MA262 Calculus II: Notes for Feb 5

Spring 2008 Kallfelz
e (From Q & A): AN EXAMPLE OF A DEFINITE INTEGRAL WHICH IS A
TRIG SUBST.:
2(,2 x=+/2tan @ = dx = +/2 sec> 6O
Consider: j (x +22) dx Hence:
0 X = 0= arctan(%)
2 2 /2 arctan(~/2 //2) 2 arctan(1)
dex: @tm—iuz)ﬁseczﬁdﬁzﬁ J'(1+cot26?)sec2 6l
0 X arctan 0 2tan 0 0

/4

=2 I sec26’+csc20>10=\/§[tan6’—cot0]”/4 =\2[1-1) = (0—o0)] = oo

0

(Le., the integral diverges.)
e RATIONALIZING SUBSTITUTIONS (Cont.)
Recall (see p.11 for their derivations in Jan. 31 notes):

2du . 2u 1—u?
sinx =

du =
u +1 u +1 u +1

e Example (#68, § 9.6)

J- do
secld —tan @

This integral can be solved in a number of ways. Consider:

46 de cos@
Method 1: J’secﬁ—tané’:j# M:jl—siné’de

cos & cos &

At this point, one can evaluate the integral as a simple u-substitution:

+C

U:1—s1n0:>dU:—cosedez—j%Uz—ln|U|+c:1n .
—Sin

Method 2:



J- do 'sec0+tan0 J-sec6’+tan6’
sec@—tan@d sec@+tanl sec’—tan’ @
= Ise00d0+jtan ade = ln|sect9+ tan 6?| —1n|cos 0|

d6 = [(secO+tan 6)do

sec@ + tan & gl |1+sin6 1+sin@ 1+sin@
=In =1In = —
| cosd ‘ cosd ‘ | cos’ | |1—s1n 0| ‘ 1+s1n0)(1—sint9)|
In ! +C
1-sin@

Method 3: Adopt the reationalizing substitution

1-u’
[0 (40 _j o0 go [ ey 2
secO—tan @ g 1—-sin@ - 2u  1+u

1+u®

1-u? du (-w)i+u) du _ l+u
I1+u —2u 1+u® j (—uf 1+u° I(1+u2)(1—u)du

Resolving by partial fractions:

I+u Au+B, A
2 -T2 +
(+u*fl-u) w’+1 1-u
u=1=2=2A,=A4,=1
u=0=1=B +1= B =0
1+u=A1u(1—u)+(1+u2):>A1u=u:>Al=1

= 1+u=(Au+B)1-u)+ A+’

Hence:

St ) bt
u u) u U

_sin®6
(1+cos@)

(1_ sin @ )2
1+ cos@

1+

|(1+cos ) +sin® 0|
‘ (1+cos@—sin8) ‘

In




| 1+2cos@ +cos’ @ +sin’ 0 |
‘1+cos 6 +sin’ @ + cos@ —sin O + cos & — cosé’smé’—smé’—smﬁcosﬁ‘

2(1+cos8) | | 1+cos@
::11] =11’1
2+200s9—2sin0—2sin00050| ‘1+cos9—sin0(l+cos9)|
I 1+cos@ |: 1 |+C
(1+cos ) —s1n0| |1—s1n0|

Certainly not the simplest method at all by a long shot, but eventually we recover the
answer! (Obviously Method 1was the most straightforward)

OTHER RATIONALIZING SUBSTITUTIONS

e Example: Use: u* = x = 2udu = dx
Example: j1+&

jlff/; :J-?Ljrdz zzjlzudu:2{I(l_ui1jd“}:2“‘1n|”+1|+c
=2\/;—1n‘\/;+1‘+c

X 6 5
e Example: J-\/_— Use: u’ =x= 6u’du =dx
x +3/x

3
“ du=j(u2—u+1— ! jdu
u+1 u+1
1
=L — L ru—Tnfu +1+ C = 1x =13/ x 4 x+ln( j+C
3 2 | | 3 \/;4‘1

Note how the absolute value bars were dropped, since in this case the argument is always

1
positive. Also note the sign change by using property: ln(—j = ln(x_l) =—Ilnx
X

o w =6

w +u’

du=6j

u+1)

e Example:: j\/1+ e'dx  u'=1+e" = 2udu=e'dx = dx= 2udu._ 2udu

e’ u’—1




.~,I«/1+e*dx=jx/u_zjgibi =2f 2”2 du :2]{1—u21_1}du =2[du-2f

1 1 du du
= 2u—2-{%j(u_l—u+ljdu}: 2u—ju_l+ju+1 = 2u —In[u — 1 + In|
—outmn" o= oide w6
u—1 I+e" -1

o IMPROPER INTEGRALS

') b
Case 1a.) j f(x)dx = lim, ., j £ (x)dx
Case 1b.) j £(x)dx = lim, ,__ j £ (x)dx

—oo b

) a b
Case 1c.) [ £(x)dx = tim, [ (ke +Tim, [ f(ckx

—0 b a

(for any real number a)

Case 2a.)

b
Ifon[a, b], lim__ . f (x) = %00 for any x on (g, b] then: J. f(x)dx = lim

a

—

Case 2b.)

b
Ifon[a, b], lim__ . f (x) = oo for any x on [a, b) then: j f(x)dx = lim

a

Case 2b.)
Ifon[a, b], lim _ f (x) = %oo for any x on [a, b] and any ¢ on (a, b):

b

[ £(x)dx = lim, T flxdx+1im,_ j £(x)dx

a

e Example (Thm 9.3)

) b 1-p 1 1
d—f =lim, . [x7dx =lim, . =—| =lim, , ——b'" - ——
X 1 1-p|, 1-p 1-p

1

(w+1)(u—1)

! du

u+H+C

Jf(x)dx

] o



=L lim,]_mﬁ—l
I-p b"
1

Case 1: p>1:>limp_mb%:1imh_mb—k:O (where k=p—-1>0)
© dx b

Case2: p=1=lim,_[— =lim, _Inx =lim, _Inb=co
X

Case3: p<l=> limp_mb% =lim, , b" =0 (wheren=1-p>0)
e Example:
2 b 2
dx dx dx
=lim +lim,_ ., | —5—
'([xz—l b1 ,([xz_l b1 _l!.xz_l

Method 1: Partial Fractions

ox _ ()x h—>1*h 1
b 2
1 1 1
=1lim, 1 ———ldx+1lim_ 1 —— |dx
b=t 2'([()6 1 x+1j b=t Z'I[(x 1 x+1j
b 2
im0 7N 4 igim e
- x+1f|, x+1f|,
. b—-1 ) b-1
= %hmh_ﬂ, lnm -0+ 0—%hmh_>l+ lnm
(divergent)

Method 2: (Trig subst) x =secd = dx =secHtanl

j dx _Isecﬁtana Isecgda jcsc&d@ In|csc @ —cot @
sec 0 —1 tan @

Hence:



2 b 2
J- dx T J- dx i J- dx
= 11um —_— m —_—
2 - 2 * 2
t x> = 1 b—1 0 _ 1 b—1 x> = 1
arcsech arc sec 2

+lim . 1n|csc 6 —cotd

b— arc sec b

arc sec 0

= limb } 1n|csc 6 —cotl
-1

Divergent, arcsec(O out of range



