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MA360   Handout 6b (week of Feb 20 )  

Sp2006 Kallfelz  
 

This cursory review of linear ODEs (first and second order) is entirely example-driven. 

 

• First-order 

 

Any garden variety first order linear ODE is of the form: ( ) ( ) ( ) ( ) ( )tftxtatxta =+ 10
& , 

where: ( ) ( )txtx
dt
d≡& , for the unknown function x(t) and a0(t), a1(t), f(t) are given 

functions.  We can always make this ODE simpler (by setting the leading term to be 

monic, i.e. the leading coefficient = 1) by dividing through by a0(t).
1
  Hence: 

 

  ( ) ( ) ( ) ( )tgtxtptx =+& , where: ( ) ( )
( ) ( ) ( )

( )ta

tf

ta

ta
tgtp

00

1 , ==  

 

Lemma1: Multiplying (Eqn1) by the integrating factor ( )
( )∫=

dttp

etr  makes it 

separable. 

 

Proof: Multiply both sides by r(t) and bringing all terms to one side:  

 

( ) ( ) ( )[ ] ( ) ( ) ( ) 0=+− txtrtrtgtxtp &  

 

 If the above is  separable, then the following condition must hold
2
: 

 

   ( ) ( ) ( )[ ] ( ){ } ( )trtrtgtxtp
tx ∂

∂
∂
∂ =−  

 

 For the left hand side: ( ) ( ) ( )[ ] ( ){ } ( ) ( ) ( )( ) ( ) ( )( )trtgtrtxtptrtgtxtp
xxx ∂

∂
∂
∂

∂
∂ −=−  

 

 Since p, g , r are all homogeneous functions depending on t only, they behave as  

constants, with respect to taking the partial derivative with respect to x.  Hence the  

left side simplifies to:   p(t)r(t)   

(Since:  ( ) ( ) ( ) ( ) ( ) ( ) ( )trtpxtrtptrtxtp
xx

==
∂
∂

∂
∂  and ( ) ( ) 0=

∂
∂ trtg
x

) 

 

On the other hand, the right hand side is just a total derivative with respect to t, 

since r is a homogeneous function with respect to t.: ( ) ( )trtr
dt
d

t
=

∂
∂  

 

So the above simplifies to: ( ) ( ) ( )trtrtp
dt
d= , which implies that ( )

( )∫=
dttp

etr . 

                                                 
1
 Since the leading coefficient function must be nonzero. 

2
 This is true because if we assume there exists an exact solution curve φ(x,t) = c (in the (x, t) plane)  for the 

equation: M(x,t) + N(x,t)x
/
(t) = 0, then, when taking the total differential of  φ(x,t) = c:  

dφ(x,t) = 0 = 
∂φ

/∂t dt  + 
∂φ

/∂x dx ⇒ 0 = 
∂φ

/∂t  + 
∂φ

/∂x 
dx

/dt = M(x,t) + N(x,t)x
/
(t) ⇒ M(x,t) = 

∂φ
/∂t , N(x,t) = 

∂φ
/∂x  . 

So because of the continuity of  φ(x,t) : 
∂2φ

/∂t∂x =  
∂2φ

/∂x∂t ⇒   
∂M

/∂x   = 
∂N

/∂t.  In the specific case above: 

N(x,t) = r(t), M(x,t) = [p(t)x(t) – g(t)]r(t)  
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• Example (The Bernoulli Equations) 

 

A first order Bernoulli Equation is of the form: ( ) ( ) ( ) ( ) ( )txtqtxtptx n=+&  

(for any integer n > 1) 

 

This equation is not linear, as one of its terms (i.e. on the right hand side) involves a 

power (greater than 1) of the unknown function.  It can be made linear by first diving 

both sides by x
n
(t) and then using the substitution: u(t) =  x

(1-n)
(t) = x(t)x

-n
(t): 

 

 

( ) ( ) ( ) ( ) ( ) qpxxxtxtqtxtptx nnn =+⇒=+ −− 1
&&  

 

(dividing through by x
n
(t)).  Using substitution u(t) =  x

(1-n)
(t) = x(t)x

-n
(t), note:  

 

( ) ( ) ( ) ( ) ( ) ( )txtxntutxtu nn
&&

−− −=⇒= 11  

 

Hence the equation becomes: 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tqtutptuqpxxxtxtqtxtptx
n

nnn =+⇒=+⇒=+
−

−−
&&&

1
11  

 

(which is linear) 

 

Consider the Bernoulli Eqn: ( ) ( ) ( )txttxtx
t

223 =+& .   

 

Dividing through by x
2
(t) : ( ) ( ) 2132

ttxtxx
t

=+ −−
&  

 

Let:  u(t) =  x
(1-2)

(t) =  x 
-1

(t) 

 

Hence:  u 
/
(t) =  -x 

-2
(t) x

/
(t) 

 

So the equation becomes the linear ODE: ( ) ( ) 232132
tuuttxtxx

tt
−=−′⇒=+ −−

&  

 

So:   ( )
( ) 3lnln3 3

3
−−−

===∫=∫=
−

teeeetr
ttdtdttp

t  

 

Hence, multiplying both sides by r : 

 

( )
( ) ( ) ( )tcttucttut

tuttututtutut

t
dt

dt
d

t

lnln

3

33

131431333

−=⇒+−=−=⇒

−=⇒−=−+′⇒−=−′

−−

−−−−−−−−

∫
 

 

• Second-Order linear ODEs with Constant Coefficinects 
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…Can be solved via the method of undetermined coefficients, whereby one directly 

inserts a constructed particular (steady-state) solution xss(t) such that: 

 

If g(t) is: Let xss(t) be of the form: 

A power-form t
n 

A0 + A1t + … + Ant
n
  

An exponential form e
kt 

Ae
kt
 

A sinusoidal term: sinωt (or cosωt or 

some linear combination of both) 

A sinωt + Bcosωt 

 

 

 Whereby one inserts xss(t) directly into the ODE and solves for the unknown 

coefficients.  In addition, for the homogeneous (transient) term, similar to the integrating 

factor, one assumes a solution has an exponential form, i.e.: x(t) = e
rt
.  Then: 

 

 ( ) ( ) ( ) ( ) 00 01

2

2012 =++⇒=++ rt
errtxtxtx αααααα &&&  

 

(since ( ) rtrt

dt

d eretx 2
2

2

==&& , etc.)  The term in the parenthesis is the auxillary equation of 

the associated homogenous differential equation.  It’s of course a quadratic equation.  

Three cases present themselves: 

 

If discriminant 02

2

1 4 ααα −  is: Let xtr(t) be of the form: 

> 0 (i.e. two real roots r1,r2 exist, where: 

bar ±≡−±−= 10

2

12
1

22,1 4
00

1 ααααα

α
 

( )btBbtAeecec attrtr coshsinh21

21 +=+  

= 0 (i.e. only one root, where: 

0

1

2α

α−=r   

( )tccetecec rttrrt

2121 +=+  

< 0 (i.e. two complex roots r1,r2 exist, 

where: 

ibar i ±≡−±−= 10

2

1222,1 4
00

1 ααααα

α
 

( )
( ) ( )φα +=+=

+=+ −

btebtBbtAe

ececeecec

atat

ibtibtattrtr

sincossin

2121
21

 

  

• Example (Problem 4, p 80 Sheng) 

 

( ) ,sin516 txtx =+&& ( ) ( ) 00,00 == xx &  

 

a.) Find the transient solution ( )txtr   (the solution to the homogeneous eqn.) 

 

( ) ( )

( ) tBtAecectx

irrtxtx

itit

tr 4sin4cos

4016016

4

2

4

1

2,1

2

+=+=∴

±=⇒=+⇒=+

−

&&

 

 

b.) Use the method of undetermined coefficients to find the steady state solution: 
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( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

0,

sin5cos15sin15151616

cossincossin

3
1

15
5 ===⇒

=+==+−=+⇒

−−=−=⇒+=

DC

ttDtCtxtxtxtxtx

tDtCtxtxtDtCtx

ssssssssss

ssss

&&

&&

 

 

c.) ( ) ( ) ( ) ttBtAtxtxtx sstr sin4sin4cos
3
1++=+=  

 

Using initial conditions: 

 

( )
( )

( )
12
1

3
1

3
1

3
1

400

cos4cos4cos4cos44sin4

00

−=⇒+==′⇒

+=++−=′

==

BBx

ttBttBtAtx

Ax

 

 

Hence ( ) ( ) ( ) tttxtxtx sstr sin4sin
3
1

12
1 +−=+=  

 

 

• Alternative Method: The Variation of Parameters 
 

A more general technique can be applied in lieu of the method of undetermined 

coefficients.  The method of the variation of parameters (VP) is well suited for cases of 

order > 2 (this gets cumbersome in the case of the method of undetermined coefficients.)  

Additionally, the variation of parameters method can take on more complicated forms of 

g(t).   

 

a.) Solve for the homogeneous (transient) case.  We saw earlier that it was: 

 

( ) ( )tBtAtxtr 4sin4cos +=  

 

b.) Stipulate a general solution of the form: 

 

( ) ( ) ( ) ttvttutx 4sin4cos +=  

 

…where the general functions u and v take the place of the constants in the 

homogeneous case. 

 

c.) Solve the system: 

 

( ) ( )
( ) ( ) tttvttu

ttvttu

sin54cos44sin4

04sin4cos

=′+′−

=′+′
 

 

(the bottom equation includes the derivatives of the t-dependent factors in the 

homogeneous solution, i.e. the derivates of cos4t,sin4t) 

 

Expressing this in matrix notation: 
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( )
( ) 








=









′

′









− ttv

tu

tt

tt

sin5

0

4cos44sin4

4sin4cos
 

 

The determinant of this matrix is called the Wronskian.  Evaluating: 

 

( ) ( ) 4sincos4sin4cos4 2222 =+=−− tttt  

 

Hence according to Cramer’s Rule: 

 

( ) ( ) ( )[ ]

( )( ) ( ) ( )tttttt

tttttttt
tt

t
tu

3cos5cos5cos3cos5cos3cos

4cos4cos4sinsin4sinsin5
4cos4sin5

4sin0

8
5

8
5

8
5

8
5

4
5

4
1

4
1

−=−−=−−−

+−−−=−=−==′

 

 

( ) ( ) ( )[ ]

( ) ( )( ) ( )tttt

tttttttt
tt

t
tv

3sin5sin3sin5sin

4sin4sin4cossinsin4cos5
sin5sin4

04cos

8
5

8
5

8
5

4
5

4
1

4
1

−=−+

−++===
−

=′
 

 

d.) Integrating: 

 

( ) ( )

( ) ( ) 224
5

8
1

8
5

124
5

8
1

8
5

3cos5cos3sin5sin

5sin5sin3cos5cos

cttdttttv

cttdttttu

++−=−=

+−=−=

∫

∫
 

 

e.) So the general solution is: 

 

( ) ( ) ( ) tctttctttx 4sin3cos5cos4cos5sin3sin 224
5

8
1

18
1

24
5 ++−+++−=  

 

f.) Finding the coefficients using initial conditions: 

 

( ) ( ) ( ) 000sin0cos0cos0cos0sin0sin0 1224
5

8
1

18
1

24
5 =⇒=++−+++−= cccx  

( ) ( ) ( )
( ) ( ) tcttttt

tttttttx

4cos3cos5cos44sin3sin5sin

4sin5sin3sin44cos5cos3cos

224
5

8
1

8
5

8
5

8
1

24
5

8
5

8
5

++−+−

++−−+−=′
 

 

( ) ( ) ( )
( ) ( )

( )
12
1

2224
5

8
1

224
5

8
1

8
5

8
5

8
1

24
5

8
5

8
5

40

00cos0cos0cos40sin0sin0sin

0sin0sin0sin40cos0cos0cos0

−=⇒++−=⇒

=++−+−

++−−+−=′⇒

cc

c

x

 

 

So:   
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( ) ( ) ( )
{ }
( )

( ) ( )[ ]
( ) ( )[ ]

( )[ ]

[ ]
tt

tt

ttt

ttt

ttttt

ttttttttt

ttttttttt

ttttttttt

tttttttx

4sinsin

4sinsin8

4sin]sin3sin5[

4sinsin3sin5

4sin54sin334sin5

4sin4cos5sin4sin5cos34cos3sin4sin3cos5

4sin4sin3cos54sin5cos34cos5sin34cos3sin5

4sin24sin3cos54sin5cos34cos5sin34cos3sin5

4sin3cos5cos4cos5sin3sin

12
1

3
1

12
1

24
1

12
1

24
1

12
1

24
1

12
1

24
1

12
1

24
1

12
1

24
1

24
1

12
1

24
5

8
1

8
1

24
5

−=

−=

−+=

−−−=

−−−−=

−−−−=

−+−+−=

−+−+−=

−+−++−=

 

 

• Example (Problem 6, p 80 Sheng) 

 

( ) ( ) ( ) ( ) ( ) 10,10,sin7cos484 −==+=++ xxtttxtxtx &&&&  

 

a.) Find the transient solution by solving the homogeneous eqn.: 

 

( ) ( ) ( ) ( )iirrrtxtxtx m&&& 1222084084 2,1

2 −=±−=⇒=++⇒=++  

( ) ( ) ( )tBtAeececetx
tititt

tr 2cos2sin22

2

2

1

2 +=+= −−−  

 

b.) Find the particular (steady-state) solution.  Since g is a linear combination of 

sinusoidal terms, let: tDtCxss cossin +=  

 

 Inserting into right hand side: 

 

( ) ( ) ( ) ( ) ( ) ( )

0,1162816474484

492849747784

,sin7cos4

cossin8sincos4cossin84

==⇒=+⇒=+⇒=++−⇒

=−⇒=−⇒=+−−⇒

+=

++−++−=++

DCDCDCDCD

DCDCCDC

tt

tDtCtDtCtDtCtxtxtx ssssss
&&&

 

 

(equating coefficients of sine and cosine terms, and solving the 2x2 system respectively) 

 

Hence: txss sin=  

 

So: 

 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ){ } tBAtBAte

ttBtAetBtAetx

ttBtAetxtxtx

t

tt

t

sstr

cos2cos2sin2

cos2sin22cos22cos2sin2

sin2cos2sin

2

22

2

+−++−=

+−++−=

++=+=
−−

−

&  

 

Hence:  
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( ) ( )

( ) ( ) ( ){ }
011

111220cos0cos0sin20

10sin0cos0sin0

0

0

=⇒−=−⇒

−=−⇒−=+−=+−++−=

==++=

AA

BABABABAex

BBAex

&  

 

So: 

 ( ) ( ) ( ) ( ) ttettBtAetxtxtx
tt

sstr sin2cossin2cos2sin 22 +=++=+= −−  

 

 

• Alternate Method (Variation of Parameters) 
 

In this example, however, due to the nature of the functions involved, the VP method 

isn’t more efficient.  I sketch out the strategy here, leaving the algebraic details aside.  

The primary purpose is to show that it’s a systematics (hence programmable) procedure, 

whereas the method of undetermined coefficients is ad-hoc. 

 

g.) Solve for the homogeneous (transient) case.  (We saw earlier that it was: 

 

( ) ( ) ( )tBtAeececetx
tititt

tr 2cos2sin22

2

2

1

2 +=+= −−−  

 

h.) Stipulate a general solution of the form: 

( ) ( ) ( )( ) ( ) ( ) ( )titiititt
etvetuetvetuetx

+−−−−− +=+= 12)1(2222   

 

where the general functions u and v take the place of the constants in the 

homogeneous case. 

 

c.) Solve the system: 
( ) ( )

( ) ( ) ( ) ( ) ttetvietui

etvetu
ittitt

ittitt

sin7cos41212

0
2222

2222

+=′+−′+−

=′+′
−−+−

−−+−

 

 

(the bottom equation includes the derivatives of the t-dependent factors in the 

homogeneous solution, i.e. the derivates of e
-2(1 ± i )t

) 

 

Expressing this in matrix notation: 

 
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )







++−
=










−−+
=









+
=









′

′









+−−−

−

−−+−−−

+−−−

ieie

eeieettv

u

eiei

ee

itit

itititititit

itit

2
7

2
7

2
71212

1212

22

0

2

0

sin7cos4

0

1212

  

 

 

The determinant of this matrix is called the Wronskian.  Evaluating: 
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( ) ( ) ( ) ttt ieeieitW 444 41212 −−− −=−++−=  

 

 

Hence according to Cramer’s Rule: 

 
( )

( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( ) ( )[ ]{ } ( ) ( )[ ]
( ) ( ) ( ) ( )tiitii

itittitittti

t

titiititit

it

ee

eieieeieiee

ie

eiei

tW

eieie

e

u

32

28
72

28
7

3

2
7

2
72

4
13

2
7

2
724

4

4

32

2
72

2
712

2
7

2
7

12

2222

4

221222

0

−−

−−−−−

−

−−−−+−−

+−

+−++=

+−++=++−=

−

++−
=

+−++−
=′

 

 
( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )

( ) ( )[ ]{ } ( ) ( )[ ]
( ) ( ) ( ) ( )tiitii

itittitittti

t

titiititit

it

ee

eieieeieiee

ie

eiei

tW

eieei

e

v

−+

−−−

−

−−+−−−−

−−

+−++=

+−++=++−=

−

++−
=

++−−
=′

2

28
732

28
7

2
73

2
72

4
1

2
73

2
724

4

4

2

2
732

2
7

2
7

2
712

12

2222

4

222212

0

 

 

Hence, integrating: 

 

( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( )
( )

( )

( )
( )

( )
( )

( ) ( )
( )

( )
( )

( )
( )

( )
( )

( )

( ) ( ) ( ) ( )[ ] ( ) ( )[ ] 1

3

81

322

8
1

1

32

138
13262

58
1510

1

32

32

32

328

472

2

2

28

47

1

328
1

28
1

32

28
72

28
7

232232

32

47

2

47

2

ceieiceiei

ceecee

ce
i

i
e

i

i
dtedtetu

ititetiti

tiitiii

i

i

i

iti

i

i

i

i

ititiitii

t

++−++=++−++=

++=+⋅+⋅=

+
−

+−
+

−

+
=+−++=

−−−−

−+−−+−

+

+

−

+−−

+

+

−

+

−−−−

∫ ∫

 

 

 

( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( )
( )

( )

( )
( )

( )
( )

( ) ( )
( )

( )
( )

( )
( )

( )
( )

( )

( ) ( ) ( ) ( )[ ] ( ) ( )[ ] 25
13

82

2

5
1

5
1832

8
1

2

2

58
1832

138
1326

2

2

2

2

28

4732

32

32

328

47

2

28
1

328
1

2

28
732

28
7

1822

2

47

32

47

2

ceieiceiei

ceecee

ce
i

i
e

i

i
dtedtetv

ititetiti

tiitiiti

i

i

i

iti

i

i

i

i

tititiitii

t

++−+−=++−+−=

++=+⋅+⋅=

+
−

+−
+

+

+
=+−++=

−−+

−+−+−−

+

+

−

+−+

−

−

+

+

−+−+

∫ ∫

 

 

So: ( ) ( ) ( ) ( )[ ] ( )tiititti
eceieietu

−−−−− ++−++= 12

18
112 232  

 ( ) ( ) ( ) ( )[ ] ( )tiititti
eceieietv

−−−−− ++−++= 12

18
112 232  


