MA262 Calculus II: Notes for April 7
Spring 2008 Kallfelz

e VECTORS: 2D AND 3D

By a vector in R? or R (i.e., the 2-dimensionsal or 3-dimensional “Euclidean” plane
or volume') one is referring to a geometric object that has two properties: magnitude
(or “length”, characterized by the length function: Il Il ) and direction. Conversely,
mathematical objects that have only the property of magnitude are called scalars.
Obviously, numbers are scalars.

You’re about to be introduced to how Calculus can be extended into the domain of
vectors. In a course like Calculus II, however, we at best scratch the surface. A full-
blown treatment of Calculus using vectors in R* or R is reserved for Calculus II1.

To distinguish a vector from a scalar, one typically places an arrow superscript over a
vector, i.e.: i is a vector, but u is a scalar.’ If it’s understood that one is dealing with

a vector quantity #, and one writes: “u” instead (without the arrow superscript), then
it’s understood that u refers to the vector’s magnitude. In other words, by definition,

for any vector quantity v : ||17|| =v.

There are many ways to represent vectors, algebraically. In 2D and 3D (i.e. vectors
“living” in the Euclidean plane R? or Euclidean space R?) one can simply represent
them as ordered pairs, or ordered triples, respectively. In other words, if # and v
are 2D or 3D vectors, then:

7= (o, 5={v,5,7,)

...where u, , u, refer to the x- and y-components of u, and v, , v, v, refer to the x-, y
and z-components of v , respectively. This reflects the fact that any vector in a plane
or a vector in space takes on a natural geometric interpretation of a directed ray. The

! The notation R? or R refers to the set of all ordered real-valued ordered pairs, triples, i.e. :
R’ = {<xl,x2>lxl €R.x,e R} or R’ = {(xl,xz,x3> |x, € R,x, e R,x,e R} One calls such spaces “Euclidean”

since as we have seen, a set of real-valued ordered pairs takes on a natural geometric interpretation of
representing the Cartesian plane. The set of all real-valued triples assumes the same natural interpretation
representing the 3-D Cartesian ‘box’. These coordinate systems naturally correspond to the
“commonsense” Euclidean intuition that space and geometry is ultimately best characterized by straight
lines, flat surfaces, simple volumes (boxes, etc). Of course Einstein, Riemann, and Lovachesky showed
that there are cases in which such conceptions are inadequate: I.e. geometries (including those representing
physical space) can be “curved,” or characterized by varying measures of “local straightness” and
“perpendicularity”—phrased more technically, by a varying metric, as opposed to a constant metric in the
Euclidean case. The terms are “straightness” and “perpendicularity” are deliberately placed in quotes to
indicate that there’s no absolute way to characterize straightness and perpendicularity in the general case in
which space is “curved,” or characterized by a varying metric. This notion is what lies at the root of the
theory of General Relativity, for instance.

? Vectors are also denoted in boldface notation. To avoid excessive proliferation of different notations
representing the same thing, I’1l stick with the arrow superscript notation.



components denote the change in the x, y direction (in the 2D case) as well as the
change of the x, y, z direction (in the 3D case), as illustrated in the figures below:

(x2, y2)

<)

uy=Ay=(y2_yl)

(1, y1)

uy=Av=(n-x)

: v.EAz= (- 21)

(i e

(1, y15 Zli R AR

vy =Ay = (2 —y1)

e Note 1: The x, y, z coordinate system has positive directions for x, y, z that is based on the
right-hand convention (how, for instance, most screws are threaded). Take your right
hand, and point your index finger in the direction of +x (positive x-direction) and point



your middle finger in the +y direction. Your thumb will point in the +z direction. Note
further that this right-hand-rule (RHR) is how we specify the direction of the cross-
product in R®.

So, the component form is just one way to represent a two (or three) dimensional
vector. Other ways include the column-matrix approach:
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...for the 2D and 3D vectors u,v as described above. In addition, note the inscribed

angles depicted in the above illustrations (in red for the 2D case and red & blue in the
3D case). Recall the Polar Coordinate’ system previously discussed. One can
likewise represent vectors u,v in (circular and spherical) polar form:

ﬁz(u,6> \7:<v,¢,(p>

where, as mentioned earlier, u and v are the respective magnitudes (‘“lengths”) of
\7” =v. The angle @ in the above illustration of

vectors 1,V respectively: ||L7||=M,

course is immediately recognized as the polar angle. Whereas the angles ¢, ¢ are
immediately recognized as the altitude and azimuth (think of the case of the measure
of latitude and longitude).

Of course, by virtue of the Pythagorean Theorem, the length or magnitude of the
vectors u,v are computed as follows:

Ji = = fu? +u? = (A + Ay =0 =5 ) + (v, =3, )

[Fl=v= 2 +v2 402 = J(ax) +(@ay) + @2 =00, —x )+, =) +(z,-2,)

This introduces the special case of a unit vector, or vectors with magnitude = 1. Any
unit vector is denoted by the tile (“ ~ ) superscript, i.e. for every i, then by

definition: ||ﬁ|| =1. Every non-zero vector u can be depicted in “standard form” in

the following fashion:  u =ui.

? The difference however, between the polar coordinate system and the polar representation of vectors, is
that recall in the polar system r (the first entry in the ordered pair (r, 8) can take on any real value (both
negative or positive). Whereas, in the polar representation of vectors, by definition since the first entry in
the ordered pair/triple represents the vector’s length or magnitude, then it must be nonnegative.



The associated unit vector # is related to u by simply dividing # by its magnitude,

U= ﬁ = (ljﬁ = (u_1 )12 For instance, consider the 2D vector u = <— 2,5> . Then
u u

its associated unit vector is: i = — <_ 2 = <— 2,5> = <—L,—> . This

il = Jcoy+st 29
can be easily checked: ||ﬁ||:,/ﬁ§ +ﬁ§ :\/(_%)2 +(%)z =

~
—

<)

Unit vectors say something about a vector’s direction. They act as “pointers.” So the
decomposition u =ui is a natural way of characterizing a vector via its two basic
properties (magnitude and direction), since the above product represents a product of
length and direction.

It is easily seen that the u =uu factoring always holds for non-zero vectors, (i.e.
vectors of non-zero length). Consider for example some 3D nonzero vector:

5=, = (BT ) =B =2 2

(Note how the ‘trick of 1’ was used in the first step). Now, the three components
form a unit vector, as is easily shown:

2 2 2 2 2 2 —[|2
Vi Vy v, Vi TV, Y, ”V” v
— | +|—| +|—=| = > = =l =1
1% 1% 1% 1% 1% 1%

- v, Vy v, R
Therefore: v = <Vx’Vy’Vz> =y~ L =)=
‘ %

x
v v

e ALGEBRAIC OPERATIONS ON VECTORS

v, Vy v

The above decomposition: v = <vx,vy,vz> = v<—,—,—z> =vv is an example of
vV v v

scalar multiplication (since length is a magnitude, i.e. a non-negative scalar).
Scalar multiplication is defined formally as:

For any real number ¢ (or scalar) and any 2D or 3D vectors u,V :

cu = c<ux,uy> = <cux,cuy>

cv = c<vx,vy,vz> = <cvx,cvy,cvz>



So one recognizes the rule of scalar multiplication as simply distributing
across its components by the scale factor c¢. Recall the previous discussion

of the natural decomposition: © =uii. Then: cu =c(ui)=(cu)u. le.,

interpreted geometrically, ¢ affects the length or magnitude of the vector
(whenever ¢ > 0). If ¢ <0, then in addition to altering the vector’s length,
c rotates the vector by 180°. Nevertheless, the vector still lies on the same

line of action. Consider the 2D vector : u = <2,3>. The illustration below

indicates the action of c on u = <2,3> for the cases: ¢ =0.5,c=2, c =-0.5:

2.3)

(1,35)=0.5(2,3)

In addition, two (or more) vectors can be added together. Addition is defined via
component addition:

For any 2D or 3D pairs of vectors u,V :

<!

+

<y

=)+ v, )=y v, +0,)
u+v =<ux,uy,uz>+<vx,vy,vz> =<ux VU, v U, +vz>

Based on the above definition of scalar multiplication, vector subtraction is easily

defined:
For any 2D or 3D pairs of vectors u,V :



=<ux,uy>+<—vx,—vy>=<ux —V,, U, —vy>

=<ux,uy,uz>+<—vx,—vy,—vz> =<ux —V,, U, —V U, —vz>

<l
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+(-1)
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Le., as simply componentwise subtracation. As discussed in class, and in Fig. 13.7, text
(p. 731), vector addition/subtraction is represented by Paralellogram Rule: The long
diagonal of the plane spanned by #,v (whether in space or in the plane, i.e. whether these

vector-pairs are 3D or 2D) is the sum u + Vv, whereas the short diagonal is the difference:
u—v.

Scalar multiplication, vector addition and subtraction form a naturally closed set of
properties characterizing what’s known as a vector space. lIts basic characteristics are
summarized in Thm 13.1, p. 731 (commutativity and associativity of addition, additive
identity and cancellation, two kinds of distributivity, and aobsorbtion by 1 and 0 (i.e.

property 8.))
e THE HAMILTIONIAN NOTATION

In addition to the ordered pait/triple, column-vector, and polar notation depicted above,
the properties of scalar multiplication and addition can be exploited to produced yet
another way of conveniently characterizing vectors. Observe in the case of the 3D

vector: #=(v,,v,,v.) =(v,,0,0)+(0,v,,v.}) = (v,,00)+(0,,,0)+(0,0,v.)

This natural decomposition is of course always assured by the definition of vector
addition. Furthermore, note that by scalar mulitiplication:

7 =(v,,0,0)+(0,v,,0)+(0,0,v,) =v,(1,0,0)+v,(0.1,0) +v_(0,0,1)
Now certainly the vectors: <1,0,0>,<0,1,0>, <0,0,1> are unit vectors, pointing in the positive

x, y, z directions, respectively. Denote them by: [ = <1,0,0>,} = <0,1,0>,l€ = <0,0,1> . Hence

we may write: V= <vx,vy,vz> =vi+v j+vk

And for any 2D vector of course: u = <ux,uy> = uxf + uyj

Recall the natural decomposition discussed earlier: u =uii . A natural characterization of
the associated unit vector # is obtained in the Hamiltonian notation which brings out the
information concerning a vector’s polar angle 0 (in the 2D case). Observe:

— 2 A U, » Uy 4
Uu=ud+u j=u —i+—]
’ u u



However, based on the above illustration in the 2D case, one sees immediately that in
u u .

terms of the vector’s polar angle 8: — = cos#,— =sin&. Hence:
u u

- 2 2 U, Uy 4 AL N
uzuxz+uy]=u[ "z+—}]j=u(cos01 +sm@)=uu

u u
Hence any non-zero 2D vector v has a unit vector which can naturally be expressed by:

V=cosd +sinf = <cos 6,sin 0>

It’s obvious that it’s a unit vector, since: ||\7|| = \/ (cos8)’ +(sin8)* = \/ cos’ @ +sin* 6 =1

The same reasoning holds for the case of a 3D vector:

U= uxf+uyj+uzl€ = u(u—"f+u—y}+u—zl€j . Now: Be _ cosa,h = cos,B,k =Cosy,
u u u u u u

where o, 5, ¥ are the direction cosines of the vector i, i.e. when inscribed in a

rectangular solid (box) in which u is drawn from one opposite corner of the box to the

other (in such a way that it diagonally bisects the box), three angles are naturally defined

whose cosines are represented by the ratios of the x, y, z components of the vector with

respect to the vector’s length. For an illustration, see Fig. 14.11, p. 791, text. Hence:

- 2 A r U, » Uy~ U~ ( ~ \ ") ~
“:”x’+“yJ+”zk=”(7xl+7]+7zkj=ucosm +cos 3 + cos Y )= uir

Note an interesting feature of these direction cosines (which are not to be confused with
the altitude and azimuth angles ¢, ¢ discussed above. Since i is a unit vector, then:

i = Jeos? ar+cos> B+cos> ¥ =1=>cos® ar+cos> f+cos> y=1

...which means that only two of the three direction cosines can be independently chosen.
Suppose for instance one chooses independent values for @, . Then ¥ is constrained by
the above, i.e. it has “no choice” but to take on the value:

cos’ y=1-cos’a@—cos’* f=>y= arccos(l—cos2 a —cos’ ,B)

Hence, even though direction cosines are not the same as altitude and azimuth angles, the
essentially geometric fact is the same in both cases. Just as in the 2D plane, one angle is
sufficient to specify the direction for a vector (i.e. the vector’s polar angles), so in 3D



space, only two angles are necessary to fix the direction of a vector (whether they’re the
altitude and azimuth angles, or two out of three of the vector’s direction cosines, etc.)

e THE DOT PRODUCT

Given any pair of vectors u,v (whether 2D or 3D), their dot product is defined by:

<i

u- =<ux,uy>'<vx,vy> = (uxf+uyj)- (vxf+vy})=uxvx +u,v,

<ux,uy,u>-<vx,vy,vz> = (uxi +u,j +uzk)- (vxi +v,Jj+ vzk)z uyv, tuyv +uyv,

<l
I

u-

e Property 1 The dot product is clearly commutative, since (in the 2D case)

Proof
u-v=upy +tuy =vu +vu =v-u

(obviously the same demonstration holds in the 3D case)

¢ Property 2: For any vector 2D or 3D): u -u = ||b7||2 =u’

Proof
Consider for example the case of a 3D vector:

VA
-~ 2 2 _ 2 2 21 —_ (1= =17 — ,,2
T R D )

¢ Property 3: (Geometric interpretation of the dot product) Given u,v (whether
2D or 3D), and angle @ they subtend®: i -V = ||L7||||17||cos 6@ =uvcosé

The text presents a derivation of this result, using the law of cosines (p. 739)

Note how the above expression guarantees that i }, k form a mutually orthogonal
set. For by definition of the dot product (in the 2D) case:

A

u-v= (uxf+uyj)- (vxf+vyj)= uv, (ff)+ 2uv, (; ])+ U, (]A . ]A)Z Uy, +uy,

A

..which implies : { - j =0=cos@ = @ = arccos0 = £

(Which substantiates the definition of i ]A,Ig as parallel to three mutually
orthogonal axes)

*In R i.e. in the 3D case, the two vectors obviously form a plane in space, as opposed to a plane
embedded in the Cartesian 2D plane.



e Property 4 (Thm 13.5.2) : Distributivity: Given u,
i-G+w)=i-v+ia-w=v-i+w-ii=F+w):

w (whether 2D or 3D):

v,
u

(Note how the previous property of Commutativity is tacked on). This is easy to
established componentwise using 2D vectors (the procedure using 3D vectors is
likewise the same)

Proof

ﬁ-(\7+v71)=<ux,uy>-(<vx,vy>+<wx,wy>)=<ux,uy>'<(vx +wx),(vy +wy)>

=u (v, +w,)+u, (vy + wy)z wv, +uw

=

tuyy, fuw =uyv +uy +uw +uw,

—

<)

y
= (uxvv +u,v, )+ (uxwx + uywy)z u-v+

(Certainly one can set up this using the Hamilton notation as well)

e Property 5 (Thm 13.5.3)Given ¢,v,w (cis a scalar): ¢(ii-v)=(cii)-V =ii-(cv)

Proof:
This naturally follows from commutativity and associativity : Using the 2D case:

c(ﬁ . 17) = c(uxvx tu,v, )= cuv, +ecuy, = (cux )vx + (cuy )vy = (cﬁ)'ﬁ
Moreover,

clii-v)=cuv, + cuv, =u.cv, +ucv, =u, (cv, )+ u, (cv‘y )
=ii-(cv)
e Property 6: Given any two vector v,w (whether 2D or 3D), the projection of v

Vew |-

12 w
[

in the direction of w, denoted: Proj.v is: Proj.v =

Proof : As suggested by the figure below, certainly the magnitude of the component
cos@ =vcos@, where @ is the angle made

of V in the direction of w is, i.e: v = ||17|

between v & w , which can be easily derived by elementary trigonometry



vL=||17||sin6’= vsin @

b=[flcosb=veosd ™t e

But according to the definition of dot product, v, =vcos@=v-w = ||\7||||W||cos 0= ||\7||cos 0

since w is w’s associated unit vector and hence has magnitude = 1.

A\ A

Hence the vector that points in w’s direction with the above magnitude is: v,w = - whw

So: Proj_ v =(V- v?/)v?zz(ﬁ @]¥: i—? w (using the definition of unit vector,
[T { e
i.e w—i
[+

e THE CROSS PRODUCT

While the dot product produces a scalar, or a number, the cross product between two
vectors produces another vector. This third vector, denoted v xXw (if the product is
between v and then w) points in a direction perpendicular to the plane defined by v
and w. The direction of vXw is determined by the RHR (recall Note 1 in page 2
above): point your index finger of your right hand in the direction of v and your

10



middle finger in the direction of w. Then you thumb will point in the direction of
VXW.

e Note 2: Because of the directionality of the cross product, it is not commutative! In other
words, VX w points in a direction opposite to that of wXv,i.e.. VXwW=-wXV.

e Note 3: The cross product defines a natural family of three vectors all mutually
perpendicular to one another. For that reason, the cross product is only defined for two
vectors in R?, i.e. two 3D vectors. If these two vectors happen both to be in the x, y
plane, and hence can just as well be represented by two 2D vectors, then their cross-
product points either in the +z or —z direction (or in other words points in a direction
perpendicular to the x, y plane). So we still need three dimensions to describe it properly,
even in this special case.

Given any pair of vectors u,v (3D), their cross- product is formed by first taking all
possible products:

ﬁx§=<ux,uy,u> <v >=(ul+u Jtu, k) (vxf+v},j+vzl€)

ZMXVX({X1)+MXV‘( )+ ( )+u 1 (jxi)+uyvy(}X]A')+uyvz(]ﬁ><l€)+uzvx(lgxf)
+uzvy(l€><j)+uzv (k )

Now, as mentioned, 7, ]A,Ig form a right-handed system. The cross-product is defined by
the RHR. Therefore: i X ] = k= —]A’xf,}xlg =f= —lgx}’,lgxf =j= —ixk . Furthermore
ixi=0= x]= kxk, since forming the cross-product of a vector with itself means

there is no plane spanned by a vector and itself, so no vector can result that’s
perpendicular from this non-existent plane.

Hence:

ixv=uy (Fxi)+ v, (P x7)+u,v, (fxlg)+ v, (5x7)+ v, (Gx7)+ u,v, (jxlg)+ U, (lgxf)
+uv, (6x3)+uv (Exk)

A A A

=uvk-uyv j-uyvk+tuyvituy j-uyi= (uyvZ —uzvy)l +(uzvx —u.v, )7 +(uxvy —u,v, )k

=wu,v,—uy )k_(uxvz _uzvx)-]+(uyvz _uzvy

<Yy vV
ik
=, u, u,
v, v, v,

11



...where the above represents the determinant of a 3 X 3 matrix (for further details, see
p. 796, text) Based on the above derivation, the properties in Thm 14.1 (p. 797, text) can
all be easily obtained:

Proof
{ j k
UXW+w)=| u, u, u, =uy(vz+wz)f—(vy +W},)IJZ?—MX(VZ+WZ)}+(VX+WX)M),
vetw, o votw v o+w,

+u, (vy +w, )lg—(vx +wx)uyk= [(u‘v —vyuz)l

Property 1: uXv =—-vXu.
Proof

This was already geometrically established in the above remarks concerning the
RHR. To show it algebraically, note that:

i k i ] Kk
UXV=lu, u, u, VXU=v, v, v,
v, v, Vv u, u, u

x y z X y z

Swapping any two rows/collums of a matrix will change the sign of its
determinant, hence: u Xv = —v Xu

Property 2: ii x(v +w)= (i xv)+ (@ xw) (distributivity)

~ A

(uxvz —v.u, )j + (uxvy —quy)]g]

+ [(uywZ —w,u, )f - (uxwx —w,u, )} + (uxwy —wu, )12]

jokl DTk
u, u|+u, u, ou, = (i x V) + (i x )
W7

Property 3: c(ii xv)=(cii)xv =i x(c¥)  (for any scalar c)

Proof : Multiplying the determinant of a matrix by any constant ¢ is equivalent to
taking the determinant of the matrix in which ¢ is multiplied across by any of its
row/columns. Le.:

12

A

J



e Property 4: (6X\7)= 0=vx0
Proof: Any matrix with all zeros for any of its rows or columns will produce a zero
determninant

e Property 5: (¥ xv)= 0
Proof : Though this was already geoemetrically established via the RHR above,
algebraically this property is obtained because any determinant of a matrix with two

equal rows/columns will =0

e Property 6: ii-(Vxw)=(ii x¥V)-w
ik

Proof: ﬁ'(VXvT/)z(uxf+uyj+uzlg)' v, v |=lv, v, v

w,oow,

vx
WX

i j k w,
Exv) w=|u, u, u, '(le +wy]+wzk): u, u, u,
v, V. v,

1%

X

Now, the second matrix is an even permutation of the first matrix. That is to say, by
an even number of exchanges of rows (or columns) one can derive one from the
other. Notice the second matrix is obtained by first swapping row 1 with row 2, and
then swapping row 3 with row 1. Determinants of matrices which are even

permutations of one another are the same, hence:

u, l/ty uz w, Wy WZ
i-Gxw)=v, v, v|=lu, wu, u|=@x7) W
w2 o w,w v, Vv %

y Z X y Z

As discussed in Thm 14.3 (p. 800), the above is a triple scalar product, representing the
volume of a parallepiped spanned by the three vectors u,v,w. As shown also (Thm 14.2)

, where 6 is the angle subtended by the two vectors

i v]| = J|v}sin &

13



e Example: # 55, §13.1

i == 5.+ = 2.5 5

A

.'.ﬁ=uu=u(cosaf+sin0§) (cos [ +sinZ J):T(""J) uxf+uy}

S}

iV =(w+v)i+v)=(u +v)(cos/3f+ sin,B}')= ﬁ(cos§f+ sin%})z \/E(Of+ }):
(u, +vx)f+(uy +vy)]A'
Hence equating the x and y components:

u =g,u +v, =0=>v, =-u =—@

X X X X X

_ 2 _ _ _ 2
l/ly —T,l/ly+vy —\/§:>vy —\/E—l/ly =75

ni=viev,j=L(i+])

e Example: # 29, §13.2

i=(2,-3)=2i-3] v=(32)=3i+2]

_ Ve (2:3-3-2),2 A2 =
a.) Projﬁu— {”v” JV:(WJ(3Z+2]):O

b.)ii, =i —i, =ii=2i—3]

e Example: # 38, §13.2

@ 3" = -v) (i -v)=(@-a)--a)- @ v)+ )
By commutativity of dot product and Property 2:
i =" = (@ -@)-26i-5)+ G- ¥)= ]| -2 v)+ ]

e Example: # 39, §13.2

|L7 . \7| = H|L7||||\7||cos 9‘ = ||L7||||\7|||cos 0| . However, since: 0 < |c0s 0| <1



Hence [i -] = ja]|¥]|cos éf < |

e Example: # 40, §13.2

i+ = G +9)- G +9) = i)+ 260 -5)+ G- 5) =i +20@ - 5)+ ]
However, as shown in #39 above: 1 -v < |L7 . \7| < ||L7||||\7||

Hence:
i+ =il + 2 )+ o] < [l + 205 + 5" = ] + [

s+ 7] <] + v

e Example: # 73, §14.1

i=(2-31)=2{-3]+k P=(-1-1-1)=--j—k

cosf = u-v = —2+3-1 = 0 =0= @ =arccos0=Z%,
[lli] V22 432 ez arr Va2 :

perpendicular

e Example: # 74, §14.1

U= <cos 0,sin 6’,—1> =cosé +sin @A —k v = <sin 6,—cos 6’,0> =sinéi —cos @A
u-v cos@sin@ —sinf@cosd—0 0

cos¥= = =—=0=>¢=arccos0=%
li@l7]  Veos? @ +sin>@+12sin>@+cos’ 8 2 ?

Perpendicular

e Example: # 79, §14.1

i=(5-43)=5-4]+3k v=(100)=1
Proj,ii = i, {ﬁj}a—(5‘2+0j;—5;—<5oo>
[¥1 :
i, =ii—iiy, = (57 — 4] +3k)- 57 = -4+ 3k = (0.-43)

e Example: # 81, §14.1

15



u 1 u 2
cosa:—x:—:%,cosﬁ:_y:—:%,
b V22422 W™z
u 2
cosy=—-=—ro-—-_=12
e V222422

1?+22+2°

3? :

cos’ +cos’ B+cos’ y=

e Example: # 13, §14.2

i=(-32-5)=-31+2]-5k V=(1-34)=10-3]+%k

i j k
UXV=|u, u, u =(uxvy—uyvx)k—(uxv —u vx)]+(uyv —u vy)l
v, v, v
y
_ (9 A 3 ,5\3 L_15Y 7t _ 2%, 570 Nt _1nut,.54_ 71 11 5
=G+ + G- =i -2 +3k=-30 -4 +3k=(-3-14.3)

Hence u is orthogonal to u xXv

s (= =\_[1fr_ 3%, 177 Y 1S 5p ) 71433 4 5 _ —71+66+5 _
7@ +7)=[F -2 f+ k) C B w4 sk)= D4 B4 g =Tmes 0

Hence v is orthogonal to u X v

e Example: #17, 8§14.2

i=(32-1)=3+2]-k F=(123) =1 +2]+3k
]k

ixi=3 2 —1 =(6-2)k-O0+1)j+(6+2)i =8 +10] + 4k
1 2 3

Area: [[ii x| = /8 +10? +4? =180 =+/36-5 = 6v/5
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