MATH 360 Name: KEY
EXAM II
March 29, 2006

Directions: For maximum credit, please show all work in most reasonable detail. If
you run out of room, you may pick up extra paper (supplied by instructor/proctor)
and attach to this exam. No books or notes. Formula sheet provided. NO
CALCULATORS Please choose FOUR from the following FIVE (worth 25 pts
each.) If you do more, I will grade the best four. Bonus problem included. Good
luck!

L) Solve: ¥ —4x=-3¢',x(0)=1,%0)=5
(a) (12) By the UC (Undetermined Coefficients) Method

r’=4=0=(-2)r+2)=0=r,=2=x,(t)=ce” +c,e™
x,(1)=Ae' = i (t)—4x, (t)=—3Ae' =3¢’ = A=1
~x()=x,()+x, (t)=ce’ +ce2’+er,5c(t)=2(cle2’—czez’)+e’
l=c¢c,+c,+1=¢, +c, =0
=5=2(c,—¢,)+1=¢,—c,=2=¢, =1c, =—1

f)=e* —e +¢'

b) (13) By the LT method (Note: For algebraic ease, combine all terms on right
hand side into one fraction before isolating Y(s))

L{jé—4x}=s2Y—s—5—4Y=L{—3et}=§:>(s2—4)Y=§+s+5
:>(s—2)(s+2)Y=M:>Y(s)=zs(—”4)%=ﬁ+ﬁj+ﬁ
= A=7% =1 B= ;Zﬂz—f*;——lc =1

.'.Y(s)zﬁ— L =L { -

3+2

}:et _€—2t +€2t

3+2



II1. a) (10) Use THM12 to find the inverse LT of: 1—“;(2—)

2

s =—s_._s = L{cos t}L{cos Zt} = L{Cos t*cos ZI}

(S2+1)(A‘2+4) 2412 5242

where:

cost *cos2t = jcos(t —u)cos 2udu = %J- [cos(t —3u)+cos(r + u)]du
0 0

:—%sin(t—3u)|;+% (t+u)|' :—i[—sin2t—sint]+%[sin2t—sint]
1
3

=2gin2¢ —Lsins =1 (2sin 2 —sin¢)

b.) (15) Use your result obtained in a) and THMS to solve:

+jx u(t +1)cos2(t +1)),x(0) = 0

L{)H jx(w)da)} = L{u(t +1)cos(2(t +1))} = sY + 1Y = ¢’ L{cos 2} = ¢* - =

= (52 +1)Y =e' - 35; (s)=e"- 52+f12+4 = eSL{%(Zsin 2t —sin t)}

= L u(e + D)[2sin 2(¢ + 1) —sin(z +1)[} = x(¢) = L[2sin 2(z +1) = sin(z +1)] s > ~1

3

III) Consider: i —2x+2 j x(@dw=68(-1), x0) =
0

a.) (5) Find the LT of this differential equation, and isolate Y(s) in such a manner
that you have completed the square in the denominator term

L{x—2x+ ij(a))da)} =L{6(t-1)} = sY -2Y +2Y =¢”*

= (s> —2s42)y =5 = ¥(5) =2t =

(2-2s+2) 7 sP—2s4141

=Y(s)= 57

b.) (10) Use THM7 and THMS to solve for x(f). (Note: consider the following ‘trick
of 0’ in the numerator term: s=(s-1)+1)

Y(S) =t LTt _ s (s—1) +e ' —L—= e_‘YF(s —1)+ e_SG(S - 1)

(s=1)+1 (s=1)+1 (s=1)*+1



. F(S) = s +l
According to THM?7,

G(S) = x2+1

According to THMS:

= L{cost}= F(s—1)= L{e' cost}
= L{sint}= G(s—1)= L{e’ sin t}

Y(s)= e_SL{e’ (cost +sin t)}z L{u(t —1)eV[cos(r —1)+sin(r - 1)]}
- x(t)=e"V]cos(t 1) +sin(t - 1) r > 1

¢) (10) Method 2: Use Lemmal (Handout Sb) solve the ODE Use the Pythagorean
Theorem and the sine addition formulae to show your answer matches a)

Y(s)=—=——=¢™ —

(s=1+1 (s=1+1

According to Lemmal: L +2)+2“ - }: ge"" sin(ar + @) (where:

k=+/(a —b)2 > 0= arctan(a_b) )

Here:a=0,b=-1, @=1 k=+(0—-1)° +1* =/2,¢ = arctan(;L;) = arctan(l) = =
L ) HZ} J2e' sm( )=x/§e’(sintcos%+costsin%)

—\/_e( s1nt+*rcost) e’ (sint +cos?)

So:

According to THMS:

Y(s)= (sﬁ;ﬂ =e”’ o = e_‘YL{et (sint +cos t)}

= L{u(t —1)e"V[sin(z = 1)+ cos(t — 1)]}
- x(t)= "V [sin(r —1)+cos(r = 1) r > 1




IV.) Solve: i—3x+2x=2¢",x(0)=2,%(0)=~1
(a) (12) By the UC (Undetermined Coefficients) Method

Auxiliary Eqn.: 7> =3r+2=(r—-2)r-1)=0= x,(t) = c,e” +c,e'
glt)=2¢" = x (t)=Ae™" %, (t)=—Ae™ % (t)=x (t) = Ae™
%,(0)=3%, () +2x, (1) =64 =2¢" = A=1

So:

X t): 'xl‘r(t)+ xss(t): C1€2t +C2€t +%e—r

%(0)=-1=2¢,+c, 1 =2c,+c, =-2

e =—t=c,=4
Hence: x(t)=—-1e” +4e' +1e™
b) (13) By the LT method

L{i-3i+2x} = L{2e ™} = (Y (s) - 25 +1) = 3(s¥(s) - 2) + 2 (s) = 2
= (52 —3s5+ Z)Y(S)Z ﬁ—7 +2s = (s—z)(s_l)Y(S): 252-55-5

s+1
o 252-5(s41)
= Y(S) - (S+1) s—2 +x—1) - xﬁli + foi + xgl)

By Heaviside Cover Method:



V) (25) A resistor of 1ohms is hooked up to a voltage source V(¢) is series with an
inductor of 2 henries, and a switch. Initially the current = 0. Find the current

when:

-C

V(t) R=1Q

...and V(t)=2sin¢

V(s) = L{2sin t}z ﬁ = 2(s +%)I(s) == (s +%)I(s)

sT+1
= I(s)= !

s2+12 (s+.5)

Method 1 (THM12):

I(s)= ﬁ 05 = Lisin t}L{e‘O'S’ }: L{(Sin £ o0t )}
where: (sin t*e ) = jsin(t —u)e " du = j’ sin ue 5 gy,
0 0

(For algebraic simplicity, select the representation of the convolution on the right)

t | '
. _L(¢—, 1y . 1 _1y ~u X
sinue > ™du=e" jsmuy"du =e’ {ciz;m(%smu—cosd }
2
0 0

S —

-0t {% (Lsint —cost)—4(- 1)}= L50'5'{(30'5' (Lsint —cost)+ 1}

= %[(sin t—2cost)+ 2e‘°'5’]

Q

Hence: i(t) = %[(sint —2¢0s t)+ 2e‘°'5’]

Method 2 (Partial Fractions):




1(5)= ey = B + s = 1= (A5 + 4, (5 +0.5)+ B(s* +1)
(s=-03)=1=38= =t

= 1=(As+4,)(s+05)+2(s* +1)
(S:O):>1:0.5A2+%:>%A2:%:AZZ%

Differentiating the above eqn.:

0=(As+2)+A(s+05)+Es = (24, +£)s +(0.54, +2)
s'i2A,+8=0=> A =-4
check :5° :0.5A, +3=0=1.(-4)+20K

Hence:

—Z5+=

S5 s 1{4v+2 4 } 2 {0 2 }
I(S): TR =350, twos)=50, 503

s+0.5
= i(t ) = %{L_1 {ﬁ} N {s+0.5 }}

Using Lemmal (Handout 5b) on the first term:

Lot f=Le™ sin(ar +9) (where: k =+/(a—b) +®°,
Hence: L —2;‘*':12} 2L ltﬁ}_ 2\/}0; sin t+¢) B 581n(t+¢)
Where:

p=tan"'[x)=> tang=2=0=2A=-1=H=+A2+0" =5
.'.cos¢:%:—%,sin¢:%:ﬁ
71 2 } ) g SEEIE } —J/5(sinzcos @ + cos ¢ sin ¢)

s+0)2+12 —0)>+12

So:
=—\/§(—%smt+ fcost)— sinf —2cost

Hence:

i(t)= %{L_l {ﬁ}# L2 }}: %{sin t—2cost +2e" }







