MA360 Handout 3b (week of Jan 23)
Sp2006 Kallfelz

Assignment: P 41 Sheng: 1,2,4,5( a), b), ¢)),6( b), ¢)), 7a)
Second session of Class: Remaining Material in Ch I, Sheng

Lemma 3b.1: lim,_..L[f(?)] = lim;_.F(s) = 0, for any continuous' f
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Proof: |L[ f (t)] =
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Moreover, for any continuous f{¢), there exist M, & to such that:

£ (1) < Me™ forall t > 1

(i.e., any continuous function, no matter how fast-growing, is bounded above by an
exponential function for sufficiently large values of ¢.)

Hence, choose M, a such when 7= 0: |f(t)| <Me” forallt>0
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Hence:

The above Lemma gives us a valuable insight into the unique aspects of s — space
(the domain space where the LTs live, i.e. the domain of the functions F(s), given that ¢ —
space is the domain space where f(¢) live, i.e. the arguments of the LTs). Its ‘asymptotic’
behavior is such that it always vanishes, i.e. F' is non-zero on a finite interval.

We can use Lemma 3b.1 to prove, for example, Thm 10:

lim . ft)= lim . sF(s),(where: F(s)= L[f(t)])

' This Lemma can be generalized also to piecewise continuous functions.



Notel: we’re taking a right-hand limit on the left hand side (in #-space) since the domain of f'is
nonnegative.

Proof: According to Thm2, for any differentiable (therefore continous) f:
Llg f ()= sLLf ()]~ £ (0)

Now, obviously, (since fis continuous?): f (O)= lim . f (t)

Hence: L[ f(e)]=sL[f ()]~ £(0)=sLf (e)]-1im . f(z)

Taking the s —oo limit of both sides:

lim__ L[<f(e)]=lim __sL[f(e)]-lim . f(r)

Note 2: The last term on the right hand side is a constant with respect to s. Therefore its limiting value is
the same throughout.’

But according to Lemma3b.1, the left hand side vanishes, if we assume the derivative of f
is continuous.

lim__ L[4 f(e)]=0=lim_,_sL[f(:)]-lim . f(r)

Hence: lim . f(e)=tim,__ sL[f(r)]

Thm 11 is the analogous version, this time when: s —, and t —0"

Both Theorems 10 & 11 should be viewed as tracking the limiting behavior of fin
t-space and in reciprocal s-space simultaneously. Their seeming redundancy has a
theoretical and a practical value. In theory, what makes their results interesting is giving
the insight into the corresponding adjustment one needs to make in s —space (one must
multiply the LT of fby s), so it’s not just a simple matter of a strict correspondence
between ¢ and 1/5. Their results also have practical value since if we know the LT of £, but
if it’s difficult to obtain the inverse LT (i.e., f), we can bypass having to if all we’re
interested in obtaining are the initial (r —0) and asymptotic (¢t —o<) conditions of f.

Thm 9 (Periodic function thm):

% Recall from Calcl: for any continuous function: lim,_, f(f) = fla) for any a: oo < a < co. (Note that
lim,_,f(¢) if and only if lim,_,,.f(f) = lim,_,,f{(?). If we define the domain of f to be [c, o), however, then the
condition for f ‘s continuity at the endpoint ¢ becomes: lim,_,..f{t) = f{c).

*le., for any constant-valued function f{t) = k : lim,_,f(#) =lim,,f(t) =k, for all a: oo < a < co.



If fis periodic, i.e. fit + p) = 1), then: L[f(¢)]=
Proof:

(n+1)p

L[f(r)]= ]:f(t)e‘”dt = j:f(t)e_”dt + fo(t)e_”dt + Tf(t)e_”dt +ot .[f(t)e_”dt +..

np
In the second integral, perform the u — substitution: u = ¢ - p, then: du = dt and

2p u(Zp) P
t=utp. So: [fedr= [ flu+pl™“Pdu=e[flul™du (since flu+p)=fu))
p u(p)

0

In the third integral perform the u — substitution: u =t - 2p, then: du = dt and

f=ut2p. S0: fff)e Tdt = Ifu+2p)e ”*2"du—e‘“’ff gl
2p u(2p)

(since flu +2p) = f(u) )

etc...

In the n-th integral perform the u — substitution u=t-np, then: du = dt and

n+1 u((n+1)p

t=u+np. So: J-ft)e dt = Ifu+np)e”+"f’ u_e—nvp.[f s g
u(np
(since flu +1p) =) )

Hence:
(n+1)p

L[f(t)]= Tf(t)e_”dt = jf(t)e‘”dt + 2ff(t)e‘”alt + 3ff(t)e‘”alt Fot If(t)e_”dt +...

[l dr+ e | e du+e™ [ £l duct.ve™ [ Fludu+..

Now, because u is just a dummy-index of integration, we can re-name it as . Then:

L[f(t)]= j t)e‘”dt+e‘¥'jft)e‘°’dt+e‘2°f'ff(t)e‘”dt+...+e‘”"”ff(t)e‘”dﬁ...
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(Since the series 1+e ™ +e > +... is an infinite geometric series, with r = ™.

. i . 1
Moreover, since r = ™" < 1, then the series converges to: - = )

1—e™

Thm 12 (Convolution Thm).

For :

F(s)=L[f (1)) G = L[g(t)]

w F(s)G(s)=LI(f = g)l where: (f = ¢) =

t

f (g (e =u)du = [ f (1 =u)g (u)du

0

ol—,w

Proof:

o

F)G(s) = [ £k do] glule ™ du = [ | f(@)s )" dadu

Lett= w+u. Then: w=1t-u, dow=dt.

Furthermore, the limits of integration with respect to u are: u =0tou =+¢. To
understand why, consider the figure below:

v
<

To see this (informally) observe that in the (@, u) coordinate system, the line: w=17-u
has u-intercept (z,0) and @-intercept: (0,f). Hence, as the inscribed arrows in the triangle
suggest, we can fill up the entire first quadrant by traveling first from u = 0 to u = ¢, and
then stacking these arrows vertically from w=0to w=1t. If we let @0, then the entire
space is filled. (To understand this more formally requires the tools of Calclll, i.e.
conformal mappings and the Jacobian.)



F)G6)= || f (@l duder = [ | f(t—u)g(u)e‘”dudt=Te‘”{j £t-u)glu)d

00 00 0 0

Hf du} =L[(f ¢l

Note: If g were initially expressed in terms of dummy variable wand fin terms of u, we’d arrive at the
expression:

t t

Dg t-u du}—L[(g*f)]: (£ g)= [ fle—ulguldu = [ g ¢ =) (u)eu

0 0

i.e., the Convolution with respect to two functions is a commutative operation

Selected Examples

e Example (Problem 3, p 41 Sheng)

For Isintl, p = 7.

e " sintdt

So according to Thm 9: Lﬂsin t|]: l—o

- 0
To evaluate the integral, you can use Formula 30 (Appendix A7—this was also
derived using integration by parts in Handout 1a.) However, you could also use
Euler’s Theorem:

0

: 1 T —st e 1 T i—s)t T —(i+s)t
LHSIHI|]=1_e_m£€ (e 2: jdtzm{}[e( )dt—J-e( )dt}

(since: 7, = -i)

. z z . —(i+s)r 7
i+s Tdt i— b dt - ! — € —
2{1 e i{!e ! } 2(1—em){ (i+s)|, (i—s)\o}
_ i l—e ™ e™" N —ee " +1
2(1—[’“) (i+s) (i-s)

But according to Euler’s Thm: ™" =cosz *isinz =-1

fa



So:

L e i TR )
B 2(1—ie_’”){[i—|1-s+i—ls}-i_e_m[i—il-s-i_i—ls}}: 2(1—ie-’”){(l+e_m)(ﬁ+ﬁ)}
B i(l+e"“){i—s+i+s}_ i(l+e_m){ —2i }: —i*(1+e™) (1+e™)

()| Fr=s?) | 2(=e®)| (P +1)] Ume)s?+1) (—e™ )s?+1)
e Example (5¢, p 41 Sheng)

Use Thm 10 to verify in the case of lim, o, f(t), where: f(¢) = 2¢ — 3sin2¢

In t-space: lim, {2t —3sin2¢t}=2lim,_,¢—3lim,_,sin2r=0-0=0

In s-space:

lim_, sF(s). F(s)=L[2t - 3sin2¢]=2L[t]-3L[sin2¢]= 2 L 3.2

§—>00

:% 6 = SF(S):l_ 6s = 25 -8-65" = _2(3S2+4)

s s34 s s2-4 s —4s s —4s

<
+
’b"’;

a 1,4 4
hm ) SF(S) _ lims_m —2Y33j::4 =2 lims_m V13 4‘X =2 lim‘v_m _i j =-2. (%j =0

Therefore we’ve verified the result of Thm10

e Example (6d, p 42 Sheng)

Use Thm 11 to verify in the case of lim, _.. f(r), where: f(r) = 4e™ — 10e”'sin2¢

In #-space:
lim, ,_{4e™ —10e™ sin2¢}=4lim,_,_e™ —10lim, ,_(e™sin2¢)=4-0—10-0=0

In s-space:

lim,__sF(s),F(s)=L|4e™ —10e~ sin2¢]=4L[e™ |- 10L[e~ sin 2¢]= 4- L. ~10G(s +1)

s—>o0 s+3

(G(s)= L[sin2t]= 2= G(s +1) = —2

57 +4 (s+1)*+4

. —_4 _ 20 — 4s _ _ 20s
o F(S) T3 (g4 = SF(S) st (5414

- 14 — 15 4s __ _ 20s —0_0_
slim L, sF (s)— lim_,, P,H v ek 0

e Example (7b, pg 42 Sheng)




Use Thm 12 to find the inverse LT of

(s2 +1)2

1 1
OGO =0 )

= f(t)=L"[F(s)]=sint = g (1) = L [G(s)]

Hence according to Thm12: L™ [F(s)G(s)] =(f*g)= Isin(t —u)sinudu
0
Method1: sin(r—u)sinu = %[cos(t —2u)—cos t] (using product-to-sum rule)

s fxg =%J-[cos(t—2u)]du —%J-costdu =Uu)=(-2u). .du=-1dU
0 0

U(r) t
=—1 IcosUdU —%costj'du = —%sinUL_t —%costuﬂ) =—1(~sint —sint)—£cost
U(0) 0

=Lsint—<cost = L[sinz—zcost]

Method 2 (more cumbersome, but a review of some simple integration and other trig

formulae)

sin(f —u)sinu = sinf cosusinu —coszsin” u

t t 2
J-sin(t —u)cosudu =sin tj sinu cos udu — cos tJ. sin® udu
0 0 0

t t
. . t .
=sint-Lsin’ u‘o—cost-ﬂ'(l—cos%)dt:%{sm3t—tcost+costjcos2tdt}
0 0
143 I 20 1. 3 e
—7{s1n t—tcost+cost-7s1n2u|0}—7{s1n t—tcost+cost-751n2t}
=%{sin3t—tcost+cost-%-2sintcost}=%{sin3t—tcost+sintcos2t}
1

= L{sin#(sin® £+ cos® 1)—tcost}=L[sint — r cost]



