MA360 Handout 12 (week of April 24)
Sp2006 Kallfelz

Additional Hints (Vc¢, Assignment 3)

Note that s, (t)= {3 t0<S0f8S<8t}
(5,52 )0)= [ 5,0) = e =] 5,6 ~ ) = 20{ [0t )~ U ¢~ 8
So: - 0 0

8 8
=20[U (¢ — u)du = 20[ U (¢ —u—8)du
0 0
Note: The step functions are labeled by U to distinguish them from the dummy variable u.

Now finding an expression for the integrals (as functions of 7) is easy. Consider the
following w-substitution: w(u) = ¢ — u, dw = -du (note that ¢ behaves as a constant in the
integration)

=

8 u) -8
So (for example) I Ult—u)du=- | Ulw)dw=- IU (w)dw
0 ) t

w

2.
(=]

(where: Uw)=1,forw>0)
o Remark: Connection between Fourier Transforms and Fourier Series

Consider the Fourier Series of any periodic function f
£)=a, cos(zz)+b, sin(22 )}
n=0
In the ‘continuum limit’ this becomes (by way of the Fourier Integral Theorem):

fl)—> .[ [a(a))cos @t +b(w)sin a)t]d @ where, instead of periodicity, f must obey the

—o0

Dirichlet Boundary conditions which, among other things, entail that f vanish at & oo g

The formulae for the continuous Fourier coefficients (now defined as functions with
respect to the dummy variable of integration ®) are:

" This is alluded to in Sheng, at the beginning of the discussion of Fourier Transforms, p 121, when he
points out that function need only be defined in the finite interval:
—00 < f < oo,



= off(t)cos ardt
= Tf(t)sin axdt

by inspection, we see immediately that the Fourier transform is nothing more but the
fomula for the coefficients of the continuum limit in the complex representation! Le”.:

F[f]=C(@)= a(w)+ ib(w) jf t)(cos ax + isin ar)dt = jf )e ' dt

Review Problems (Final Exam)

1 0<r<l
Ia) Given: f(tf)={r 1<r<2} Findthe LT of f using the definition of the LT
2 2<t

1

L{f(r)}= Tf(t)e_”dt = je_”dt + .Z[Ie_”dt + ]: e dt

0 0

2
P (- i,)je‘”dt} +2¢7|”
0 1 ’ 2

2
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(e 1) ce tyel e = lim, e e

1
s
— 2. - =25 — =23

=—dleT 4127 ple™ Lo Y+%ev—l{0—e Y}

K s s s s s s
N P 1_2,72s 1,5 _ 1 ,72s 1 ,-s 2 ,72s
= Xe +S S€ +S€ ‘Yze +Xz€ +X€

e 25
=ltLe” —Le™
S s s

b.) Find L{f(¥)} using the step function method

) =ult)—ult —1)+t(u(t —1) - ult - 2))+ 2ulr - 1)
)+ (= Dule =1)= (= 2)ule -2
Fe)y= Liule)p+ Ll = 1) = 1)} = Liu(e - 2)(e - 2)}
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c.) Calculate f 6)

% The +/- is a convention



Ft)=0@)+ult=1)+ (-8 -1)—ult—2)—(r—2)o(r —2)
d.) Calculate L{ f(t)} from c.)

L{r ()} = L{s()}+ Liu(e - )} + L{6( - 1)} - L{6( - 1)} - L{u(e - 2);
—L{td(r = 2)}+2L{5(r - 2)}
=1+ + (1) 4 L0 -1 -e === (-1) 4 L{o( = 2)}+ 2¢7

-5 — — =25 g "
=1+ —de™ —e — L™ 4 207

—2s

=1+ de” —e” — =207 4 2e7 =14~k

s s

e.) Verify your answer in d.) using THM?2
e According to THM2: L{f(t)} = sL{f (¢)}- £(0)

In this case, f0) =0, so : L{f’(¢)} = sL{f (¢)}

2s 2

Now: L{f'(t)}=1+< —< ,L{f(t)}:%"'%_i;

So clearly: L{f’(¢)}= sL{f ()}
f.) Verify THM10 for f{(¢)
hmt—>0+f =1

lim, .. sF(s) =tim,_._ sLF()}=tim . LU ()} =tim, i+ = -2}

=1+lim < —lim__<"=1+lim _,_-L—lim__—.-=1+0+0=1

s—0 g §—>00 s—o0 (2,28

~lim . f(e)=lim __ sF(s)

IT a.) Find the inverse LT of sy ()



S

k2+9xsz+4)

— = L{cos 3t} 4 L{sm 2}=1 L{cos 3¢}L{sin 2¢}

7437) s +22

0

! ﬁ—ﬂ—wgsszﬂ }: %Icos 3(r — u)sin 2udu = %J-%{Slll(% —u)—sin(3t — 5u)}du
0

0

= %L{cos 3t *sin 2t} = %L{I cos3(t —u)sin 2udu}

in(3¢ = Su)du = L cos(3t —u), — L - Lcos(3 - 5u)),

o:___,w

t
— 1 : 1
—Zj-sm(3t— u—-
0
= 1{cos 2¢ —cos3r}- L{ os(—21)- c0s3t}——c0s2t—lc053t—ic0s2t+icos3t
4 20 4 20 20
=Lcos2t —Lcos3t = L(cos 2t —cos3t)

t

IIb.) Use IIa) to solve: x(t)+9 j x(wdw =ult—2)cos2(r—2), x(0) =0

0

L{fc + 9jx(w)dw} = Lfuli— 2)cos 26— 2)

sY(s)- x(O)+%Y(s) =e . o
(s+ 9)Y( )— e 2

52+4

(s +9)Y . H4

.'.Y(s)zez‘v-wm+9 :>x(t) L{ 0. WW} 2L{ -m}
==2L{x(t +2)},= F(s)= L{x(r)} = = x(t) = L(cos 2t — cos 3t)

E39) I
LY (s)=2x(t =2),t > 2 = x(t) = L (cos 2(¢ — 2) — cos 3(t — 2)),£ > 2
II1.) Consider: ¥(r)+ 5x(¢)+ 6x(r) = cos 2¢, x(0) = 1 = —x(0)
III.a) Solve using the method of Undetermined Coefficients (UC)

Auxiliary Eqn.: 7> +5r+6=0= (r+3)r+2)=0=x, =c,e™ +c,e”™

x,, ()= Acos 2t + Bsin 2t
—4Acos 2t —4Bsin 2t) + 5(— 2Asin 2t + 2B cos 2t

5 (1) 455, (1) + 6, (1) =1 THACS sin 20) + 5(~ 2Asin cos2)| _ s
+6(Acos2t + Bsin 2r)

= cos2t =(—4A+10B+6A)cos2t = 1=2A+10B

= 0=(-4B-10A+6B)sin2t = 0=2B-10A= B=5A=>A=4,B=3



x(t)=x, (t)+x,(t)=ce™ +c,e™ +&(cos 2t +5sin 2¢)
(1) =-3c,e™ —2c,e + & (~2sin 2t +10cos 2¢)
x(0)=c,+c, +& =1,%(0)= -3¢, —=2¢, + = =1

2¢, +2c, =32
1 2 = % . _ 20 _ 10 . _ 51, 40 _ 9l
= = =% =0 =73,0,=5515=73

-3¢, —2¢c, =—3
sx(t)=x, (6)+x, ()= —%e +2Le* +Lcos2t+3sin 2t
= L(- 406 +91e> +cos 2t +5sin 2t)

III.b) Solve using LTs:

L{x+ 5%+ 6x}=(s2Y(s)— sx(0)— %(0)) + 5(s¥ (s)— x(0)) + 6Y (s) = L{cos 2¢}
= (52 +5s+6)Y(s)—s+1—5 =55 = (s+3)s+2)r(s)=
= Y(s)= > +

(S2+4)(S+3)(A‘+2) (s+3)(s+2)

i)
_ A15+A2 B C
(v +4) v+3 (s+2) s2+4 s+3 s+2

= (As+A, )s+3)s+2)+B(s> +4)s +2)+ C(s* +4)s+3)
(s 2)=>-2=8C=C=-1
(s=-3)=-3=-13B=B=3
s'i1=6A, +5A, +2-1= 64, +54, =1

s 0=A+3-1=A=5=2A4,=4

(s 3 1
. s :5(”40)4.&_ ¥ :L{X+10+£_ 13}
o (52+4)(s+3)(s+2) s2+4 s+3 s+2 52 G244 s+3 s+2
= s+4 _B — s+4 1 2
11’) s+3 (v+2 v+3 s s+2 = A 1 B 2 = v+3i v+2i T3 + s+2

. L{ _ 13 _ 52 104 3 _— 1 {3+10 __ 40 91 }
°c Y(S) 52 3+3 s+2 s+3 Ralvny s+2) 7 52 L2y s+3 + s+2
e

x(r)=% 1L (”“’) 40L () +9127 (5}

U

o )vse
L {cos 2+ 55in 20— 40e7 +91e7 |

s +4 s+2

2 )40 () +9127 ()}

IV.) Consider: f(r)= t+1 —1<<0
| | 1 o<t<1’?

a.) Find its Fourier Coefficients (real series representation)



—, 0

oo=1] v}
Ho-te1)en)=:

1
i+ ] dt}%ﬂ%rz e )
0

a, =3 [ £0)eos(22 )it = ( + Deos(nmlds + [coslnm

0

0 0 1 0 1
= J-tcos nadt + J.cos ndt + J.cos nadt = {— sin n7a‘| J-sm nmdt} + J.cos nidt
1 0 -1 -1
1
= {O+ﬁcosnn‘t|i1 }+ 2J-cos nmdt =
0

(mlr)z (cos 0—cos(—nz))+ -2 sin n7a‘|:)

=ﬁ(1—c0snn’)+0: 2

- n=2j+1

(i.e., when n is odd)

b, =2 j £ (e)sin (222 )ar =.(f(t +1)sin(nzm )dr + jsin(nm)dz

-1
0 0 1 0 0 1
= J-tsin ndt + J.sin nmdt + .[sin nmdt = {—--cos nm‘|_1 +$Icos nmdt ; + J-sin ndt
-1

( 1)»x+l

nmw

{(O——cosnn’)+ L smnm‘| }+O———cosn7t’—

b.) Find its complex series coefficients:

Ck:%jf(t)e_"k(?)’dt %{T(tﬂ) ""”dt+j _’k’"dt}

-1

-1

0 1 0
. . . 0 1
_ 1 —ikm 1 —ikmt _ 1)t ,—ikm i —ikmt —ikm
= ZJ.te dt+2J-e dt = 2{—k”e ‘_1 k”J- dt}+—2k”e ‘_1

:%{04- ’k”}+ T —lkmi +m( —ikw _eikzr)
:Leik” + 1 (60 Lkﬂ')+0_m[lelkﬂ' #(l_eikﬂ)]

2kx 2(k7r)2

= Zkﬂ' km o elk”( ﬁ)]

c.) Verify: a, =C, +C,



— _ 1 1 ikz (- 1 1 1 —ikzw ; 1
ak—Ck +Ck—mﬁ+€ (l—ﬁ)]‘l‘mﬁ‘l‘e (—l—ﬁ)]

= _1 +;(eik7z_e—ﬂm)_ z(klﬂ)z (eikﬂ+e—ik7r)

= it 2tz (0)— 52y (coskr) =l —sobr = 220 k=2 +1

(i.e., when k is odd)

from parta.): a, = L)z, n(odd) , so we have agreement, since, as demonstrated

(nz
here:
a, =C,+C, =% k(odd)

kﬂ,)z ’
(label of integer dummy index is clearly arbitrary)

ct+1) —a<r<0
c 0<r<b

V.) Given f(t):{

(b,c)

(0,0)

a.) Find its FT using the definition of FT:

oo 0

Flf(0)]= If(t)e_“’”dt = CI(§+ Ve~ dr + c}e‘i"”dt

0
0 . . b
AN ic it
By wje dt}+we

—a
—a

—o0 —a

0 b
=< Ite"”"dt + c_[e‘"‘”dt = ﬁ{%e‘”‘”

[2)

—a —a
. . 0 . .
_c ia ,ioa 1 it &( —iwb __ m)a)
_a{(0+we )+ e ‘_a}+ e e
— ic ,ima c _ ploa ) ic ,miob e it
=%e +aw2(1 e )+we e

< [1— e'™ + iaa)e_””"]

aw

b.) Find the FT using the (unit) step function method



()= e+ 1l +a) =)+ lult) - ule - b))
]

=< tult +a)—<tu(t)+ cult + a)— cu(t) + cul(t) - cult - b)
=<tu(t +a)—<tu(t)+ cult + a)— cult - b)
Ft)=<ult+a)+<t(t+a)-<ult)-<t5(t)+cS(t +a)-cSlt—b)

FLAO]= (60 L= = Flus + )l = Froe-+ )] = Flude)] - < 0]
+cF[8(t + a)]- cF[o(t - b)]
= Lo Flo(+a)l+ i Flo +a)]-< [L +28(@)]-<-i-L F[5()]

+ce“’"’—ce_“”"

=l i e 1 i~ 5(w)—ig 1]+ e —e)
==L o™ —ce'™ i §(@)+ ce'™ —ce”
e - 5()- e

= Flf()]= L[ e +ie — ce |+ k5(w)

—e'™ +iawe "‘”’]+K§ (w)

Note: the extra & @) term arises due to the F[u(r)] ‘pathology’ (Example 7-3-9, Sheng).



