MA261 Calculus I: Notes for October 25
Fall 2007 Kallfelz

EXPONENTIAL AND LOGARITHMIC DIFFERENTIATION/INTEGRATION
(cont.)

...More examples:

o Exercise 21,8 7.2

- 2(6" - e_x) _ 2(6_" - e")
(ex +e_")2 (ex +e" )2

o Exercise 24,8 7.2

y=x"e" —2xe" +2e"

Method 1 (easier!) Factor out e¢™ and then use product rule

y=x"e" —2xe* +2e" = (x2 -2x+ 2)6"

ﬂ—i 2 _ x| i 2 _ X 2 i x
dx_dx[(x 2x+2)e] {dx( 2x+2)}e +(x 2x+2{dxe}
= (2x—2)e +(x2 —2x+2)e" =[2x-2)+ (x? —2x+ 2)f* = x%*

Method 2 (more tedious!) Apply product rule separately on all three terms

y=x’e" —2xe" +2e"

dy_d (o) 4 Care ) e (e ) =L (e ) =2 (xe* )4 2L e
E_dx(xze )+dx( 2xe )+dx(26 )_dx(xze ) 2dx(xe )+2dxe

= (2xex + xze")— 2(ex + xex)+ 2¢" =x’e"

e Exercise 26,8 7.2

Use implicit differentiation to find the derivative:

e +x>-2y* =10



d Xy 2 2 d X; d dy
— (e +x" =2 =—10>=> eV — +2x-2y—=—=0
dx( ) dx dx(xy) ydx

e” (xd—y+ y)+2x—2yd—y=03 (xe’“y —2y)d—y+ ve? +2x=0
dx dx dx

(xe zy)dx ye 2x = 0 (xe’“y _2y) e

e Exercise 33,8 7.2

Find extrema, pts. of inflection (if they exist) and sketch graph of function

fla)=x%e™

’ _i 2 x| _ —x 2(_ ,x )=
Extrema: (x)—dx(xe ) 2xe +x( ¢ ) 0

:>(2x—x2)e"x =0=x2-x)=0=x,=2,x,=0

(since e ™ > 0 for all x, one can factor it out of the above equation)

Using Second Derivative Test:

f(x)= % [(2x - x’ )e_" ] =(2-2x)e ™ + (2x -x° )(— e_x)

—[2-20-@x—x) " = (x> —4x+2)e
F(x)=x —4x, +2) ™ =(4-4-2+2)e? ==2¢> <0 sox; =2 is a maximum
F7(x,)=(x,> —4x, +2f™ =(0-4-0+2)e" =2 >0 s0x,=0is a minimum
Inflection points:

f”(x)=(x2 —4x+ 2)6"‘ =0
= x’—4x+2=0
+4/16— +
4+16-8 :4_2\/5224_“/5
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Sketching sign charts for:
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Using the sign charts, the graph takes on the following shape:

0 242

2442

The red segments indicate concave up curvature. The blue segments indicate concave

down curvature.

o [Exercise 45,8 7.2

(xz _ 1)ex3—3x+1dx

S ey 1O

u(x)= x> =3x+1= du=(3x* -3)dx = (x2 —l)dxzédu




i(xz —1)6"3_3”1dx =§uj e"du =§je”du =§e”‘ =§(e3 —e’)zg(e2 —1)
0 1

e [Exercise 58,8 7.2

j 2e" —2e¢™" dx

M(.X): e +e > % =" —e "> 2(ex —e " )dx = (2€X —2€_X)d.x =2du
X

2e* =2 | 2du ﬂ: _ PR
'I(eX+e-X)2dx_j =2 = 2nlu] +.C Infe* +e=) +C

LOGARITHMIC DIFFERENTIATION

This is a useful shortcut technique when dealing functions with variable base and
exponent (i.e. functions of the form: A(x) = (f(x))g(x) where neither f nor g are constant
functions) or functions dealing with (powers) of products of other functions of the
same type which would otherwise be tedious to compute. In the former case (the
(f(x)*  case) one has no choice, only logarithmic differentiation can work. In the
latter case, logarithmic differentiation presents itself as a useful labor-saving option.

Logarithmic differentiation is a special kind of implicit differentiation, and a
relatively simple procedure:

1. First act on both sides of the expression with In(...) (you’re transforming
the equation to its logarithmic representation)

2. Use any algebraic simplifying properties of logarithm' to simplify the
expression.

! Recall (from Oct. 18 notes, pp8-9): (For any base a > 0)
0
a) a =1

b) a*-a’ =a"™)

c) a'la’=a"-a’ = at)

1 (@) =a
From the above, we can derive:

a.) loga(l):loga(ao):O
b.) loga(ax ~ay)= loga(a””)z x+y= loga(a“)+loga(a”)

Hence renaming: 4 =a”,v =a” we get the result:



3. Take the derivative of both sides
d . .
4. Isolate d_y and re-write expression in terms of x.
X

e Example (48, §87.5)

y:(1+x)l/x
1)Iny= 1n[(1+x)“"]:§1n(1+x)
_1 dy
yd
Ldy ! (1+x)+l~ !

S ——=——1
y dx x° x 1+x

3):2 y[i[ 11n(1+x)+ﬁﬂ
_ (2" {1n(1+x)+(1+x)_1}

X

2. )—1 [%1n(1+x)]

(1+x)"* In(1+ x) . (1+x)""

X2 X

e Example (45, 87.5)

y=x""=lIny =1n(x2/")=glnx
x

:>ly':i[glnx}=—ilnx+z LRp Z(1-1Inx)
y dx| x X X x

=y = y(2x_2 (1-1In x)) =2x"22(1-Inx)

log, (uv) = log, u+log, v

) tog,[ 4|t o) -y =t b, o)
Hence renaming: u =a”,v =a” we get the result:
loga(Zj =log, u—log,v

d.) log, ((a‘” )y )= log, (a)‘-" )= xy=yx=ylog, a"
Hence renaming: u = a" we get the result:

log, (1) = ylog, u



e Example (41, §7.5)

x*3x=2

(x—1)°

y:

Unlike the previous two examples, logarithmic differentiation is not the only way to
find the derivative. But it sure is the easiest way!

y= x*+/3x -2 _ )c2(3x—2)1/2
(x—1)* (x—1)*
2

Iny= IH[M} =Ilnx’+ ln((3x -2)" )— ln((x - 1)2)

=2Inx+11In(3x—2)-2In(x-1)

N i[Zlnx+%ln(3x— 2)-2In(x-1)]
y dx

2 3 2 ’ 2 3/2 2
=4 —— =y =y —+ -
x 3x-2 x-1

(
2x(3x—2)" . 3x? _2x7(3x-2)"
(x-1) 23x-2)"*(x-1) (x-1)°
x*(3x-2)"* {2(3x —2)(x—1)+ 2 x(x—1)-2x(3x - 2)}
(x—1) x(3x=2)(x—1)
_ xf4Bx—2)(x —1)+3x(x 1) - 4x(3x - 2)]
2(x-1)]3x-2
 2fa3x? = 5+ 2)+ (3x2 = 3x)— (124> - 8]
2(x—1)\3x-2
AP —15x+8]  3x7 —15x% +8x

2x—10v3x-2  2(x-1)v3x-2

Note: The algebraic details (of combining everything into one fraction again,
canceling, and multiplying the rest out) were done to show agreement with the text’s
answer. Though tedious, note how easy the step was in terms of computing the actual
derivative (the calculus was a one-step procedure). This would have been a far more
difficult problem (aside from the algebra) if one had attempted to calculate the
derivative by means of the chain rule, quotient rule, etc.



The text derives the differentiation and integration formulae for exponential and
logarithmic functions (for bases other than e¢) in manners analogous to the way the
remaining formulae were derived in last week’s notes. The remaining formulae are:

—a" =a"Ina=(lna)a” @
dx
ia“(x) = (Ina)a"Wu’(x) )
dx
1 d 1 d 1
Iaxdx:—ax+C jaxdx:—ax =—(ad—a“) (K)
Ina . Ina Ina
u(d) u(d)
1 1 :
J'audu — Lau +C j a'du = ——a" _ _(au(d) _au(c)) (L)
Ina Ina Ina

u(e) u(c)

e Example (18, §7.6)

J-lnx J-lnx)zﬂ
x
:>u(x)=lnx:>ﬂ=l:>aluzﬂ
dx x X
.~.j(1n ——j 2du=Ltu’ +C=1(Inx)’ +C

e Example (17, 87.6)

x2+2x+3
j—3 > dx
X +3x"+9x

u(x)=x* +3x* +9x:>d—u=3x2+6x+9

dx
:>du=3(x2+2x+3)dx:>%du=(x2+2x+3)dx
:I;ﬂ : du §1n|u|+C—11n‘x +3x7 +9x‘+C

u u

=In (x3 +3x° + 9)()1/3 +C

Example (24, §7.6)

j:l J-(1+\/_x”2)




ulx)=1++/2x" = %:%xmzdx = dx =%x“2du = [u(f/)a_lj%du(ﬂ
:>dx=(u —1)du
[y L PO Y )i=G-1n3)- (- m1)
dx = 1—u" u— u—Inu|)P=(B3-1In3)-(1-In1)=2-1In3
£1+\/ﬂ u{0) ! 3

Note the subtlety in terms of the u-substitution in this problem...Look over carefully!

e Example (41, §7.6)

Revolve xy = 1, x =1 & x = 4 about the line x = 4. Find volume

As the above illustration shows, it’s easiest to use the method of shells. Note

carefully: Since the axis is x = 4 (not the y-axis!) the radius of rotation is:
r(x)=4-x.

V= 2zj y(x)dx = 27zj4 O)FE =2 H——qu 87(4inx—x)’

X
=87z'(ln44—4) 87(41n1-1)=87{In4* -3)



