MA360 Handout 11 (week of April 10,17)
Sp2006 Kallfelz

The Fourier Transform and its Inverse

Flg(t)]=G(w jgt)e “ dt

F[6()]= ()= [Glak"do

—oo

Selected Proofs of the Properties:

1. Proof of Property 2 (Scale Change)

() o, @)
= Flg(k)= j gl (@)= gl
u(—o0) U (—o0)
o Case l: k>0 = u(too) = k(too) = oo .-, F[g(kt) :%J'
o Case2: k<0 = u(*eo) = k(Feo) =

-'-F[g(kt)]=ﬂg(u -l du_—%of ek

Combining both cases':

el {7 O el g et =yt

_1
k
2. Proof of Property 3 (Time Delay)

Flg(t—a)|= jg(t—a)e_i“’dt:uzt—a:du=dt,t=u+a

u(e0) o
F[g(t - a)] = (.[ g(u)e_i”’(”+“)dt =e '™ .[g(u)e_i”"du = e_i”’“G(a))

u(e) e

3. Proof of Property 4 (Modulation)

! By definition of absolute value: Ix| = {x, if x > 0 or —x if x < 0}



Fleg()]= [e gl d = [ g™t = Glo-a)

4. Proof of Property 5 (Time Differentiation)
By Induction:

Base Case (k=1)

Flg g()]= J.%(g(t))e_"”’dt =>U=g(t),dV ==Ledt =—iwe™™
1 —iax |? . K iax

= Fltg(@)]=tim, . g()e | —(-iw)[g(t)e "t

— i [ g0 dt = (i) G(w)

(Note: Assume the function g and its derivatives vanish at infinity, hence:

0<Reg(t)e™ < |g(t)|
so by the Sandwich Thm.: lim, Re(g(t)e_iwr ) =0, since: lim[_m|g(t)| =0)

Induction Step:

Assume F [% g(t)] = (i a))k G(w), so prove: F [% g(t)] = (i a))k+1 G(a))
Proof: Let h(t) = % glt)= % g(t)=<Lh(r)
F£h(t)]= j L (h(t)e ™ dt = U = h(t),dV = 4e™dt = —ie™

= Fl2 ()] =tim, . b ™| ~(=io) [He)e

— o [W0e " dt = (10)' FIn(0)|= ()2 ()] = (o)ioo) 6(o)

=(i0)™" G()

5. Proof of Property 6 (Frequency Differentiation)

This can be proven by Mathematical Induction, just as in 4. above. For a virtually
identical proof, see page 7, Handout 1b.

6. Proof of Property 7 (Integration)



Using Property 5: (n = 1): F[%g(t)] = (iw)G(w) = (iw)F[g(r)]
Re-name:

%g(ﬁ:f(t):»g(t):jf(u)du:»F[f(tn:(iw)F[jf(u)du}:»Fﬁf(wdu}ﬂ[f(ﬁl

0 0

7. Proof of Property 8 (Symmetry)

=

Fls()]=6()= F[6(@)]= g(t) =% [Glwk™dw

Moreover: F[G(t)]= IG(t)e_i“’dt =27 IG(t)ei“’(_’)dt

Since ¢ is any dummy variable :
~FlG(t)=27-L I Gl dr = 27 - L jG(t)ei’(_w)dt =21g(- @)

Proving Property9 (Reversal) is obviously quite trivial (the sign of the argument
simply switches). As for Property 10, see page 4, Handout 3b, as the procedure is
virtually identical.

Lemmal: Fl] =276 (w)
Proof: F[o(1)]=1—=2% Fll] = 275 (- @)

However, since:

) b
F1]=6(r)= J-l e dw= #limb_m{j(cosa)t +isin a)t)da)}
—oo -b

b
— 113 — 1
=-lim,_, {ZICOS wrd o+ 0} = ;jcos wtd @
0 0
(cosine is even, sine is odd, hence the integral expressions on the second line)

So: 8(-1)= 1 [cos ol ko = 1 [cosarde = 5(t) = Fli] = 275(- ) = 225(0)

0

By Lemmal above and Property4, it can be immediately determined that:

Fle® |= Fle™ -1]= G(o- )= 2725 (w - a)



Lemma2: If g(7) is even, so is G(w) (L.e. g(-t) = g(t) = G(-w) = G(w)). Moreover,

G(0)= [ ¢(t)cosardt, g(1) = F[6(@)] = £ [ Glo)cos axda

Proof:

Rt b
G(w)= jg(t)e"i“’dt =lim, jg(t)(cosa)t+isin o )dt =

—oo —b

b b
lim, Ig(t)cos oxdt +ilim, Ig(t)sin wrdt
b -b

Now, since cosine is an even function, and the product of two even functions is even,
then:

b b
Ig(t)cos wdt = 2jg(t)cos odt
0

—b

Now, since sine is an odd function, and the product of an even function with an odd
function is odd, then:

b
jg(t)cos ardt =0

-b
b

So: G(w)= lim, ZI g(t)cosandr +0 = 2j g(t)cos ardr
0

0
Moreover: G(—w)= ZJg(t)cos(— o )dt = 2.[g(t)cos wrdt = G(w),
0 0

In addition, by the same reasoning, (since G was shown to be even):

oo

b
g(t)=5 [Glokdo=1im, .. & [G(@)(cos @ +isin ar)do
-b

2z

—oo

b b
=lim, _ 3 [ G(@)cos axdw+ilim, .. 3 [ G(w)sin ardew
-b

-b
b )

=lim, %jG(w)cos adw+0 = %J'G(a))cos ad@
0 0

Note: It can be similarly shown that if g(-f) = -g(t) = G(-w) = -G(w), and that:



(¢)sin cordt = " J' g(¢)sin axrdr

Il
ce—1,3
oQ

r

¢()=F'[G(w)]= ;‘TG(a))sin adw = %IG(w)sin ardw

0

e Example (Problem 4(e), Exercise 12, Sheng, p 133)

Given: F[g(t)]= G(w)=—2%52— find: F[g(4- 1]

12-0*+iTw

Flg(4~1)]=Flg(- 1)t - 4)| "5 G (-0) =G (- o)
where: G* (@)= F[g(r —4)—*% ¢ G(w)

Hence: Flg(4—1)]=G" (- w) =" G(w) = ™ —52—

12-0*-iTw

e Example (Problem 4(f), Exercise 12, Sheng, p 133)

Given: F[g(t)]= G(w)=—2%2— find: Flg(f)cost]

12-0*+iTw

i(w-1

Flg(t)cost]= F[g 1 (e” +e )] = %F[e”g(t)]+ 1 F[e_”g(t)]

= %(G(w - 1)) 3 G((l) + 1) = ; {1 [:+ )(2+i7)(w—1) 12—(;:11)(2({:?(51)4—1)
5+i(w-1) 5+i(w+1)

i1+20-02 Jrita(o-1)  2(11-20-0° Jril4(w+1)

e Example (Problem 5(b), Exercise 12, Sheng p 133)

Method 1 (first principles)

ﬂe—iwr a
w

=%{€_iw5—1—e_“”” }— lw{*1+2€ gt _’“’“}—A(l 2¢” 2+e_""’”’)
ice)£2
—12(1 e 2)

Method 2 (unit step function method)

- Flg(r)]= jg Je ™" dr = Aj _’“’dt—AI Sy = A




g(6)= Alult)=ult = 5))= Alult = 4) - ult - a) = g(t) = A(6(:) - 5t ~ 5)) - A(S(r — 4)- 6(¢ - a))

= Flg'(t)]= (i) F[g(t)]= A{F[5(:)]- 2F (e — )]+ F[5(c - a)]}
= Flg(t)]= 2{F[5(:)]-2F[5(t - 4)]+ F[(: - a)]}

(Recall’: (Example 7-3-1, 7-3-3 Sheng): F[8(r —a)]= j S —ae ™dt =)
i —iws 2
Hence: F|g(t) [1 2¢ e"”’“]:%(l—e 2)

e Example (problems 7.8 Exercise 12)

Flg(t)sinat]= Flg(r) e )= L Fle g(t)] -+ Fle g(¢)]
G(w-a)-G(w+a)

e
ﬂ>LG(a)—a)—LG(a)+a)
2i 2i 2i

Hence: F[e"” sin atu(t)] =L(Gw-a)+G(w+a))

=

Where: G F[e bru ] J'e Lt zaxdt _J’ (b+iw)tdt — _me—(b+iw)z‘ o

o  btio
0
1 — 1 ! 1 1
[ sin atu ] Z 60 (1 + G(CO+ a)) 2i B+ilw—a) b+i(w+a)}
{h+l (w+a))-(b+i(w-a )}:L 2ia — a
il h2+2m)h (@=a?) 2 24 2io-0?)  a’+(b+io)

HINTS (Assignment I1I)

1a) From Handout 9b:
fle)y= =42+ i L:izcos nt —4Zsin nt]: 4{%752 + i%(ﬁcos nt — 7sin nt)}
n=1 n=1

for 0 <t <2x. Evaluate f(21) and simplify

IT) Do not square the Fourier Series of f'and then try to integrate! (Much more tedious)

Instead, note that if: f() =% +i{a cos(z"’”)+b sin(z"’” )}
pl2 pl2 " pl2 o pl2

Then: j )’ dr = j £l dt+Za J-f cos 2"’”‘ )dt+Zb jf s1n 2"’”
-pl2 —p/2 =1 -pl2 =1 -pl2

Note how the expressions for ay, b,, a,just ‘jump right out’.

* This is the ‘sifting property’ of &t — a) first introduced in page 48, Sheng.



IV) a) Use Lemma 2 in this Handout. Let G(a) = j f(r)cosardr =2(1-a).0 < <1
0

1
Then according to Lemma?2: f(¢) I G(a)cosarda = %j 1-a)cosarda
0

b) Take the limit &= O from you answer in a)

V) Consider the right hand expression: ﬁ . It’s an even function. Take the Fouriere

Transform of both sides of the integral equation. On the right hand side:

— cosa)udu 2 cosha)vdv — 1
[7#] .[ e ~du = 2.[ bJ- e ,(v=7u)

-bw

b dl —
You may use the result (without proving) that: I osel =Ze

Now observe that the FT of the LHS is expres51ble as the FT of a convolution. Hence
according to Property 10:

B . . .
F [LHS ] =F [x(u )]F le . Now observe the (obvious) connection between F LZ#J
and F LZ#J as depicted above. You can now isolate F[x(u)]. Take the inverse FT of that

to isolate x. You should end up with the expression:

x(u) = + ™ =% 4  which is straightforward to evaluate
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