MA262 Calculus II: Notes for March 25
Spring 2008 Kallfelz

e REVIEW PROBLEMS-EXAM 11

I Determine the convergence/divergence of:

a.) !

;\/nz +2n

Method 1: Observe n° +2n = n°, when n >> 1. The series Zl is a divergent
k=11

p-series (a Harmonic series, in which p = 1). Hence according to LCT:

b, 1/n ) vn®+2n

=lim, _ ————=1lim __ —— —=1lim 1+2=1
n—oo n—oo n—oo n—oo n
a, 1/An* +2n n

o

" < oo, hence

z;
a, i n’+2n

Method 2 (not recommended) Use the integral test:

lim

Certainly' 0<lim, diverges.

oo

z ! = T d lim, . Jé dx = limb_mjb‘L
At +2n TAx?+2x X+ 2x+1-1 1y (x+1) -1

arccsec(b+1)
(x+1)=sec®,dx =secOtan &0 = lim,_,_ J' secotand g

| 2
arcsec?2 secC 0 - 1

sec@d o

B
. secAtan @ .
=lim, , ———df=1lim, ,
P35 tan @ P35

0[N oy T

arcsec2=arccos(1/2)=7/3

=lim ln|sec 0+ tan 6?|

P = limﬁ_% In[sec 8 + tan | — ln|sec§ +tanZ

B
/3

= oo — ln‘Z + ﬁ‘ = oo = Diverges

" With no loss of generality, then obviously the same holds true for lim %, since obviously the
n—oo

reciprocal of a finite, positive quantity is likewise positive. Observe also, as mentioned in class, that the
SCT won’t be of use here, if one adopts the same series to compare zan with.  Since:
# < l — i# < o doesn’t say definitely whether or not the series Z a4 = Z 1
Nn®+2n n waNn’ +2n ' Nt +2n
converges or diverges. Nevertheless the exercise is not lost, insofar as whatever series you sought a simple
comparison with can be used as the series to run the LCT on.
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This is an alternating series. Checking for absolute convergence first, note that:

. k.. k™2 .
hmk_mk—:hm ———=0, which means that one ought to try some other

+1 Tk
convergence test (divergence test is inconclusive...i.e. just because a, — N >0 entails

that Zan diverges, it does not follow that a, — 0 entails that Zan converges.)

vk k1

Observe that fork>>1; —— = —
k+ 1 ko k2

series (p = '/, < 1 = diverges). However adopting the SCT won’t be of use, since

Ve oAk

k+l>k=>—<—= .
k+1 k k'?

b
fim, 2 —tim, = Ky B i (0=

an k—)oo \/_ \/_ k—o0

. b .
~0<lim, a—” <oo=> ZanDlverges

n

. The term on the right is of a divergent p-

Note, however, when using the LCT:

Hence the series diverges in absolute value, though it may still conditionally converge.
Adopting the AST:

i.) Monotonicty:

ak+l_«/k+1.k+1 k+1 k+1r yi+

a, k+2 Jk o k+2 k+2 k;gl

J1++
= <1, for_all _k

1+
Note that the monotone decreasing property can be more rigorously established
via:

Jk Jx 1
a,=flk)=—"—o flx)=
+1 x+1 x'"4+x
1.2 1 -3/2 _
:f’(x):i(x”2+x_l/2)_l=—(2x e 2):_ (x-1) —<0
dx (xl/z +x—1/2) 2x3/2( 1/2 +x—1/2)

for_all _x=>1

ii.) a, ——0



lim ——=1lim —=—=0
= k1 AR

Hence the series conditionally converges.
II. Determine the interval of convergence for:

a.) Mx+1
k=1 k

Method 1: Using RaT:

1k+l
p(x):limk_)w |ak+1(xl<1:>1imk_>w 1n(k+1) k |x+ |k :|x+l|llmk_)w kln(k+1)
ja, () k+l  Ink |x+1) (k+1)Ink
=+ 1tim, ..~ L. Ink +1) _ e+ 1]Tim, In{k i )
+L  Ink 1+k7 Jink
1
—slx 1l = e+ flim, !
(1+£7 )~k Ink k+1 Ink
(k+1 R
k’ 2k
=|x+1lim, LHR v +1/1im _
| | k— (k+1)2—(k+1)lnk | | k- 2(k+1)—(k+1)%—lnk
=|x+1/lim,_,_ 2k LRl +1]lim, ., =|x+1[-1<1
2k—1—1—Ink o

=r+l<los-l<x+1<l->-2<x<0,- 1, =(-2,0)={x1-2<x<0}

Method 2: Using RoT:

r(x)=lim M<1:>1im M|x+1|k h =[x +1lim Ink )™
ko ¢ ke k k—o0 k

Taking the natural logarithm of the last limit:

k—o0

1of Ik Ink
lim,_,_In (ﬁjw = lim k) _ iy In(nk)=Ink
k—>o0 - k—so0 =
k k K

1
1 —
LHR :
——>lim, .

|—

I

»\._a

L
n k Ink

— LR 5 lim . =lim, ,_

—

:snmk%(%j =’ =1=x+l|<1=>2<x<0=> 1!, =(-20)
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Using RoT:
Y2

e

r(x)=lim,_,_%/la, (x) <1= lim,_,_ =|x—2[lim, .. %

=[x=2[-0= 1 =(~c0,c0)
k

1-k*
a.) Use the integral test to examine convergence/divergence:

IL) Given )
k=1

Method 1 (using a simple u-substitution)

b

z k > <:>j dez =1imb_mj xdx =u=1-x>du=-2xdx = xdx=—-Ldu
o 1—k 1—x 1

2 2

' 1—x
2
u(b) 1-0? 1=
. du . du . .
= —1lim, | —=-1lim, j 7:—%hmh_m Inu| =-1lim, ln‘l—b2‘+ln0
u() 0 0

= Diverges

Method 2 (using a trig substitution-not recommended)

=k Toxdx . © xdx .
z > (:)I > =11mb_mj ~ = x=sinf,dx=cos&d6
kzll_k 1-x 1

1 p L=X
arcsin b sin Ocos @ P=arcsin b B
=lim,_,_ ————df=lim, . [tan&d6=lim, _Incos |
1—sin’ @
arcsin(1)=7/2 /2 /2
. . ,r .
=lim,__ In|cos(arcsin b)| - 1n|cos 7| = diverges

b.) Use the SCT or LCT to confirm your answer

Method 1 (LCT)

Ask>>1 a, = " kkz = —% =b,,and Z% = Zbk is a diverging p-series (p = 1)
- k=1

Using the LCT:
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. n _ . - _ . 1 _
lim, , —*=lim,  —=lim,_ —5—=Ilim,__ (1 —7) =1
a, 1_k2 k

»\_

b
Hence: 0 <lim,_, —

Method 2 ( SCT )

A little trickier, but notice: 1—-k <k, forallk>1

Hence:

<L2 forall k> 1
1-k

The term on the left can be simplified:

1= kz = 1=k = ! which via an index shifting trick can be
1-k* (I-k)1+k) k+1
shown to be a diverging p —series: z 1
o k =y

Hence, for all k > 1:

. S L .
kz Z kZ:Zak:ZWdlverges

k=1 k=1 +—

c.) Confirm your answer using partial fractions:

k k A A

= k=k+1)A +{1-k)A
SR (pary (o B (s (e I D R
=k=1>A=3k=-1-A,=-1

The second series diverges (as was shown in b.) and the first diverges as well
(easily demonstrated via index-shifting, or SCT, or integral test)

IV.) Find a power series representation, and the interval of convergence for:

a) f(x)zjf%dt

=

The McClaurin Series: sint = Z ST 2k
P 2k +1



Hence:

2k+1 |~

Xl oo ~ . t
I;z (zki) t2k ldr = 2i2k+1i'jt2kdt - sz 1
0

k=0

X

J- int
0

z 2k+1
k+l ' k+1

k=0

\

To find the interval of convergence’: (Using RaT)

|2k+3

2k +1)(k+1) |¥ (k+1)

|a/<+1 (X] ) _ |X|2 lim
(2k +3)(k +2) |x|2k+1 O 2k +3)(2k +2)(k +2)

|ak x)|

i 0< 1= 1 = (~o0,00)

plx)=1im,__, <l1=lim,__

b.) glx)=

3—x?

Method 1: (Using GST)

g
e The interval of convergence for h(x)= 2x is (=00, 00)
1
e The interval of convergence for [(x) — is
1—(=x
V3

—1<(%j2 <117 =(\3.43)

e Hence the interval is: (~oo,00)N (— NEY ﬁ): (— \/5,\/5)

Method 2: Using partial fractions and GST

g(x)= 2x 4 + 4, :>2x=A1(\/§+x)+A2(\/§—x)

3—x° (3 xx\/§+x) (3 x) (\/§+x)

? One can also establish the interval of convergence via Thm 10.21 and Thm 10.22



.'.x=\/§—>Al=1,x=—\/§—>A2=—1

g(x)ml_x‘ﬁif%{ T J=%{i(%)k—i(—%)k}

S RS R

k=0 k=0

(Le., only the odd terms will survive in the above series, and summing the two terms
which are the same in the odd number of cases of course produces the coefficient 2.)

Simplifying:
o X 2k+1 - -
2k + +
%;z(—gj 243 =33

k

a.) Find its McClaurin Series, given that ¢ = Z?
k=0 .

Method 1: f(x)=e® =¢-e =ei

i k! ="
3 o) _ o (2x+1)f
Method 2: flx)=e - Z
i k!
oo w e kK o o ) k
? To show the equivalence, note: z Z (2x) = Z Z# (2x) = Z ZL (2x)
k=0 o k! om0 k! o momlk! k!

k!

Note also the ‘trick of 1’ in the last step: # =

k! L . k k k!
Now, the term is the Binomial coefficient: = =
m'k! —-m —m)

Hence szw - Zi[}’;j(i};’) :§(2x;1)

k=0 m=0 . k—0 m=0



b.) Find its Taylor Series, at any point ¢ and show you answer agreeing with a.) in the
¢ — 0 limit.

=

_ (xt1) _  (2=cl2e+1) _ 2¢+1 2(x—c) _ 2c+l (z(x_c))k _ N 2k ()
flx)=e =e =e e =e Z——e Z (x—c)

k=0 k’ k=0

N A k N . .
Note when ¢ — 0: e* "> 2 (x—¢)' —=25¢> 2. x*  (in agreement with the
k=0 k=0
previous answer)

Bonus) Represent f(x)= J\/a + btdt as a power-series(where a, b are non-zero
0

constants)

Using BST:

flx)= j a+ btdt
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o PARAMETRIC REPRESENTATIONS OF CURVES

By ‘paramater’ it is meant an independent variable that nevertheless plays a
crucial role in fixing the values of other quantities that functionally depend on it.

Consider, for example, projectile motion. Neglecting air resistance, the position
(x(1), y(1)) has the following parameterization:

x(t)=x, + vyt = x, +v, cos ot

y(t)z Yo +voyyt—%gt2 =y, +V, sincxt—%gt2

Where (xo, yo) is the initial position of the projectile, vy is its initial launch speed (at

angle o) and g is the magnitude of the surface gravity field ( =9.82>=32.0 ’zz )

Se




Given a parameterization (x(¢), y(¢)) = (g(?), h(¢)) , it is always possible to ‘de-
parameterize’ by eliminating 7 such that: (x(r), y(t))—2—(x, y), y = f(x)

For instance, in the above:

(x_xo)

x(t)=x, + v, t=x, +v,cosat =1 =
’ Vv, COS

Inserting into y():

(x_xo)_%‘ (x_xo)2

— : 1 2 _ .
y(t)—y0+v0s1nat—5gt —y0+v0s1n0!- 2 2
VOCOSC( Vv, COS a

= (y—y,) = tanafx — x, ) — L sec” alx — x, )’
Denote: Ax = x—x,,Ay=y—y,. Then:

Ay = —isec2 ale 2 —%‘%sin acos a(Ax)J

=35 sec a[Ax %sin2a(Ax)+;—isin2acos2a]+%sin20{
= —ﬁsec2 a[(Ax)—%sin acos 0{]z +;—§sin2 a

= ((Ay)—%sinzw):—ﬁsec2 a(( ) - 1n2a/)

= (x—(xo +%sin 20!))2 =—%cos ( ( 2—“ sin 2a))

So after a few trigonometric identities, one recovers the de-paramaterized version
of the trajectory of the particle, which is immediately recognized as a downward-
opening parabola. From the standard equation of the parabola:

(x—h) =4p(y—k)

One can obtain the information of the vertex, focal distance p directly from the
initial dynamical parameters:

72 . 72 .
h=x, +55sin2a,k =y, +34sin 2

2
2
p=s.c08" &

In physical terms, a parametric representation depicts the dynamics of a particular
system (i.e., it actual evolution in time given initial conditions), whereas the de-



parameterized quantities depict the kinematics: i.e. the constraints on all its
possible motion. For example, assuming no air resistance, regardless of the initial
values, the particle in the problem of projectile motion is constrained to move
along a parabolic curve.

Based on the Pythagorean Identities, conic sections like the ellipse and hyperbola
for instance admit the following ‘natural’ parameterizations:

(x—n) |, (y=k)’

=1l=x=h+acost,y =k+asint

a’ b?
2 2
(x—zh) _(yl—)zk) =1= x=h+acosht,y =k +asinht
a

Certainly there is no unique correspondence between a parameterization of a
curve and the curve itself: In principle, there are a countless variety* of different
parameterizations which (when de-parameterized) all describe the same curve or
class of curves. For the above could have just as well been parameterized via:

2 2
(x—zh) +(y—2k) =1= x=h+asint,y =k +acost
a b
2 2
(x—zh) _(yl—)zk) =1=x=h+atant,y =k +asect
a

(though the second set describe different ‘dynamics,” or another kind of behavior
of a particle in motion constrained nevertheless on the same curve)

e Example (§12.1, #20)
x(8)=cos 8, y(#) =2sin’ @
sin’ 9:%,0052 0=x>=x"+1y=1=1(y-2)=-x" Parabola
e Example (§12.1, #50)
x=h+a\/t+l,y=k+b\/;
(y—k)’
\/;=%(y—k):>t=b—2

(41 = (x—h) = 1+1 = Skl MBI G

2 2 2 2
“ a b a b

* Certainly adding physical laws into the picture greatly constrains what paramaterizations are physically
possible.
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e CALCULUS ON PARAMETRIC REPRESENTATIONS OF CURVES
Via the Chain Rule, it is easily shown:

dy _dydx _dyldt
d  drdr dulds

]l
d_zyzi[dy}ﬂ: drdx] _ dt| dx/dt

dx®  dr|dx|de  dx/dr dx/ di

i d(n—l)y
d'y dt| ax""

dx" dx/ dt

And by recursion’:

In addition, in terms of the parametric representation, the infinitesimal arc
length element takes on the following elegant form:

ds =+/(x)° +(y)’dt  (where the dot superscript is shorthand for di)
t

b
Hence arclength become: L= j w/()'c)z + (y)2 dt

e Notel: By deparameterizing, note how the original arclength formula can be recovered:
b x(p) X, 2 X,
, dyldt) dx 2
L={JGP+G) d= [ (@) +(2)a= 1+(y j—dtz J1+(2) d
;[ (x) (y) XZ[) (dt) (dt) J de/di) di J (dx) X

Surface area: (revolved around x-axis and y-axis, respectively)

5, =22 [ WG + G a 5, =27 WG + G e

e Example (§12.2, #15)

(n—1
> Where the expression

)
( 1)y has already been expressed explicitly in terms of ¢-derivatives.
d"x

11



Find the equation of the line tangent to curve x(8)=2cot#, y(6)=2sin> @ at the point
0=%

dy dy/dé? 251n6’cos6’ —sin 6’cos6’:dy
dx  dx/d@ —2csc’ @ dx

O=r/4

The point at the tangent line is: x, = x(%) =2cotf=2,y,= 2sin’ z2=2-1=1
Using the point-slope formula:

y=yo =mlx=x,)
S>y-l=-1(x-2)=> y=-1x+2=2y+x-4=0

e Example (§12.2, #44)

Find the surface area of revolution around the y-axis for
x(t)=13, y=1+21<1<2

b

S, =27[ (W (&) +(3) dr = 27:@3\/(3;2)2 +1dr = 27rjt3\/1+9t4dt

a

tan@ = 3¢> = @ = arctan(31> ) sec & = 61dt

PB=arctan(12) B
=¥ j (L3 )2- 6rar Wi +9r* =1 Ianﬁseczﬁdﬁxll+tan29

a=arctan(3)
B B sec
ﬂ'J-sec36’tan9d %n’jsee O(secOtan i) =7 .[ *du
(24 £

seca

== (sec (arctan12) - sec’ (arctan 3))

12 OPP

B=arctanl2 = tan f=— = = HYP=+/144+1=4/145 = secﬁ=£=«/145
1 ADJ ADJ

0{=arctan3:>tan,3:§=ﬂ:HYP N9+ =\/E:secﬁ=£=\/ﬁ
1 ADJ ADJ

Hence: S, = (145> ~10"2)~199.5
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