MA261 Calculus I: Notes for November 27
Fall 2007 Kallfelz

EXAMPLES OF EXERCISES (§ 9.1)

This section in the text doesn’t introduce any new material. The integration
techniques discussed are a re-capitulation of topics covered in previous chapters. The
particular problem solving strategy, however, can get involved (as is evidenced in some
of the examples below.) Note the grey shaded table on p. 497, concerning some useful
simplification tips. Note that some of them are sufficient to solve the problem, but
not necessary. (Thanks to Ricky Smith’s question.) For example, the trick
involving adding and subtracting terms in the numerator:
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...is useful insofar as you’ve reduced the fraction into a difference between one rational
expression that can easily be integrated using a  u-substitution:

u=x>+2x+1=du=(2x+2)dx and another fraction which is even simpler to

integrate: =2(x+ 1)_2 = u=x+1..du=dx. But this “trick of 0” isn’t

x2+2x+1

necessary to solve the problem! If you factor the denominator: x> +2x+1=(x+1)’
and then define: u =x+1= x=u—1 you could rewrite the above expression solely in
2x_2Mu-1)

X +2x+1 u’
integrate (in terms of u).

terms of u:

=2u~' —2u~*, which ends up being just as simple to

e Example (#7, 89.1)
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e Example (#11, §9.1)

Method 1 (integrate separately)
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Method 2 (cross-multiply and integrate using techniques in ch8)
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e Example (#24, §9.1)
Method1
j 1 dxzj 1 .secx+1 J-secx+1 dr = J- secx+1 dr = J-secx 1d
secx—1 secx—1 secx—1 sec” x—1 itan x+1i tan” x

cos’ x 1 .
= -1 dxzjsm 2xcosxa,’x—J’cot2 xdx
sin? x cosx

The first can be integrated using a simple u-substitution (# = sinx) the second can be
integrated using Pythagorean identity: cot® x+1=csc” x

I::j ;C (colsx —~ 1jdx = jsin_2 xcos xdx — J.cot2 xdx = ju‘zdu —j(csc2 x— 1)dx

=-u"' +j(—csc2 xalx)+J‘alx:—(sinx)_l +cotx+x+C=—cscx+cotx+C

1 COS X cosx—1
=——+—+C=—
sinx sinx sin x

+C

Method 2
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The last expression is identical to the previous one which is integrated according to
the procedures demonstrated above.

e Example (#48, 89.1)

Method 1: complete square first, then u-substitute

1 dx . dx
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Method 2: u-substitute then complete the square
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INTEGRATING BY PARTS

The integration by parts procedure is just a reduction strategy (simplifying a difficult
integral). It’s based on the product rule for derivatives:

4 (uv)=uv+u’ = J-%(uv)dx = j(u'v + v u)dx

= uv= jvdu +Iudv = judv = uv—jvdu

b b
In definite integral form: Iudv = uv|[; - jvdu

a a



Powers of trigonometric functions:

Integrating: Use:

L) sin"xcos™x n or m odd Reduce one to first power, use:
sin’x + cos’x = 1to express in terms
of powers of sine or cosine.
the first power term is a ''du'' term or:
Use Integ. By Parts, If Necessary

II.) sin"xcos™x n and m even Use: sin2x = 2sinxcosx
sin’x = '/, (1-cos2x)
cos’x = /5 (1 + cos2x)
This procedure may have to be repeated
more than once!

III.) sin(mx)cos(nx) Use: sinAcosB = 1/z[sin(A—B)+sin(A+B)]
sinAsinB = 1/z[cos(A—B) - cos(A+B)]
cosAcosB = 1/2[csos(A—B)+cos(A+B)]

2 2

IV.) tan"x, cot"x, Use: tan’x +1 = sec’x or cot’x +1 = cse’x

sec"x , csc'x , to express in terms of powers of just
one of the associated trig functions.
Important: Keep residual terms to
express as ''du'’ or Integrate by Parts

Table IX. 1

Remark: The above reduction formulae can be alternatively derived via expressing
sin and cos by the Euler Formulae

sinx = ™ -e™) (VL1a)

cos(x) = (™ + ¢™) (VL1b)

Find: /cos’x sin’xdx

Answer: (We recognize this as I.), Table IX.1)

cos’x = cos*xcosx = (1 - sin*x)*cosx = (1 - 2sin’x + sin*x)cosx




Hence: ,/C'OSSX sin’xdx = ,/(‘ sin’x- 2sin’x + singx)cosx dx

let u = sinx du

,/('us— 2u’ + ug)du = 1/6 u’ - 1/4 ud - 1/10 u?+C= 1/6 sin®x - 1/4 sin®x - 1/10 sinx +
C

Exercise: Derive a reduction formula for any power of cosine, cosecant, cotangent

...For cotangent: ,/c'otnxdx = ,/c‘ot(n'mx cot’xdx = f -2y (ese’x - 1)dx

T
(Case IV, Table)

= ,/c‘ot(“'z)x cse’xdx - ,/c‘ot(“'z)x dx
T

u = cotx then du= - cscxdx

= —A(“'Z)du - ,A:'ot(n'z)x dx =-u™P - ,A:'ot(n'z)x dx

(n-1)
SO: Jeot"xdx= - cot™Vx - ,A:'ot(n'z)x dx Formula IX.2
(n-1) (#46, Table, text)
...For cosecant: ,A:'sc“xdx = Asc(n'z)x cse’xdx = / -2y (cot?x + 1)dx
= ,/c‘sc(“'z)x cot’xdx + ,/c‘ot(“'z)xdx = ,/c'sc(“'3 )X (cscxcotxdx)cotx + ,/c'sc -

Dxdx

T T

u=cscx -du

e (Observe: We must perform the first integral by parts:

Let: dV = cot™x (csexcotx)dx = -u™>du U = cotx
Then: V = -u™? dU = -csc’x
(n-2)




Hence: ,/c'ot(“'B)x (csexcotxdx)cotx = -csc™x cotx - 1 /c‘sc(“'z)x (csc’x)dx

(n-2) (n-2)

T7T T T

VU | % dUu
Or: ,/c'scnxdx = -csc™xcotx. - 1 /c‘sc“xdx +,/c‘sc(“'2)xdx

(n-2) (n-2)
Note: The above result has the same term on either side, which means it can be carried
across and algebraically isolated:

[1+02)"] ﬁSCnXdX = -csc™x cotx + ,A:'sc(“'z)xdx

(n-2)

or: n-1 Asc“xdx = -csc™xcotx | + Asc(n'z)xdx

(n-2) (n-2)
Hence: ,A:'sc“xdx = -csc"*xcotx + _(n-2 )Asc(n'z)xdx Formula IX.3

(n-1) (n-1) Int. Table #47, text
3

Exercise: Find ,[ tanx sec”’xdx

) 0

Answer: Focus on the half-integer power of secx. We know: (secx)' = secxtanx

/2

Hence: j tanx sec”’xdx = j sec 2x(secxtanx)dx = I u”du =5 u?+C=%;sec?x + C

T 7

let u=secx du

/3

...evaluating at the limits of integration: 2/3 sec? x | = 2/3 [2\/3/3 - 1]
0

Exercise: /sl:c“Zxdx =15 Aec“udu =1, Aeczuseczudu =15 Aeczu[l + tan’u]du




', /s‘eczudu +'h /tanzu(seczudu) = '/, {tan(2x) + /5 tan’(2x)} + C
T 7
U = tanu dU

® Note:, table could also be used to solve the problem

,/s'ecnudu = sec™usinu + _(n-2 )/s:ec(“'z)udu
(n-1) (n-1) Int. Table #38, text

Hence, for n=4, our answer according to #38 is: 1/3_sec3u sinu + %/5 tanu

But:  sec’u sinu = sec’u tanu, hence:

1/3_seczu tanu + 2/3 tanu = 1/3_(tan2u + 1)tanu + 2/3 tanu = tanu + 1/3 tan’u



