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Abstract 

 
Sheet metal bending press-brakes can be setup to produce more than one type of part without 
requiring a setup change. To exploit this flexibility, we need setup planning techniques so that 
press-brake setups can be shared among many different parts. In this paper, we describe 
algorithms for partitioning a given set of parts into setup compatible part families that can be 
produced on the same setup. First, we present a greedy algorithm to form part family using a 
bottom-up approach that makes use of the mixed integer linear programming formulation for 
generating shared setups for each part family. Second, we present a mixed integer linear 
programming formulation to generate a shared setup for a given set of parts if such a setup exists. 
We expect that by producing many different types of parts on the same setup, we can significantly 
reduce the number of setup operations, improve machine tool utilization and enable cost-effective 
small-batch manufacturing. 
 

1. Introduction 
 
Sheet metal bending is a metal forming process wherein a sheet metal blank is bent using tools comprising one or 
more pairs of punches and dies. Sheet metal parts are some of the most important semi-finished products. A few 
among the most common applications of sheet metal parts are as automobile and aircraft panels, housings, cabinets 
etc. Customization of sheet metal parts to produce parts of varying configurations and sizes is a very common 
occurrence in a sheet metal fabrication scenario.  
 
In small batch manufacturing, one of the biggest problems is frequent setup change that reduces the overall 
throughput of the manufacturing facility. To enable cost-effective small-batch manufacturing, we need new 
techniques to reduce the number of setup changes. In sheet metal bending, the time taken for the actual process of 
bending is significantly less compared to the time taken for setup and tool changes. Sheet metal bending press-
brakes offer setup flexibility by allowing production of more than one type of part on the same setup.  
 
Gupta and Bourne [Gupt99a], have developed a setup planning algorithm that takes a set of parts and generates a 
shared setup capable of producing every part in the given set of parts, if it is feasible. However, not every pair of 
sheet metal parts is setup compatible. Therefore, if we are given a large set of parts, it is unlikely that all parts can be 
produced on the same setup. The idea of grouping parts into families based on a similarity metric is the central 
theme behind the group technology (GT) research [Snea89, Gryn94, Groo96]. The notion of GT has been used to 
create better shop-floor layout by identifying parts with similar process plans and producing them on the same 
production cell. In GT-based cellular manufacturing approaches, similarity analysis is done by identifying use of 
common machines in the process plans. Similar parts are grouped into part families and production cells are created 
to produce these part families. 
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Conceptually, the idea of forming setup compatible part families is similar to the idea of part family formation based 
on GT. However, our approach is different from GT-based approaches. The major driving force behind GT-based 
cellular manufacturing was the reduction of material handling time (part movement between machines). In contrast 
to GT-based approaches, we focus on exploiting commonality of machine setups and reduce the setup time by 
creating shared setups. In most GT-based systems, the part family formation was based either on geometric 
similarity or on the machines on which the parts would be produced. The following problems make it difficult to use 
a geometric similarity based approach to solve this problem. First, setup compatibility of sheet metal parts does not 
necessarily follow geometric similarity. Two geometrically similar parts may not necessarily be compatible from 
setup point of view. Consider the two parts shown in Figure 1. These parts are geometrically similar but setup 
incompatible with a press brake of length 1500. On the other hand, two geometrically dissimilar parts can share a 
setup. Consider the two parts shown in Figure 2. These parts are geometrically dissimilar but setup compatible. 
Second, setup compatibility of sheet metal parts do not obey transitivity, i.e., if three parts A, B and C considered 
pair-wise are setup compatible, it does not imply A, B and C can simultaneously share a setup. Consider the three 
parts shown in Figure 3. If we had a press-brake of length 1500, we could generate a setup for each pair of parts but 
it would not be possible to accommodate the tooling stages required for all the three parts simultaneously on a single 
setup. Because of these two reasons existing GT approaches for part family formation based on shape similarity of 
parts or similarity in process plans cannot be directly applied to the sheet metal bending part family formation 
problem.  
 
This paper describes the following two new algorithms: 
 
1. A part family formation algorithm: In this paper, we show that the part family formation problem is NP hard by 

reducing it to the bin packing problem. We present a greedy algorithm to generate part families using a bottom-
up approach. This algorithm makes use of the mixed integer linear programming formulation (described below) 
for generating setup for each part family. 

 
2. A mixed integer programming based single setup generation algorithm: Gupta and Bourne have developed a 

greedy search approach and used shortest path formulation to identify compatible bends [Gupt99a]. The 
approach described in the current paper is based on mixed integer programming and offers the following two 
advantages over the earlier approach. First, for moderate sized problems (30 total bends and 5 tooling stages) it 
finds the optimal setups as opposed to approximate solutions generated by earlier approach. Second, as opposed 
to only minimizing the number of stages, it also allows us to minimize the total stage length and allows us to 
place the stages on a press brake such that the press brake length used up is minimal. We can therefore 
accommodate greater number of parts in a single setup. 

 
2. Related Work 
 
2.1 Group Technology based Part Family Formation 
 
The most prominent among the techniques for grouping of parts is Group Technology. Work in the area of GT 
applied to part family formation can be broadly identified to fall under the following two categories. 

 
• Classification: Part family formation based on similarity in part design. Henderson and Musti [Hend88], Chen 

[Chen89], Ames [Ames91] and Srikantappa and Crawford [Srik94] have all developed schemes for automatic 
GT code generation from the solid model of the parts. Neural networks have also been used in GT systems for 
classifying and coding parts. Kaparthi and Suresh [Kapa91] and Chung and Kusiak [Chun94] have developed 
scheme to group parts based on the shape similarity attribute using neural networks. 
     

• Production Flow Analysis: Generating part families and machine cells for cellular manufacturing. 
Shiko[Shik92], Chen and Guerrero [Chen92] and Seifoddini and Tjahjana [Seif99] describe clustering based 
methods for grouping parts and machines based upon the similarity of physical attributes or the operations 
needed by the product. Various techniques have been developed for clustering namely, matrix based 
methods[Seif94], mathematical programming, graph theory based methods, pattern recognition techniques, 
fuzzy logic based methods, neural network based methods.  
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These approaches were developed with the objective of creating better shop floor layouts by grouping parts with 
similar process plans. Parts requiring a similar sequence of operations comprised a family. These methods aim to 
reduce material movement on the shop floor, and not necessarily the number of tooling-setup changes, which is 
more important in small batch manufacturing.  

 
2.2 Geometric Reasoning based Part Family Formation 
 
In geometric reasoning approaches, the geometric properties of solid and CAD models are used as a basis for 
classifying designs. These schemes work by either comparing the constructive solid geometry (CSG) trees of the 
solids or by performing a pair-wise matching of their boundary representations. Joshi and Chang [Josh88], Marefat 
and Kashyap [Mare90] and Sun et al. [Sun95] have developed graph-based heuristics for classifying designs. 
Elinson et al. [Elin97] and Regli et al. [Regl99] describe algorithms to compare graphs of the solid models of the 
parts. Shape similarity assessment based grouping of parts has a limitation when applied to the sheet metal domain 
because parts that are dissimilar in shape can sometime be produced with using a common press-brake setup but 
parts with similar shape cannot necessarily be produced on the same press-brake setup.  

 
2.3 Process Planning for Sheet Metal Bending 
 
Process planning for sheet metal bending involves a series of activities, which include selection of the tool, blank 
length calculation, calculation of bending forces, tolerance verification based on tool and part deformations, 
determination of a bending sequence and setup planning. For small and medium lot sizes, the set up time is one of 
the most important factors influencing the time in process and thereby influencing the cost effectiveness of this 
manufacturing stage. Process plan optimization is required in order to minimize the total production time. Past work 
in this area can be broadly classified into two categories, namely, single part planning and multi-part planning. De 
Vin et al [Dvin94], Radin and Shiptalni [Radi96] and Gupta et al. [Gupt98, Gupt99b] have developed automated 
process planning systems that generate plans for one part at a time.  Their work does not address multi-part 
planning. 

 
Gupta and Bourne [Gupt99a] described a greedy algorithm for generating shared press brake setups. Their algorithm 
tends to minimize the number of stages but not necessarily the gaps between the adjacent stages. As a result it may 
happen that the algorithm cannot find a setup that can fit within the specified press-brake length. The algorithm 
described in this paper for generating shared setups tends to minimize the setup length by minimizing the gaps 
between adjacent stages and therefore generates setups for certain cases for which the greedy algorithm of Gupta 
and Bourne would have failed.  
 
Alva and Gupta [Alva01] described a mixed integer programming based methodology for automatically designing 
shapes of bending punches for bending multiple parts in a single setup. This approach does not perform part family 
formation. Our paper describes a new approach for forming families of sheet metal parts. 

 
3. Problem Formulation 
 
3.1 Definitions 
 
• Bend: A bend is a geometric feature associated with a given part that is created by straining a flat sheet of metal 

by moving it around a straight axis, which lies in a neutral plane. Figure 4 shows a flat sheet of metal, which 
needs to be bent along the dotted lines to create the final part, also shown in Figure 4. The dotted lines represent 
the bend lines.  For a detailed description of sheet-metal bending processes, please refer [Hanc89, Amad81, 
Wick83].  

 
• Press-brake: A machine having a stationary bed and a slide, which has a reciprocating motion to and away from 

the bed surface and at right angles to it, with the slide being guided in the frame of the machine to give a 
definite path of motion. Figure 5 shows a press-brake setup with two stages. 

 
• Punch and Die: It is a tool pair for producing bends in a press. The die is the supporting part and the punch is 

the actuating part. Figure 5 shows the profile of a punch-die pair.  
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• Stage: The term stage actually refers to a tooling stage that comprises of a punch and die tool pair mounted on 

the press brake. There may be several of them mounted on a press brake rail adjacent to each other. A stage is 
characterized by its length and it’s location on a press brake. In practice, the tooling is manufactured in 
segments of certain fixed dimension. For example the die segments may be of length 5mm, 6mm, 7mm, 8mm, 
9mm 10mm, 15mm, 20 mm etc. When a tooling of an arbitrary length is required, it can be realized by placing 
multiple shorter segments adjacent to each other. Let us assume the tooling is readily available in the above 
dimensions only and we require a stage of length 18mm. We could place two segments of length 10mm and 
8mm adjacent to each other to make up such a stage. If a length is needed that cannot be realized using these 
smaller segments of tooling then a small gap is used between the segments without affecting the bending 
operation. For example if stage length of 18.5mm is required, then a gap of 0.5mm can be used between 
segments of 10mm and 8mm to produce the required stage length. This allows us to treat the stage length as a 
continuous variable in our formulation. 

 
• Operation Sequences: An operation sequence is an ordered set of bending operations. For example, [b6, b3, b2, 

b5, b1, b4] is an operation sequence for the part shown in Figure 4. 
 
• Compatibility of a bend with a stage:  A bend is said to be compatible to a stage if there exists a position on the 

stage such that the entire length of the bend can be accommodated without interference of any portion of the 
part other than the bend line with the stage. Gupta and Bourne [Gupt99a] describe the conditions that have to be 
met for a bend to be compatible to a stage in a setup. The conditions are below. 

1. A stage should be such that its length should not exceed the sum of the length of the bend and the gaps on 
either side of the bend. 

2. A bend should be placed on the stage such that there is no part-tool collision on either side of the bend. 

3. A bend should be placed on the stage such that there is no part-tool collision with either of the adjacent 
stages.  

 
• Compatibility of Two Bending Operations: Two bending operations are said to be compatible with each other if 

there exists a common stage for performing both the operations i.e., each of the bends should be compatible to a 
common stage. This would require that the each of the two bending operations satisfy the conditions stated in 
the previous definition. This is stated mathematically as follows: 
 
Let i and j denote two bending operations and Li , Lj denote the lengths of the bends. Let Gli, Gri denote the gaps 
for the bend i on both sides and Glj, Grj denote the gaps for the bend j. The minimum length of the stage 
required for performing both bends on the same stage would be equal to the length corresponding to the longer 
of the two bends. Let us denote it with S. We require that for each of the bends, the stage length S satisfy, 

Gri+ Gli + Li  ≥ S ≥ Li                  (3.1) 

Grj+ Glj + Lj  ≥ S ≥ Lj                    (3.2) 

Let qi denote the distance to the left end of the ith bend from the left end of the stage and qj denote the distance 
to the left end of the jth bend from the left end of the stage. For the bends to be compatible to the same stage, qi 
and qj should satisfy, 

S - Gri – Li ≤ qi ≤ Gli                (3.3) 

S - Grj – Lj ≤ qj ≤ Glj                (3.4) 

If there exists an S that satisfies the equations (3.1) and (3.2), and we can find qi and qj that satisfy (3.3) and 
(3.4) respectively, then the two bending operations are considered compatible. 

 
• Compatibility of n Bending Operations: If a set of n bending operations can be performed on the same stage 

they are considered to be compatible. An important property of bends is explained below 
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If a bend b1 is compatible with bend b2 and if bend b2 is compatible with bend b3, then it does not imply that 
bend b1 and bend b3 are compatible, i.e., bending operations are not transitive in nature. In Figure 6, the bends 
b1 and b2 are compatible and bends b2 and b3 are compatible but bends b1 and b3 are not compatible. This is 
because if we were to choose a stage of length 75 to perform b2 and b3, there is no position to place the first 
bend without interference with the left adjacent or right adjacent edges. This shows that compatibility between 
bending operations is non-transitive. 
 

• Feasibility of a stage on a press brake: By the feasibility of a stage on a press brake we mean,  

 The stage should be accommodated completely within the press-brake. 

 If multiple stages exist then it should be possible to place each stage on the press brake such that for every 
bending operation assigned to that stage, there should be no overlap of any portion of the part with any 
other stage.  

 
• Setup Constraints: Any feasible arrangement of tools (stages) on a press brake comprises a setup. The 

conditions that must be met by the tooling stages namely, the length restrictions on the stages and the required 
gaps between the tooling stages for every bending operation assigned to one of the stages to be feasible, 
collectively constitute the setup constraints. For a given stage, these constraints are [Gupt99a] (refer Figure 7): 

Gr + Gl + L  ≥ S  ≥ L                    (3.5) 

q ≤ Gl                  (3.6) 

Gr ≥  S - q - L                 (3.7) 

Sl ≤  q + Dl                     (3.8) 

Sr ≤  S - q - L + Dr                  (3.9) 

The first condition ensures that the stage fits within the gaps around each of the bends assigned to it. The second 
and third conditions ensure that there is no part-stage collision on either side of the bend. The fourth and fifth 
conditions ensure that there is no part collision with adjacent stages. 

 
3.2 Problem Statement  
 
Input: A set of parts and an operation sequence for every part. 
 
Goal:  Minimize the number of setups (i.e., minimize the number of part families). Mathematically this can be stated 
as follows. Let the set F = {1, 2, . . N} denote a set of parts. Let Fi ⊆ F, denote a subset, which is a family of parts. 
The goal is to find a set, S ={F1, F2, . . Fk}, such that, 

• Cardinality of S is minimum 

• ∪ Fi = F, i ∈ {1, 2, . . k}  

• Fi ∩ Fj = Φ, ∀  i, j ∈ {1, 2, . . k}  and i ≠ j   

Output: A set of part families and a shared setup for each part family. 
 
Assumptions: 

1. Operation sequence for each part is given2.    

2. The type of tool required for each bending operation is known.  

3. It is possible to make each part in a single setup. 
 
                                                           
2 Material handling considerations and tolerances play a major role in determining operation sequence for a part. We 
assume that operation sequence for each part has been generated using a process planner. Representative process 
planners that have capabilities for generating operation sequences are described in [Dvin94, Radi96, Gupt98]. 
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3.3 Overview of Approach 
 
The part family formation problem is solved using a greedy algorithm described in Section 4. The greedy algorithm 
works by merging a pair of part families into a single family at each step. The candidate pair of families for merging 
is chosen based on their setup compatibility. Once a potential part family is identified, the feasibility of a shared 
setup for the part family is determined using a mixed integer programming based approach described in Section 5. If 
a shared setup exists, the merging that resulted in the part family is considered acceptable otherwise it is discarded.  
   
4. Part Family Formation 
 
The goal of the part family formation problem is to divide the given set of parts into minimum number of part 
families such that all parts in a family can share a setup. Since we have shown the problem to be NP-Hard (please 
refer to Appendix A), searching an optimal solution might be impractical.  We describe a greedy algorithm for 
generating part families. The greedy algorithm uses a bottom-up approach in which initially every part is assigned to 
a family of its own. The algorithm then repeatedly merges a pair of part families into a single larger family. This is 
done until the families are not considered to be mergeable any further. Section 4.1 describes two metrics that have 
been developed to measure the setup compatibility of a pair of part families. Section 4.2 describes the greedy 
algorithm.  

 
4.1 Quantifying Compatibility 
 
Techniques applied by GT based approaches for measuring compatibility cannot be applied because of two main 
reasons. First, setup compatibility of sheet metal parts does not follow geometric similarity and second, setup 
compatibility of sheet metal parts is not transitive. We describe two new metrics to quantify setup compatibility 
between a pair of parts or part families.  

 
1. Stage Compatibility Coefficient (Cs): This coefficient measures the compatibility between two part families 
based on the number of tooling stages that can be shared by two families. This can be computed easily without 
explicitly solving the setup constraints. The pair of families that has the largest stage compatibility coefficient is 
considered the best candidate pair for merging. It is defined as follows. Let, NA and NB denote the number of stages 
required to generate individual setups for families A and B respectively and NAB, the number of stages required to 
generate a shared setup for A and B. NA , NB and NAB can be computed using the algorithm ComputeNumberOfStages 
described in Section 5.4 

• if, NAB = NA+ NB,  then Cs = 0 (i.e., no common stage) 

• if, NAB = NA or NAB = NB, then Cs = 1 (i.e., all stages compatible) 

• otherwise, Cs = min( NA/ NAB , NB /NAB )  

 
2. Setup Length Compatibility Coefficient (Cl): This coefficient measures the compatibility between two part 
families by comparing the length of the shared setup with the lengths of the individual setups of each family. Since it 
requires the length of the shared setup, this coefficient cannot be determined without generating a shared setup for 
the pair of families by executing the procedure described in Section 6. Since this involves solving the mixed integer 
program it is computationally intensive. Therefore this coefficient is computed only when more the largest value of 
the stage compatibility coefficient is non-unique. It is defined as follows. Let, LA and LB denote the setup length for 
families A and B respectively and LAB, denote the shared setup length for family A and B considered together. LA , LB 
and LAB can be computed by using the procedure GenerateSetup described in Section 5. 

• if, LAB = LA or LAB = LB, then Cl = 1 (i.e., highly compatible) 

• otherwise, Cl = min( LA/ LAB , LB /LAB )  
Both the coefficients take values between 0 and 1. A higher value indicates greater compatibility. 
 
4.2 Greedy Algorithm for Forming Part Families 
 

 6



The greedy algorithm is a bottom-up approach of merging smaller part families to form larger families. This 
algorithm initially creates single-part families by assigning each part to its own family. The algorithm then at each 
step merges a pair of families into a single family and deletes the constituent families from the existing set of 
families. The pair of families that is merged is determined by choosing the pair with highest compatibility. The 
algorithm terminates when the largest stage compatibility coefficient between all pairs of part families is less than a 
cutoff value, Cutoff. This was value can be set by user or chosen to be zero (the minimum possible value of Cs). The 
algorithm is described below.  

1. Initialize a set of families, Family-Set, by assigning each part, to its own family, Fi. 

2. Update stage compatibility coefficient, Cs(Fi , Fj) for every pair of families in Family-Set.  

3. If the maximum value of Cs, among all pairs in Family-Set, namely, Cs
max is less than Cutoff, then Stop. 

4. If Cs
max is unique, (let us say this corresponds to the pair Fi, Fj) 

• If a shared setup is feasible for the pair Fi, Fj, go to Step 9. (To compute the feasibility of a shared setup, 
create a single setup design problem and execute the procedure GenerateSetup. The algorithm is described 
in Section 5). 

• If a shared setup is not feasible, set Cs(Fi , Fj) = 0, go to Step 3. 

5. If Cs
max is not unique, form the set of family pairs Max-Compatibility-Set that have the same Cs, given by Cs

max.  

6. For every pair of families in Max-Compatibility-Set, compute Cl, the setup length compatibility coefficient. 

7. If Cl
max < Cutoff, set Cs(Fi , Fj) = 0, Go to Step 3. 

8. If Cl
max, the maximum value of Cl among all such pairs is unique, (let us say this corresponds to the pair Fi, Fj), 

go to Step 10.  

9. If Cl
max is not unique i.e., multiple pairs of families have the same Cl , choose one such family pair from the set 

at random. Let us say this corresponds to the pair Fi, Fj. 

10. Merge Fi and  Fj  to form the merged family F. 

11. Add F to Family-Set. 

12. Remove Fi , Fj from Family-Set, go to Step 2. 

13. Perform post processing using the post-processing algorithm described in Section 4.3. 
 
4.3 Post-Processing  
 
Post processing involves a greedy concatenation of the setups of the part families. Two part families are merged 
depending on the availability of space on their press brake setups. All the stages belonging to one setup are placed 
beyond the last stage of the other setup. This is done to reduce the total number of setups. Reduction in the total 
number of part families and thereby the number of setups is desirable because with every setup change there is an 
associated cost, which is constant irrespective of the tool setup time. Therefore concatenating setups helps to reduce 
the total time involved in setup changes. Concatenation of setups is also done using a greedy heuristic.  

1. Sort Family-Set, in increasing order of length of setup. 

2. Initialize Family-Pair-Set, which is a set of all possible pairings of the part families. 

3. Choose from Family-Pair-Set, a pair of families, say, Fi, Fj with setup lengths, Li, Lj respectively, such that Li + 
Lj is minimum. 

4. If Li + Lj > Length of Press-Brake, Stop. 

Else, 

• Evaluate feasibility of shared setup for (Fi, Fj) (To compute the feasibility of a shared setup, create a single 
setup design problem and execute the procedure GenerateSetup. The algorithm is described in Section 5). 

• If setup is feasible,  
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 MERGE (Fi, Fj). 

 Update Family-Set. 

 If number of families equals 1, then Stop. 

 Else, go to Step 1. 

• If setup is not feasible, 

 Remove the pair Fi, Fj from Family-Pair-Set. 

 If Family-Pair-Set is empty, Stop.  

 Else, choose next pair in Family-Set, go to Step 3. 
 
4.4 Computational Analysis of Greedy Algorithm 
 
The computation of the stage compatibility coefficient (Step 2 of the greedy algorithm) for every pair of part 
families requires performing O(k2) compatibility computations, where k is the number of part families at any stage 
of part family formation. The number of part families is largest at the initial stage when every part is assigned to a 
family of its own. The step involving the computation of the length compatibility coefficient (Step 6 of the greedy 
algorithm) could also in the worst case be executed k2 times, when the stage compatibility coefficient for every pair 
of part family is identical. If n were to be the total number of parts, the first time Step 2 has n2 computations, 
followed by (n-1)2 at the next step.  After k mergings have taken place, in the worst case when all mergings have 
resulted in a single family this step is executed (n-k)2 times. Therefore if this is the case till only one family remains, 
the total number of such computations is Σ k2 = O(n3). 
 
It should be noted however that the greedy algorithm includes the solution of a mixed integer program as part of its 
steps. It is well known that the solution to the mixed integer program has a worst-case complexity, which is 
exponential. However, when we consider the complexity of the algorithm from the point of view of number of times 
each step is being executed, it can be considered to be O(n3) in terms of numbers of call to GenerateSetup. Where n 
is the number of parts. 
 
5. Generating Shared Setups 
 
This section describes the procedure called GenerateSetup( SetofParts, Lmax ), where SetofParts is a set of parts and 
Lmax, is the press brake length. This procedure returns either a setup plan, if one is feasible or failure. This procedure 
is implemented as a mixed integer linear program. The basic idea is to first generate the constraints imposed on the 
setup due to the geometry of the semi-finished parts. These constraints are then formulated as a mixed integer linear 
program. The mixed integer program is finally solved to determine if a shared setup is feasible. For details on mixed 
integer programming refer Integer Programming [Wols98]. 

 
5.1 Identifying the Variables 
 
Let I denote a set of bends {1 . . . N} and J denote a set of tooling stages {1 . . . M}, i∈ I, j∈ J. 
 
• Binary Variables: We introduce these variables into our formulation to determine the assignment of a bend to a 

tooling stage. If we were to denote it by BBi,j, then a  value of 1 would indicate that a bend i is assigned to stage j 
and a value of 0 would imply otherwise.  

 
• Integer Variables: S

jT , the type of punch for the jth stage. This is an integral value and denotes the punch type 
associated with a tooling stage.  
 

• Continuous Variables: The continuous variables in the model are listed below. 

 Sj , Length of the jth stage 
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 Pj, Position of the left end of  the jth stage with respect to the left end of the press brake 

 qi, Position of the left end of the ith bend with respect to the left end of the stage to which it is assigned  
 

• Part Geometry Dependent Constants Appearing in Constraints: These are the parameters Li , Gli, Gri, Sli, Sri 
(refer Figure 7) that are associated with the ith bend. These are extracted using the approach described in 
[Gupt99a]. The type of punch for each bending operation is given. Let denote the type of punch required for 
the i

b
iT

th bend. This is an integral quantity. The other constants are, Nmax-stage, the maximum number of stages 
permissible in a setup, and Lmax, length of the press brake. 
 

5.2 Defining the Objective Function 
 
The goal is to obtain a setup of minimum length. To minimize the total press brake length, we need to position 
stages such that gaps are minimized. If we minimize the space taken up till the last utilized stage, the total press 
brake length would be optimal. This can be expressed as minimize PM  + SM, where the subscript M denotes the stage 
that is positioned at the end. 

 
This objective function is not complete, as this does not ensure that the individual stage lengths are minimal i.e., 
each tooling stage is not longer than the longest bending operation that may be performed on it. This is because we 
could have each stage except the last stage, longer than minimum required as long as they fit into the gaps around 
the bends without affecting the positions of the adjacent stages.  If for every stage we can find S, satisfying, S ≤ Gri + 
Gli + Li, such that, for every bend i assigned to that stage, Dl and Dr are unaffected, we could have stages which are 
longer without affecting the value of the objective function. Therefore we will need to, minimize Sj, for each j ∈ J, 
so that each stage length is of optimal length. We combine the above two objectives into a single objective function 
as, , ,  M j

j
Minimize P S j J+∑ ∈ Since the two terms in the objective function are not conflicting in nature, the 

objective function would be optimal when each of the terms is optimal. Therefore weighting the terms is not 
necessary. 

 
5.3 Generating and Conditioning the Constraints 
 
The setup constraints (defined in Section 3) are the physical constraints, which ensure that the arrangement of stages 
and the assignment of bends to respective stages are feasible. In addition certain other constraints are imposed. 

• Each tooling stage is associated with one type of punch. Since multiple bending operations might be assigned to 
a single stage, it is necessary to ensure that all bends not only have compatible gap constraints but they also 
have compatible punch types. The type of punch, S

jT  associated with the  jth stage should be equal to , the 
punch type for the  i

b
iT

th bend, if the  ith bend is assigned to the jth stage. This can be expressed as the following 
constraint. . This is a conditional constraint because it holds only if . This is 
modified into a standard linear constraint (Please see conditions 11a and 11b below).  

,,  1S b
j i i jT T if B= = , 1i jB =

• The length of the press brake is fixed and it should be possible to fit in all the stages within this length. For 
example, if Plast-stage and Slast-stage were to denote the position and the length of the last utilized stage and Lmax 

were to denote the total length of the press brake, then, Plast-stage + Slast-stage ≤ Lmax. 

• The total number of stages that can be fit within a press brake is fixed and the shared setup can at the most 
contain this number of stages. This is also a practical restriction because part loading and unloading can become 
cumbersome if the setup is very complicated. So we limit the maximum number of stages. This is denoted as 
Nmax-stages. 

We now describe with an example how to express these constraints so that they can be expressed as linear equations. 
We need to identify a set of stage lengths, Sj and an assignment for each bend to exactly one stage, BBi,j.  If we were 
to consider the constraints generated by all the bends by their assignment to given stage j, as a result of the first 
condition, then, Gri + Gli + Li ≥ Sj ≥ Li. But we need to impose limits on the values of j and i because it is not 
necessary that all the bends be compatible with every stage. We need to impose restrictions on a stage only due to 
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the bends, which would be assigned to that stage. So we modify the constraints. This is called conditioning of the 
constraints. Here is an example.  

 
Consider the constraint, Gri+ Gli + Li  ≥ Sj  ≥ Li. To determine the length of a stage we would like to consider the 
limits that would be imposed only by the bends that would be associated with that stage and hence for a given stage 
j, i should correspond to the bends assigned to the jth stage. So we modify the constraint by multiplying Sj by a 
binary variable B Bi,j which determines if the bend is assigned to the stage. The expression now becomes, Gri+ Gli + Li  
≥  Bi,j Sj  ≥ Li. But this has resulted in the constraint becoming non-linear because we are multiplying two variables, 
Bi,jB  and Sj. To have a linear structure, the non-linearity should to be eliminated. Gri, Gli, Li are all constants in the 
above expression. So if we could multiply these with a variable the expression would still remain linear. Let us 
consider the two inequalities in the above expression individually.        
 
Consider, Sj ≥ Li. Let us multiply the right hand side by BBi,j and rewrite as, Sj ≥ Bi,jB  Li.  If, the ith bend is not assigned 
to the jth stage BBi,j  would be zero and the right hand side of the expression would evaluate to zero. This would mean 
that in that case, Sj ≥ 0, which is true because the stage lengths are non-negative. 

 
Now consider Gri+ Gli +Li ≥  Sj. Let us multiply the left hand side by BBi,j and rewrite as, Sj ≤ Bi,j (Gri+ Gli + Li). If the 
i  bend is not assigned to the j  stage Bi,j
th th

B   would be zero and the right hand side of the expression would evaluate to 
zero. This would mean that in that case Sj ≤ 0, which is not true because the stage lengths are always non-negative. 
This should be further modified so that, when BBi,j is zero the inequality becomes trivially true. For this, we add a 
large positive value to the expression which makes the inequality hold when Bi,jB   is zero, i.e., Sj ≤ Bi,j (Gri+ Gli + Li) 
+ (1- Bi,j)γ, where, γ  is a large positive value. When BBi,j is zero, the effect of the additional term can be clearly seen. 
The first term on the right hand side vanishes and right hand side evaluates to γ and the inequality reduces to Sj ≤ γ, 
which is true because we have imposed the restriction that the stage length cannot exceed the length of the press 
brake. On the other hand, when Bi,jB  is 1, the second term evaluates to zero and the inequality reduces to Sj ≤  Gri+ Gli 
+ Li. 

 
A similar treatment to all the constraints ensures that the right set of constraints get imposed on each of the decision 
variables.  We list below upon conditioning, all the constraints in the model. For each constraint, the physical 
constraint is explained within parentheses. 

1. Sj   ≥  BBi,j Li, ∀ i ∈ I, j ∈ J (Constraint represented by Equation 3.5) 

2. Sj  ≤  Bi,j (Li+ Gri + Gli) + (1- Bi,j)γ, ∀ i ∈ I, j ∈ J (Constraint represented by Equation 3.5) 

3. qi  ≤  Gli, ∀ i ∈ I (Constraint represented by Equation 3.6) 

4. qi  ≥  Sj - BBi,j (Li + Gri) - (1- Bi,jB  )γ,∀ i ∈ I, j ∈ J (Constraint represented by Equation 3.7) 

5. Pj - Pj-1 - Sj-1  ≥ Bi,j Sli - qi  - (1- BBi,j)γ,∀ i ∈ I, j ∈ J, j ≠1 (Constraint represented by Equation 3.8) 

6. Pj+1 - Pj  ≥ BBi,j(Li+Sri)+ qi - (1- Bi,jB  )γ,∀ i ∈ I, j ∈ J,j ≠M (Constraint represented by Equation 3.9) 

7. Pj+1  ≥  Pj + Sj, ∀  j ∈ J (Adjacent stages should not overlap ) 

8. Sj ≥ qi + Bi,jLi - (1- BBi,j)γ, ∀ i ∈ I, j ∈ J (Each bend is entirely placed within a single stage) 
 

Conditions 1 and 2 ensure that a stage fits within the gaps around the bends. Conditions 3 and 4 ensure there is no 
part tool collision within the same stage. Conditions 5 and 6 ensure there is no part collision with adjacent stages. 
Condition 7 was added so that there is no overlap between successive stages. Condition 8 was added so that no part 
of the bend was beyond the stage. A few additional constraints are described below. 
 
9. Each bend is assigned to exactly one stage , i.e., 

   
 

IiB
stagesN

j
ji ∈∀=∑

−

=

,1
max

1
,
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10. Every stage to which bends are assigned should be completely within the press brake, i.e.,  
Pj  + Sj  ≤  Bi,jLMax + (1- Bi,j )γ,i ∈ I, j ∈ J, where, LMax is the length of press brake. 
 

11. A single stage in a press-brake consists of one punch-die pair. So all bending operations assigned to a particular 
stage would be performed by the same punch. All constraints described above, concern only the compatibility 
of a bending operation from the aspect of die geometry.  The physical condition that all bends assigned to a 
particular stage must have compatible punch geometry, is described below.  
Let denote the total number of punch types required for the set of bends. This is determined by looking at the 
punch types associated with each bend. It can be seen that  

T
[1.. ], [1.. ]S b

j iT T T∈ ∈ T

b

        
( )
( )

,

,

. / 1

. / 1

S b
i j j i

S b
i j j i

a B T T T

b B T T T

+ − ≤

− − ≤

When S
j iT T= , both the constraints reduce to , 1i jB ≤ . This allows ,i jB to take value of either zero or one. 

This implies that if tool type for a bend a compatible with a stage type, it can be assigned to it. When 
,S b

j iT T≠ let ( ) /S b
j iT T T α− = . It can be seen that 0 < |α| < 1, since both ,S b

j iT T are less than or equal to 

. Now the two conditions imply T , 1i jB α≤ +  and , 1i jB α≤ − . These conditions can be satisfied only if 

. Therefore, if the tool type for a bend is not compatible with a stage type, it cannot be assigned to it.  , 0i jB =
 

5.4 Solving MIP Using AMPL 
 
The solver used to solve the mixed integer program is called CPLEX, which performs a branch and bound search for 
finding the best possible solution. The time spent in the branch and bound search depends on the number of binary 
variables in the problem. The number of binary variables is equal to the product of the total number of bends and the 
number of stages that would be required for a shared setup for all the parts. The total number of bends is the sum of 
the bends across all the parts. The number of stages required is estimated using the algorithm 
ComputeNumberOfStages, which is described below. The number of stages that would be required in a shared setup 
for a set of parts can be computed as a preprocessing step, prior to the execution of mixed integer program. We 
could also instead choose this to be a value equal to the maximum number of stages that are permissible in a setup. 
The mixed integer program would indeed utilize the minimum number of stages required and the stages that are not 
utilized would be assigned zero length. However in the latter case we would be solving for more number of binary 
variables, thereby increasing the complexity of the mixed integer program unnecessarily and this is not desirable. 
The algorithm described below computes the number of stages that would be required for a set of bends denoted 
below as SetofBends. When the algorithm terminates M would represent the number of stages required. 
 
Algorithm ComputeNumberOfStages(SetofBends)  
1. M = 0  
2. Form a set SB = {BB1, B2,B … BBT}, where each BiB  = {b1,  b2, … bN},is the set of all bends with the same punch type 
3. For each BBi, i ∈ [1..T],  

3.1 If, BBi = {}, i = i+1,Go to Step 3 
3.1 Choose bmax, the longest bending operation in the set BBi
3.2 Remove bmax from B Bi
3.3 For every bend, bi in BBi

   If, bi is Compatible to bmax, remove bi from BBi
       3.4 M = M+1, Go to Step 3.1 
4.    Return M, the total number of stages. 
 
6. Implementation and Computational Experiments 
 
6.1 System Architecture  
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The greedy algorithm was implemented in C++. The mixed integer program is solved using an optimization toolkit 
called AMPL. AMPL is an algebraic modeling language for solving linear and non-linear programming problems. 
AMPL has the ability to interface with a variety of solvers depending the nature of the problem. We use a solver 
called CPLEX, which is specialized to solve mixed integer programs. The greedy algorithm interfaces with AMPL 
to generate shared setups for each part family.  Figure 8 shows a schematic diagram of the implementation 
architecture.  
 
6.2 Design of Computational Experiments 
 
We designed three different sets of experiments to evaluate our implementation. The first set comprised of 20 
experiments, each involving 10 parts. The second set comprised of 20 experiments, each involving 15 parts while 
the third comprised of 20 experiments each involving 20 parts. The parts were chosen by randomly selecting 
required number of parts from a set of 36 test parts (shown in Appendix B). All experiments were performed on 
Sun’s Ultra 10 workstation. 
 
6.3 Discussion of Results 
 
The greedy algorithm successfully generated part families and shared setups for each part family every time. Table 1 
lists the summary of the 20 experiments involving 10 parts. Table 2 lists the summary of the 20 experiments 
involving 15 parts. Table 3 lists the summary of the 20 experiments involving 20 parts. The time required by the 
greedy algorithm to generate a solution depends primarily on two factors, namely, the number of calls to AMPL and 
the time spent during calls to AMPL. The number of calls to AMPL depends on the compatibility among parts and 
the number of parts. The time spent during each call to AMPL depends on the complexity of the setup required. By 
complexity we mean the number of stages in the setup and the total number of bends   
 
Experiments involving 10 parts: The maximum time shown in Table 1 corresponds to the case in which a single part 
family with a 4-stage setup was generated. The minimum time corresponds to a case in which 3 part families were 
generated. Two part families required a single stage setup and one part family required a 2-stage setup. This required 
44 calls to AMPL. Although more part families were generated, the time required was less because of fewer number 
of calls to AMPL and the setups for part families did not require more than 2 stages.  
 

Table 1: Summary of Computational experiments involving 10 parts 

Minimum time  15.3 seconds 

Maximum time  356.8 seconds 

Average time 48.32 seconds 

Standard deviation of time 75.61 

Average number of calls to AMPL  72 

Average number of stages per setup 1.75 

 
 
Experiments involving 15 parts: The minimum time shown in Table 2 corresponds to the case in which a two part 
families were formed. One part family required 1stage and the other 2stages. This involved 131 calls to AMPL. The 
maximum time was required for the case in which one part family was formed and a 5-stage setup was generated. 
This involved 143 calls to AMPL. Since a larger of parts being considered the average number of calls to AMPL is 
higher as compared that for the experiments involving 10 parts. 
 

Table 2:  Summary of Computational experiments involving 15 parts 
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Minimum time  39.6 seconds 

Maximum time  508.8 seconds 

Average time 111.71 seconds 

Standard deviation of time 134.29 

Average number of calls to AMPL  130 

Average number of stages per setup 2.25 

 
 
Experiments involving 20 parts: The minimum time shown in Table 3 corresponds to the case in which a four part 
families were formed. Each part family required 1-stage in its setup. This involved 232 calls to AMPL. The 
maximum time was required for the case in which two part families were formed. One part family required a 4-stage 
setup and the other a 3-stage setup. This involved 310 calls to AMPL. The average number of calls to AMPL was 
higher than that for the experiments involving 15 parts. 
 

Table 3:  Summary of Computational experiments involving 20 parts 

Minimum time  51.49 seconds 

Maximum time  980.45 seconds 

Average time 184.84 seconds 

Standard deviation of time 220.67 

Average number of calls to AMPL  247 

Average number of stages per setup 2.1 

 
Experiments involving identical parts: Theoretically, the compatibility between a set of parts would be maximum 
when all the parts are identical. This was verified by performing experiments where all the parts were identical. For 
each of the three sets of experiments the numbers of calls made to AMPL were maximum for the cases in which all 
parts were identical. Three different experiments were carried out each involving 10 instances of a particular part. 
Similarly three different experiments were carried out each involving 15 instances of a particular part. Another set of 
three experiments was carried out each involving 15 instances of a particular part. The number of calls was the same 
for a given number of parts. The time required however depends on two factors. First, the complexity of the setup 
required for a part family. For example, a single-stage setup can be being generated faster compared to a two-stage 
setup. Second, the greedy algorithm performs the largest number of computations when it results in single part 
family. Therefore larger the number of parts in a family the greater is the time required.       
   

7. Conclusions 
 
This paper describes the following new results and algorithm: 
 
1. We describe a new mixed integer programming based formulation for generating shared setups. This algorithm 

presents a significant improvement over the previous work. It generates optimal setups, i.e., each setup is of 
optimal length and uses minimal number of tooling stages.  
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2. We prove the part family formation to be NP-Hard. It would therefore be practical to develop algorithms for 
generating good solutions rather than the best solution. Therefore, we describe a greedy algorithm for forming 
part families. This algorithm has been successfully used for solving up to 20-part problems.  

 
The present work has the following limitation. We generate setups for a predetermined operation sequence of every 
part. Since, the setup compatibility may vary with the operation sequence, we this approach needs to be extended to 
consider alternative bending sequences for each part.  
 
We expect that by producing many different types of parts on the same setup, we can significantly reduce the 
number of setup operations, improve machine tool utilization and enable cost-effective small-batch manufacturing. 
 
ACKNOWLEDGMENTS. This research has been supported in part by NSF grants DMI9896255 and 
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Appendix A: Proof of NP-Hardness of Sheet Metal Part Family Formation Problem 
 
Bin-Packing Problem 
 
Input: A set of n items, size for each item s1, s2…sn , a bin size b, and a positive integer K. 
 
Problem: Assign items to bins such that the sum of the item sizes in a bin does not exceed b, and the number of bins 
is minimized. 
 
Sheet Metal Part Family Formation Problem (SMPFF) 
 
Input: A set of sheet metal parts P = {P1, P2, …Pn} and the length of the press-brake Lmax. Each Pi has a set of bends 
{b1, b2,..bki}associated with it and each bend has a type of punch associated with it, which is denoted by . b

iT
 
Problem: Assign parts to press-brake setups such that each setup satisfies the setups constraints, and the total 
number of press-brake setups is minimized. 
 
Claim: Sheet Metal Part Family Formation problem is NP-Hard. 
 
Proof: To prove a problem A is NP-Hard we must show that it is at least as hard as a known NP-Hard problem, say 
B. Specifically this requires, 

 
1. A reduction, i.e., an algorithm to turn any instance of B into an instance of A. 
2. An argument that the reduction takes only polynomial-time. 
3. An argument that the reduction works, i.e., answer to the instance of A can be used to create the answer for the 

instance of B. 
 

We shall show that there is a natural reduction from the bin-packing problem to the sheet metal part family 
formation problem. It is well known that the bin-packing problem is NP-Hard [Gare79].  
 
Given any instance of bin packing, we construct an instance of SMPFF by the following transformation. For every 
item i of size si (i ∈[1..n]), construct a bending operation bi defined by the following parameters, Sli = Sri = Gli = Gri 
= 0, and Li = si. Set Lmax = b. Construct the set of parts P, with each part Pi having one bend bi, for every i ∈[1..n]. If 
any two Li’s are identical, then assign them different values of . This formulation ensures that no two bends are 
compatible and therefore cannot be assigned to same stage. This transformation can be realized for any instance of 
bin packing and it is done polynomial time. Therefore requirements 1 and 2 have been met.  

b
iT

 
Solution to SMPFF can be mapped to bin packing solution in the following manner. For each setup, generate a 
corresponding bin. Items that correspond to the parts assigned to a particular setup go into the corresponding bin. In 
this case, the minimum number of setups is equal to the minimum number of required bins. This can be shown in the 
following manner. Any solution with n setups can be translated into a solution with n bins and a solution with n bin 
can be translated into solution with n setups. Therefore the solution with the minimum number of setups will 
produce the solution with minimum number of bins.  Thus the requirement 3 has also been met.  This proves that 
SMPFF is NP-Hard. 
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