in the proof involved approximating the integral j f(r)dr with the area of a
rectangle of height f{#) and width a. Note that in the limit a— 0, the approximation
becomes exact. (See figure) :

f(to)

Area (for small a)

to+a

[ = 16,

fo | | tota
11. a) Find the inverse LT of S without using Thm12
s(s2 + 1)
F(s)= 1] == L{sm =1 L{sm t}= L{ I sin a)dw} L{— Ccos w| } L{1—cost}

(according to THM4) So the inverse LT is (1 — cost)

b.) Verify a) using Thm12



1 =5 (Szlﬂ) = F(s)G(s) = L{l}L{sint} = L{j-I -sin(r — u)du} = L{j sin udu}

s(s >+ 1) 0
= L{— cosu|; }= L{1—cost}
(Notice in simplifying the integral use was made of the property of the convolution:

f(u)g(t—u)du = J-f(t—u)g(u)du, where: f(t) = 1, g(t) = sint )

0

o —

12) Find f(?), f ! (#) and the associated LTs of f(1), f / (n):

- t
) L )+ 20e) =2 e = 2l — 2) - 2ule — 2)
b.)
L{f (o)} = Lule)e}+ 2L4u(e)} - 4 Lfule - 2)(r = 2)} - 2L4u(z - 2)}
= L2l Lo caqa et 2 i yoc (254 )

Note: The first and the third LTs were obtained using THMS8 (where, in the first LT,
a=0and f(r) =1t 1..e.: e®F (s) = L{u(t — 0)f(t — 0)}, whereas in the third, a = 2 and
fit) =1 ie. eF(s)=L{u(t—2)f(t-2)}

The first and the third LTs could just have well been obtained using THMS:
Firstterm: 4 {0} =4 (1) (57)= 3 (1) ()= 3



Third term:

— L L= 2)ule - 2) = 4 e = 20— - (< 2)- Ll — 20 = =1 - (< 1) (£2)+ (<)

_ _zse—Zs_e—Zx + e—23‘ _ _Zse—Zx_e—Zs + 25(3—25 _ e—23‘
s 2 2)2

252 25?

s

...It’s obviously much easier to use the THMS approach!
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0+u(t))+258(t)—L(r—2)0(t —2)— Lult —2)-268(t - 2)
ult)—Lult—2)+268(t)- L1 (t - 2)8(t - 2)-25(t - 2)

R= D= =

(Recall: t&¢) = 0 for all )
d.) According to THM2: L{f (t)}=sL{r(t)}- 7(0)
Here: f(0)=10+2u(0)—1(0-2)u(0-2)-2u(0-2)=0

1 t>a
0 t<a

(since: u(t—a)= {

}, a >0 ,i.e., for any nonegatiuve a, by defn (p. 45 Sheng) )

Hence: u(0)=u(0-0)=0,u(0-2)=0

This result can be verified by direct computation:

L{f () = Li3u(r) = fult = 2)+26(r) - (1 = 2)6(: - 2) - 28(r - 2)}

3 2fule )} 4 Ll - 2)}+ 21460} 4 LSl -2} LT~ 2)
=l%—l~i+2—%(—l)%(e_zs)—e_zs

Lt 40P —e P =l42- 2™ :%[%+25—e_2‘?(2s+%)]




