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MA262   Calculus II: Notes for March 25 

Spring 2008 Kallfelz 

 

• REVIEW PROBLEMS-EXAM II 

 

I. Determine the convergence/divergence of: 
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2 2
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k nn
 

 

Method 1:  Observe 22 2 nnn ≈+ , when n >> 1.  The series ∑
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  is a divergent 

p-series (a Harmonic series, in which p = 1).  Hence according to LCT: 
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Method 2 (not recommended)  Use the integral test: 
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 With no loss of generality, then obviously the same holds true for 

n

n

n
b

a
∞→lim , since obviously the 

reciprocal of a finite, positive quantity is likewise positive.   Observe also, as mentioned in class, that the 

SCT won’t be of use here, if one adopts the same series to compare ∑ na  with.  Since: 
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converges or diverges.  Nevertheless the exercise is not lost, insofar as whatever series you sought a simple 

comparison with can be used as the series to run the LCT on. 
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This is an alternating series.  Checking for absolute convergence first, note that: 

0
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convergence test (divergence test is inconclusive…i.e. just because 0>→ Nan  entails 

that ∑ na diverges, it does not follow that 0→na  entails that ∑ na converges.) 
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Hence the series diverges in absolute value, though it may still conditionally converge.  

Adopting the AST: 

 

 i.) Monotonicty: 
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Note that the monotone decreasing property can be more rigorously established 

via: 
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Hence the series conditionally converges. 

 

II. Determine the interval of convergence for: 
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Method 1: Using RaT:  
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Method 2:  Using RoT: 
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Using RoT:  
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III.) Given ∑
∞

= −1
21k k

k
 

a.) Use the integral test to examine convergence/divergence: 

 

Method 1 (using a simple u-substitution) 

 

( )

( )

Diverges

bu
u

du

u

du

duxdxxdxduxu
x

xdx

x

xdx

k

k

b

b
b

b

bu

u

bb

b

b

k

⇒

+−−=−=−=−⇒

−=⇒−=−=⇒
−

=
−

⇔
−

∞→

−
−

∞→∞→∞→

∞

∞→

∞

=

∫∫

∫∫∑

0ln1lnlimlnlimlimlim

2,1
1

lim
11

2

2
1

1

0

1

0

2
1

1

2
1

2
1

1

2
12

2

1

2
1

2

2
2

 

 

Method 2 (using a trig substitution-not recommended) 
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b.) Use the SCT or LCT to confirm your answer 

 

Method 1 (LCT) 

As k >>1 kk b
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Using the LCT: 
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Method 2 ( SCT ) 
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c.) Confirm your answer using partial fractions: 
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The second series diverges (as was shown in b.) and the first diverges as well 

(easily demonstrated via index-shifting, or SCT, or integral test) 

 

IV.) Find a power series representation, and the interval of convergence for: 
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Hence:  
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To find the interval of convergence
2
: (Using RaT) 
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To establish interval of convergence, note that: ( )
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 One can also establish the interval of convergence via Thm 10.21 and Thm 10.22 
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(I.e., only the odd terms will survive in the above series, and summing the two terms 

which are the same in the odd number of cases of course produces the coefficient 2.) 

 

Simplifying: 
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V.) Given ( ) ( )12 += xexf  

 

a.) Find its McClaurin Series, given that ∑
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 To show the  equivalence, note: 
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b.) Find its Taylor Series, at any point c and show you answer agreeing with a.) in the 

c → 0 limit. 
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• PARAMETRIC REPRESENTATIONS OF CURVES 

 

By ‘paramater’ it is meant an independent variable that nevertheless plays a 

crucial role in fixing the values of other quantities that functionally depend on it. 

 

Consider, for example, projectile motion.  Neglecting air resistance, the position 

(x(t), y(t)) has the following parameterization: 
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,00 sin gttvygttvyty y −+=−+= α  

 

Where ( )00 , yx  is the initial position of the projectile, v0 is its initial launch speed (at 

angle α) and g is the magnitude of the surface gravity field  ( 22 secsec
0.328.9

ftm == ) 
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Given a parameterization (x(t), y(t)) = (g(t), h(t)) , it is always possible to ‘de-

parameterize’ by eliminating t such that: ( ) ( )( ) ( ) ( )xfyyxtytx
DP =→ ,,,  

 

 

For instance, in the above: 

 

( )
( )

α
α

cos
cos

0

0

00,00
v

xx
ttvxtvxtx x

−
=⇒+=+=  

 

 Inserting into y(t): 

 

 
( )

( ) ( )

( ) ( ) ( )2

0

2

200

22

0

2

0

2

0

0
00

2

2
1

00

sectan

coscos
sinsin

2
0

xxxxyy

v

xx

v

xx
vygttvyty

v

g

g

−−−=−⇒

−
⋅−

−
⋅+=−+=

αα

αα
αα

 

 

 Denote: 00 , yyyxxx −=∆−=∆ .  Then: 

 

 

( ) ( )[ ]
( ) ( )[ ]
( )[ ]

( )( ) ( )( )
( )( ) ( )( )ααα

ααα

αααα

ααααα

ααα

2sincos2sin

2sinsecsin

sincossinsec

sincossin2sinsec

cossinsec

20

22
2

20

2

2

2

2

2

2

2

2

2
2

2

2

2

2222

2

222

2

2
0

2
0

2
0

2
0

2
0

2
0

2
0

2
0

2
0

2
0

2

4
0

2
0

2
0

2
0

2
0

g

v

g

v

g

v

g

v

v

g

g

v

g

v

g

v

v

g

g

v

g

v

g

v

v

g

g

v

v

g

yyxx

xy

x

xx

xxy

+−−=+−⇒

−∆−=−∆⇒

+−∆−=

++∆−∆−=

∆−∆−=∆

 

 

So after a few trigonometric identities, one recovers the de-paramaterized version 

of the trajectory of the particle, which is immediately recognized as a downward-

opening parabola.  From the standard equation of the parabola: 

 

( ) ( )kyphx −=− 4
2

 

 

One can obtain the information of the vertex, focal distance p directly from the 

initial dynamical parameters: 

 

 αα 2sin,2sin
2020

2
0

2
0

g

v

g

v
ykxh +=+=  

 α2

2
cos

2
0

g

v
p =  

 

In physical terms, a parametric representation depicts the dynamics of a particular 

system (i.e., it actual evolution in time given initial conditions), whereas the de-
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parameterized quantities depict the kinematics: i.e. the  constraints on all its 

possible motion.  For example, assuming no air resistance, regardless of the initial 

values, the particle in the problem of projectile motion is constrained to move 

along a parabolic curve. 

 

Based on the Pythagorean Identities, conic sections like the ellipse and hyperbola 

for instance admit the following ‘natural’ parameterizations: 

 

 
( ) ( )

1
2

2

2

2

=
−

+
−

b

ky

a

hx
takytahx sin,cos +=+=⇒  

 
( ) ( )

1
2

2

2

2

=
−

−
−

b

ky

a

hx
takytahx sinh,cosh +=+=⇒  

 

Certainly there is no unique correspondence between a parameterization of a 

curve and the curve itself: In principle, there are a countless variety
4
 of different 

parameterizations which (when de-parameterized) all describe the same curve or 

class of curves.   For the above could have just as well been parameterized via: 

 

  
( ) ( )

1
2

2

2

2

=
−

+
−

b

ky

a

hx
takytahx cos,sin +=+=⇒  

 

  
( ) ( )

1
2

2

2

2

=
−

−
−

b

ky

a

hx
takytahx sec,tan +=+=⇒  

 

(though the second set describe different ‘dynamics,’ or another kind of behavior 

of a particle in motion constrained nevertheless on the same curve) 

 

• Example (§12.1, #20) 

 

( ) ( ) θθθθ 2sin2,cos == yx  

( ) 2

2
1

2
12222 21cos,

2
sin xyyxx

y
−=−⇒=+⇒== θθ   Parabola 

• Example (§12.1, #50) 

 

tbkytahx +=++= ,1  

( ) ( )
2

2

1

b

ky
tkyt

b

−
=⇒−=  

( )
( ) ( ) ( ) ( )

1111
2

2

2

2

2

2

2

2

1
=

−
−

−
⇒+

−
=

−
=+⇒−=+

b

ky

a

hx

b

ky

a

hx
thxt

a

 

                                                 
4
 Certainly adding physical laws into the picture greatly constrains what paramaterizations are physically 

possible. 
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• CALCULUS ON PARAMETRIC REPRESENTATIONS OF CURVES 

 

Via the Chain Rule, it is easily shown: 

 

 
dtdx

dtdy

dt

dx

dt

dy

dx

dy

/

/
==  

 

 
dtdx

dtdx

dtdy

dt

d

dtdx

dx

dy

dt

d

dx

dt

dx

dy

dt

d

dx

yd

/

/

/

/2

2 






=







=





=  

 

 

 And by recursion
5
: 

( )

( )

dtdx

dx

yd

dt

d

dx

yd
n

n

n

n

/

1

1










=
−

−

   

 

  

In addition, in terms of the parametric representation, the infinitesimal arc 

length element takes on the following elegant form: 

 

( ) ( ) dtyxds
22

&& +=   (where the dot superscript is shorthand for 
dt

d
) 

 

Hence arclength  become: ( ) ( ) dtyxL

b

a

∫ +=
22

&&  

 

• Note1: By deparameterizing, note how the original arclength formula can be recovered: 

 

( ) ( ) ( ) ( ) ( )
( )

( )

∫ ∫ ∫∫ +=







+=+=+=

bx

ax

x

x

x

x

dx

dy

dt

dy

dt
dx

b

a

b

a

b

a

dxdt
dt

dx

dtdx

dtdy
dtdtyxL

2
2

2222
1

/

/
1&&  

 

Surface area: (revolved around x-axis and y-axis, respectively) 

 

 ( ) ( ) ( ) dtyxtyS

b

a

x ∫ +=
22

2 &&π   ( ) ( ) ( ) dtyxtxS

b

a

y ∫ +=
22

2 &&π  

 

• Example (§12.2, #15) 
 

                                                 

5
 Where the expression 

( )

( )xd

yd
n

n

1

1

−

−

 has already been expressed explicitly in terms of t-derivatives. 
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Find the equation of the line tangent to curve ( ) ( ) θθθθ 2sin2,cot2 == yx  at the point 

4
πθ =  

 

 ( ) ( )
2
1

2

2
3

2

2

4/

3

2
cossin

csc2

cossin2

/

/
−=−=⇒−=

−
==

=πθ

θθ
θ

θθ

θ

θ

dx

dy

ddx

ddy

dx

dy
 

 

 

The point at the tangent line is: ( ) 12sin2,2cot2
2
1

4

2

0440 =⋅===== πππ yxx  

Using the point-slope formula:  

 

( )
( ) 042221

2
1

2
1

00

=−+⇒+−=⇒−−=−⇒

−=−

xyxyxy

xxmyy
 

 

 

• Example (§12.2, #44) 

 
Find the surface area of revolution around the y-axis for  

( ) 21,2,3 ≤≤+== ttyttx  

 

( ) ( ) ( ) ( ) dtttdtttdtyxtxS

b

a

y ∫ ∫∫ +=+=+=
2

1

2

1

4322322
9121322 πππ &&  

 

 ( ) tdttt 6sec,3arctan3tan 222 ==⇒= θθθ  

 

 

 

( )( )
( )

( )

( ) ( )( )3arctansec12arctansec

tansecsectansec

tan1sectan91632

33

27

sec

sec

3

27

sec

sec

2

9
12

9
13

9
1

12arctan

)3arctan(

22

9
14

6
12

3
1

−==

===

+=+⋅⋅⇒

∫∫ ∫

∫ ∫
=

=

π
β

α

π

β

α

β

α

β

ε

β

α

β

α

πθθθθπθθθπ

θθθθππ

u

duudd

dttdtt

 

 

 

145sec1451144
1

12
tan12arctan ==⇒=+=⇒==⇒=

ADJ

HYP
HYP

ADJ

OPP
βββ

 

10sec1019
1

3
tan3arctan ==⇒=+=⇒==⇒=

ADJ

HYP
HYP

ADJ

OPP
ββα  

 

Hence: ( ) 5.19910145 2/32/3

27
≈−= π

yS  

 


