MA261 Calculus I: Notes for November 8
Fall 2007 Kallfelz

SOME WORKED OUT SOLUTIONS (s§ 8.1-8.3)

e Exercise 37 (modified: 1 at right had side), § 8.1

tan’@—tanf=1=tan’ f—tan@—1=0
+
EEESS

X=tnf=>X’-X-1=0=>X,, = >

~tand,, = 1(1+45)

e Notel: The range of the tangent function is unrestricted, i.e.: for all 8: - co < tan@< oo,
so both answers qualify (i.e. are part of the domain of arctan)

6, = arctan(% (1 +4/5 )) =1.02rad
6, = arctan(L (1 - /5 )) = ~0.56rad = 27~ 0.56 = 5.73rad

e Note2: The specified domain of @ is [0, 27), and the tangent function has a period of T,
hence:

6, =6, +x=102rad + 7 =4.16rad
6, =6, + 1 =573rad + 7 =8.87 =8.87 — 27 =2.59rad

...also belong to the solution set.

e Exercise 37 (unmodified: ©), § 8.1

tan’@—tanf=0= X =tané
=>X'-X=0=>XX-1)=0
= X,, =tan6,, =0,1 = 6, =arctan(0) =0, 8, = arctan(l) = 7

e However, as in the above case, the specified domain of @ is [0, 27), and the tangent
function has a period of T, so:

0.=6,+x=0+7=rx

— T —5
64—14‘7[—17[

Also belong to the solution set.

e [Exercise 39 § 8.1

sec@csc@ =2csch = (sec—2)cscd=0=>sech, =2,csch, =0



— — ) 4
= 6, = arcsec?2 = arccos(1) ==

= 0, =arccsc0 = DNE

e Note3: In the second case, the domain of arccsc = (-0, -1J] U [1 ,0)={xIx<1orx>1}
So 0 is outside its domain.

* Noted: the specified domain of & is [0, 2®),s0 8, =27 — 5 = %ﬂ'

e [Exercise 38 § 8.2

lim _l-tanx produces a 0/0 indeterminacy. So it should be reduced:

z .
74 sin x — cos x

| sin x | sin x
. 1—tanx . B . B
Im ,—=lm_,———— cos X lim —C_OSX
Y sin X —Ccos x Y sin X —cosx =7 sin x
COS X| -1
CcOS X
sin x
=-lim_, ,,—————=-lim ”—:——=—\/§
sin x Y cosx \/E
cosx| 1—
COS X

e Noted: By using methods in subsequent section (§ 8.3), the above could be
evaluated using L’Hopital’s Rule:

d
_ — 2
. 1—tanx . dx (1 tan x) . —sec’ x (ﬁ)
lim , ————=Ilim_, =lim _, . =T
4 sinx —cos x =i d (si "% (cos x + sin x) (ﬁ + ﬂ)
——(sin x — cos x) 2 T2
dx
2
__2_
V2
e Exercise 41 § 8.2
lim sin2x lim 3x  sin2x im 3x sin2x _, lim 3x sin2x
% §in3x %¢in3x  3x “Usin3x 32(2x)  sin3x  2x
. sin 2x . sinu
h x—0 hmua()
> sin3x ° . sinw 3
h x—0 hmwa()
3x

(where u =2x,w = 3x, respectively)



e [Exercise 21 § 8.3

_l+cscx ,_d l+csex (1—cscx)(—cscxcotx)—(1+cscx)(cscxcotx)
I—cscx dx 1—cscx (1-cscx)’
I—cscx+1+cscx —2cscxcotx
=—cscxcotx 3 = 3
(1-cscx) (1-cscx)

e [Exercise 37 § 8.3

Lod

, d
y=In|cscx—cot =y i njescx — cot 4] [csc x —cot x dx

|csc X—cotx

| —csc xcot x +csc? x| |cscx—cotx|
= =—cscx- =
|cscx—cotx|

————— =—CSCX
|cscx —cot x|

o [Exercise 40 § 8.3

y=tan’e' = y'= di(tan(e’“))2 = 2(tan(e* ))sec?(e* Je* =2tane* sec® e
x

_ 2e’tane”  2e"sine”

cos? e” cos’ e”

o [Exercise 61 § 8.3

1 1
1 sin 1 isin 1 COSX(— zj
lim xsin; =lim 1 L =lim xi 1 X =lim_ n o
X dx x x2

=1i L li =1
=lim, cos; =lim, , cosu =

e Exercise 70 § 8.3

y=A sin(\/%t)+ Bcos(\/%t)
a.)

y= Asin(\/%t)+ Bcos(\/%t)z VA®+B? [

A ()8 ol [
Wsm(\/;t) JA?+B? (\/; )}



Define: cos¢ = = sing =

A B
So: y= \/m[cos ¢sin(\/%t)+ sin ¢cos(\/%t)]: x/msin(\/%z + ¢)
Vo = VA” + B max(sin(..)) =v/A” + B

b.) Angular frequency: @ =27af = \/% = f= i\/%

If k >> m then f>> 1 (frequency gets very high)
If m >> fthen f<< 1 (frequency gets very low)

ANTIDERIVATIVE FORMULAE FOR SINUSOIDAL FUNCTIONS

In class, it was shown:

d . . d
—sinx=cosx = .[COSde: sinx+C d—secxz sec xtan x = jsecxtanxdx:secx+C
dx x

d ) . d
d—cosxz—smx: Ismxdxz —cosx+C d—cscx =—cscxcotx = J.cotxcscxdxz—cscx+C
X X

d d
d—tanx= sec’ x = jsecz xdx=tanx+C d—cotxz —csclx=> J.cscz xdx =—cotx+C
X X

...with their appropriate chain rule and u-substitution generalizations (for any implicit
function u(x) ):

d . .
d—smu =cosuu':>jcosudu =sinu+C
X

d . .
d—cosu=—smuu':>jsmudu=—cosu+c
by

d
d—tanuzseczu:>.[sec2 udu=tanu+C
X

d P
d—secu:secutanuu :Isecutanuduzsecu+€
x

d
d—cscu=—cscucotu:>‘[cotucscudu=—cscu+C
X

d
d—cotu:—csc2 u:>J.csc2 udu =—cotu+C
X

Recall also:



sin xdx

J-tanxdx:j = u(x)=cos x = du = —sin xdx

COS X

= —Ildu = —1n|u| +C = —1n|cos x| +C = ln‘(cos x)_l‘ +C = ln|sec x| +C
u

cos xdx

J-cotxdxzj. = u(x) = sin x = du = cos xdx

sin x

= [ ~10fu+ € = Infsin xf +.C
u

To integrate secx, cscx, however, requires the ‘trick of 1°

sec x + tan x sec xtan x + sec’ x
J-sec xdx = J. Sec X dx j dx
sec x +tan x secx+tan x

u = sec x + tan x = du = (sec x tan x + sec’ x)dx

2
secxtan x+sec” x du
j dx:I—:ln|u|+C=1n|secx+tanx|+C
secx+tan x u

csCx—cotx

A similar trick multiplying by ( j in the case of the integral Icsc xdx

cscx—cotx
produces: the result .[ cscxdx = —1n|csc x+cot x| + C . Note that this formula was already

verified in the case of worked out solution (#37, §8.3)

Hence:

d
jsec xdx = ln|sec X+ tan x| +C> d—ln|sec X+ tan x| =secx
X

d
J-csc xdx = 1n|csc x—cot x| +C=> d—ln|csc x—cot x| =cscx
X
And the chain rule/ u-substitution generalization:

d
jsec udu = ln|secu + tan u| +C=> d—ln|secu + tan u| =secuu’
x

d ,
Icsc udu = —1n|cscu + cotu| +C=> d—ln|cscu + cotu| =—cscuu
X



e Example (#34, § 8.4)

Iese” sec xtan xdx = u = sec x = du = sec x tan xdx

= J.ese“ sec x tan xdx = J.e“du =e"+C=e*"+C

e Example (#17, 8§ 8.4)

J-tan“ xsec’ xdx = u = tan x = du = sec’ xdx

= J‘tan4 xsec? xdx = Iu“du =lw+C=1tan’x+C

e Example (#47, § 8.4)

T T T u(x)

j(2 sin x + sin 2.x)dx = 2! sin xdx + Isin 2xdx = —2cos|;r +1 Isin udu
0 0 0 u(0)
(u=2x= du =2dx = dx =1du)

= —2(cos 7 —cos0)+ —%cosuﬁ” =-2(-1-1) —%(cos 2m—cos0)=4

e Example (#53, § 8.4) (Using method of washers)

T4 T4
2
V=rx j(secx) dx=r jsecz xdx = 7 tan x,
0 0

gzz(ta %—1):75

il



