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Abstract

This paper describes algorithms for generating shapes of side actions to minimize a customizable
injection molding cost function. Given a set of undercut facets on a polyhedral part and the main
mold opening directions, our approach works in the following manner. First, we compute
candidate retraction space for every undercut facet. This space represents the set of candidate
translation vectors that can be used by the side action to completely disengage from the undercut
facet. As the next step, we generate a discrete set of feasible, non-dominated retractions. Then
we group the undercut facets into undercut regions by performing state space search over such
retractions. This search step is performed by minimizing the given molding cost function. After
identifying the undercut regions, we generate the shapes of individual side actions. We believe
that the results presented in this paper will provide the foundations for developing fully
automated software for designing side actions.

1. Introduction

Often complex injection molded parts include undercuts, patches on the part boundaries that are
not accessible along the main mold opening directions. Undercuts are molded by incorporating
side actions in the molds. Side actions are secondary mold pieces (core and cavity form the two
main mold pieces) that are removed from the part using translation directions different than the
main mold opening direction (also referred as parting direction). Use of side actions is illustrated
in Fig. 1, Fig. 2 and Fig. 3. Fig. 2 and Fig. 3 show two different types of side action mechanisms,
namely, slider and lifter respectively. Although other types of side action mechanisms such as
cam, split core etc. are possible, sliders and lifters are used most commonly in practice to deal
with external and internal undercuts respectively. Placement of gates, runners and filleting of
corners and application of draft angles have not been shown in the figures for the sake of brevity.

Fig. 2(a) and (b) depict the overall mold assembly consisting of a slider mechanism for closed
and opened conditions of the mold respectively. The slider moves along an angled pin that is
fixed to the stationary part of the mold assembly, i.e. cavity. When the mold opens, the core
moves downward taking the part along with it. Then the slider moves at an angle, thereby
retracting it horizontally away from the undercut region. Finally, ejection of the part is shown in
Fig. 2(c). Similarly, Fig. 3(a) represents closed condition of the mold assembly that contains a
lifter mechanism. Relative motion between core and cavity along the main mold opening
direction has been shown in Fig. 3(b). Once the two major mold pieces have been separated, i.e.
the mold has been opened, ejector pins attached to the lifter and the plastic part push the lifter

! E-mail address of corresponding author: skgupta@eng.umd.edu



and the part away from the core. This has been depicted in Fig. 3(c). While the part moves
vertically upwards, lifter translates horizontally as well, thereby pushing it away from the
undercut region. Eventually, the part falls down to the ground due to gravity or by an additional
stroke imparted by the attached ejector pin. Thus, we can conclude that even though actual
mechanisms are quite different in the two cases, side action requires two basic translational
motions so that the part can be ejected without intersecting with any portion of the mold
assembly. It is constrained to move either along the main mold opening direction or in a plane
perpendicular to it.

Side actions contribute to mold cost by resulting in an additional manufacturing and assembly
cost as well as by increasing the molding cycle time. Therefore, generating shapes of side actions
requires solving a complex geometric optimization problem. Different objective functions may
be needed depending upon different molding scenarios (e.g., prototyping versus large production
runs). Manually designing side actions is a challenging task and requires considerable expertise.
Automated design of side actions will significantly reduce mold design lead times. This paper
describes algorithms for generating shapes of side actions to minimize a customizable molding
cost function.

Significant progress has been made in the field of automated mold design. Chen et al. [5, 6]
linked demoldability (i.e. the problem of ejecting all the mold pieces from the mold assembly
such that they do not collide with each other and with the molded part) to a problem of partial
and complete visibility as well as global and local interference. If a surface is not completely
visible, then either it is blocked locally by parts of the same surface, or globally by other
surfaces. They reduced global accessibility of undercuts (or pockets that are the non-convex
regions of a part) to a local problem and used visibility maps. Hui and Tan [21] heuristically
generated a set of candidate parting directions that consisted of planar face normals and axes of
cylindrical faces. Based on the observation that the face normals of the openings of the cavity
solids (pockets in [5]) also define a zone of possible directions for clearing the corresponding
undercut, Hui [22] added these to the set of candidate parting directions. Since then, Yin et al.
[37] have tried to recognize undercut features for near net-shape manufactured parts by using
local freedom of sub-assemblies in directed blocking graphs. Another way of recognizing and
especially categorizing undercuts was put forward by Fu et al. [17]. A ray tracing/intersection
method for finding out release directions in injection-molded components was suggested by Lu
et al. [26]. Chen et al [8] suggested partitioning part faces into regions, consisting of generalized
pockets and convex faces, each of which can be formed by a single mold piece.

Most of these methods are incomplete in the sense that they select some typical heuristic
directions from which to verify separability and may need some form of post-processing
operations (e.g. simulation) to verify that the generated mold pieces do not interfere with the
other part faces. In order to overcome some these problems, Dhaliwal et al. [13] described exact
algorithms for computing global accessibility cones for each face of a polyhedral object. Using
these, Huang et al. [20] and Priyadarshi and Gupta [29] developed algorithms to design
sacrificial and permanent multi-piece molds respectively. Other notable work in the area of
automated multi-piece mold design includes that by Chen and Rosen [9] who used a reverse glue
approach to construct mold pieces from a given set of mold regions.



Ahn et al. [1] have given theoretically sound algorithms to test whether a part is castable along a
given direction in O(n log n) time and compute all such possible directions in O(n*) or O((n* +
m) log n) time by traversing all the vertices, edges and faces in an arrangement A(L) of great
circles and arcs of great circles that denote the critical events in a unit sphere S°. Here n is the
number of vertices in the polyhedral part and m is the combinatorial complexity of A(L).
Building on this, Elber et al. [14] have developed an algorithm based on aspect graphs to solve
the two-piece mold separability problem for general free-form shapes, represented by NURBS
surfaces. McMains and Chen [27] have determined moldability and parting directions for
polygons with curved (2D spline) edges using the concepts originally presented by Rappaport
and Rosenbloom [31]. They have built upon this idea to find the exact set of undercut-free
parting directions in O(n® log n) time for extruded parts [7]. Recently, researchers [24, 30] have
also presented new programmable graphics hardware accelerated algorithms to test the
moldability of parts and help in redesigning them by identifying and graphically displaying all
the mold-piece regions (including undercuts) and insufficient draft angles.

Due to the vast amount of published literature in the field of mold design, it is difficult to present
a detailed review of all the other work. So, we will identify some of the important work in this
field. Other work in the area of parting direction determination includes [10, 16]. Representative
work in parting surface and parting line design includes [18, 32] and [34] respectively.
Representative work in the area of undercut feature recognition was done by [35], whereas same
in the area of side core design includes [33, 36].

Thus, we can summarize that the problem of finding optimum parting direction has been studied
extensively and is very useful in casting applications. However, in case of injection molded
plastic parts such as computer mouse, keyboard etc. most designers develop part designs with a
mold opening direction in mind. This is because mold opening direction influences all aspects of
part design. Typically, plastic parts need to have relatively thin sections. Thus, their shapes are
often limited to two basic types: (i) flat shape and (ii) hollow-box (including U/T/L shaped
parts). These types are shown in Fig. 4(a) and Fig. 4(b) respectively, whereas few representative
industrial parts are shown in Fig. 4(c). In case of flat shaped parts, mold opening direction can
only be selected normal to the thickness of the part to restrict draw depth and reduce injection
and ejection pressure. Again, in case of hollow-box parts, any choice of mold opening direction
other than the one along the depth of the part leads to a large undercut. However, there are few
parts where side action design affects the choice of mold opening direction. This work currently
does not address those cases.

Therefore the main tasks in injection mold design automation are (1) determination of the main
parting line and parting surface, (2) recognition of undercuts, and (3) design of side actions.
Existing methods for the first two tasks provide satisfactory solutions. Although any well-
established method can be used to obtain the flattest parting line and surface, two additional
factors need to be taken into consideration with respect to design of side actions. First, parting
line should be created such that side actions are preferably located in the core side. This allows
us to use angled pin or the ejector system to actuate the side actions, instead of external hydraulic
or pneumatic devices. Second, at least one boundary edge of the undercut region should
preferably lie on the parting surface so that we do not have to deal with embedded side actions.
This reduces overall molding cost significantly.



However, existing methods for side action design do not always work satisfactorily (i.e. cannot
generate an optimal solution from an exhaustive set of feasible solutions) if a complex undercut
region (1) needs to be partitioned to generate side actions, or (2) has finite accessibility or (3) is
impossible to mold, thereby requiring the part to be redesigned. Fig. 5 shows three parts for
which generating side actions is challenging due to these reasons. In this paper, we present a new
algorithm to handle these types of cases. We currently only consider those types of side actions
that are initially retracted from the undercut in a direction perpendicular to the main mold
opening direction. In fact, majority of side actions used in industrial parts meet this restriction.
Typically, a single side action produces a connected undercut region. Therefore, we treat each
connected undercut region independently and generate appropriate number of side actions for
molding it.

2. Problem Formulation and Theoretical Foundations
2.1. Definitions

Retraction is defined by a point (X, y) in 2D configuration space. We are interested in two types
of retractions namely, core-retractions and cavity-retractions.

Retraction length is defined as the length of the position vector of the 2D point that defines the
corresponding retraction.

A given retraction (X, y) is a candldate core retraction for an undercut facet f, if sweeping f first

n

by a translation vector t =Xi+y j and then by another onet =1, k (where 1, is a large positive

number) does not result in any intersection with the part. Fig. 6 shows examples of a candidate
and a non-candidate core retraction.

A given retraction (X, y) is a candldate cavity retraction for an undercut facet f, if sweeping f first

N

by a translation vector t =Xi+y j and then by another onet =—I, k does not result in any
intersection with the part.

Candidate core retraction space (illustrated in Fig. 7) for an undercut facet f is the set of all
candidate core retractions for that particular facet. Candidate cavity retraction space is defined in
a similar manner.

A given retraction (x, y) is a feasible core retraction for an undercut facet f, if in addition to
being a candidate core retraction it also satisfies the condition that the swept polyhedron SP does

not intersect with the part where SP={q+at:qe f,0<a<I}and t is the minimum length
translation required to reach a point in the mold free space such that this point is accessible along
+z. Fig. 8 shows the difference between candidate and feasible core retractions for the same
undercut facet f. Feasible cavity retraction is defined analogously by imposing this additional
constraint on candidate cavity retraction.



Feasible core retraction space for an undercut facet f is the set of all feasible core retractions for
that particular facet. Similarly, feasible cavity retraction space is defined as the set of all feasible
cavity retractions for an undercut facet f.

2.2. Problem Statement

Side action set generation problem: Given a polyhedral object, its mold enclosure (bounding
box enclosing the part), main mold opening directions and undercut facets, determine the side
action(s). Side actions require two translational motions for complete disengagement from the
part. The first one is assumed to lie in a plane orthogonal to the main mold opening directions
and the second one coincides with either of the two main mold opening directions. Furthermore,
it also assumed that all the side actions can be actuated simultaneously, independent of one
another. Finally, it is assumed that the generated shapes of side actions may depend upon the
choice of main mold opening direction but not vice versa.

Input:

e A faceted (triangulated) solid geometric model of a polyhedral connected part P oriented
such that the main mold opening directions are along +z and —z respectively.

e Mold enclosure.

e n facets marked or labeled as undercuts (we use technique described in [30] to identify
undercut facets).

Output: A set of side actions, such that each set (SAS) is defined by a 4-tuple {s, F, (x, y), T}.
The first entity s represents a solid body corresponding to the side action. The second entity F
represents the set of undercut facets that will be associated with this side action. The third entity
(x, y) is a retraction and the fourth entity (an integer) describes whether this is a core or a cavity
retraction (+1 for core and -1 for cavity).

Output requirements:

e An undercut facet f must be included in one and only one side action facet set F.

All the facets marked as undercuts must be associated with one of the side action facet sets F.
(x, y) is a feasible core or cavity retraction for all facets in F based on the type defined in T.
Any two side action solids will not intersect.

The side actions generated will minimize the following objective (molding cost) function:
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where N is the cardinality of the output set, (xi,yi)is the retraction in the i element of the
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set, andy,k, C’', yare molding parameters. Derivation of this equation is shown in [3] using

approach suggested in [15, 28]. It is important to note that depending on the geographical region
and nature of the molding operation, values of these parameters will be significantly different for
the same part.

It is not required, but it is desirable to facet the part P with a sufficient degree of resolution so
that each undercut facet does not have any point on it, which is accessible along either +z or —z.
It can be done by identifying visible contour edges [23] and imprinting them on the undercut



facets to split the facets. If facet splitting leads to a polygon other than a triangle, then further
triangulation is carried out.

2.3. Overview of Approach

Candidate retraction space gives the set of retractions such that the corresponding undercut facet
can be retracted, first horizontally and then vertically, without intersecting with the part.
However, a solid body (side action) of finite dimension is also going to be attached to every
undercut facet at the time of retraction. This solid body will extend up to the core or cavity.
Thus, we also need to ensure that this solid shape never intersects with the part during the
process of retraction and that is taken care of in case of feasible retraction spaces.

Now for each undercut facet we will only compute its candidate retraction space (see Section 3
for details on this step) and not its feasible one. This space can be represented as a set of one or
more disjoint polygons in 2D translation space (AXY plane). This translation space can be
bounded on all the four sides by the mold enclosure and is termed as the retraction plane.
Eventually, we get a set of candidate retraction spaces on the retraction plane. A simple
arrangement of two candidate retraction spaces is shown in Fig. 9. However, the point to be
noted here is that feasible retraction space is a sub-set of the candidate retraction space (as
proved in Lemma 1 below). It also satisfies some other unique property which makes it possible
to compute an exhaustive and discrete set of feasible retractions from the candidate set only. This
clever strategy allows us to bypass many challenges of computing the feasible retraction spaces
without compromising on the correctness and feasibility of our solution.

Lemma 1: Feasible core (cavity) retraction space FS for an undercut facet f is a subset of the
candidate core (cavity) retraction space CS. Moreover, every element (can be 0-face, 1-face or 2-
face) p, € FS will include a portion of the boundary of a unique, corresponding element p, € CS .

Proof: We will only prove this for feasible core retraction space. The proof for feasible
cavity retraction space follows similarly. From the basic definitions, we can say that feasible
core retraction space FS for a given undercut facet f needs to satisfy another constraint in
addition to those satisfied by the candidate core retraction space CS for the same facet f.
Hence, FS must be a subset of CS. The two sets will be identical if this additional constraint
is satisfied for every retraction present in CS. For some elements of CS the corresponding
element in FS will be a null element if none of the retractions present in that element satisfies
the additional constraint. This proves the first part of the lemma.

Thus, p, will be a subset of p,. However, p must include at least some points on the
boundary of p,because if an interior point of p, satisfies the extra constraint, then there will

exist a corresponding boundary point which will also satisfy the extra constraint. This
corresponding point is the intersection of the line joining the origin to the interior point with
the boundary of p,. Now we will show that this boundary point will also satisfy the extra

constraint.



This follows from the fact that the retraction length associated with any interior point of p, is

greater than the length associated with the corresponding boundary point. Hence, if the swept
polyhedron SP for the undercut facet f does not intersect the part while undergoing a
retraction by an amount (length) specified by the interior point of p,, then it can never

intersect with the part while undergoing a smaller length retraction along the same direction
as given by the corresponding boundary point of p,. So the corresponding boundary point

must also be feasible. This proves the second part of the lemma.

The set of candidate retraction spaces can be partitioned into a set of cells and let A to be the
planar arrangement defined by them. Hence, for each cell a in A, the set of undercut facets
(termed as retractable facets) for which this cell will be a part of its corresponding candidate
retraction space is known. In other words, a subset of all retractions defined by points located
within a are feasible retractions for all the retractable facets. Since by selecting such a retraction,
we will be able to deal with a large number of retractable facets at one go, we will then perform a
search over all cells and find the optimal combination of retractions. Based on Lemma 1 and the
discussion in this paragraph, we can state Observation 1.

Observation 1: For every cell a belonging to the planar arrangement A, there exists a
corresponding cell @ (may be null (¢)) belonging to the feasible retraction spaces, such that

a’ caandb(a')nb(a)=¢, ifa’ =¢, where b(a) and b(a) are the boundaries of a' and a
respectively.

However, an attempt to explicitly generate A leads to many implementation challenges.
Maintaining a doubly-connected edge list data structure for A is a rather difficult and time-
consuming task. So instead of explicitly generating A, we focus on finding a discrete set of
promising retractions and performing search over them. In the following sections we explain our
methodology to do the same. But before we proceed, let us establish some important foundations
and properties.

Lemma 2: Let r be a retraction used in the optimal solution and F be the set of facets associated
with r. Then r will lie on the boundary of a cell in A.

Proof: Since we are minimizing the objective (molding cost) function, if retraction r belongs
to the optimal solution, then it must be a feasible retraction and the retraction length must
have the least possible value for the associated facet set F. Since F corresponds to a
particular cell in A, r must lie on the boundary of that cell. This is due to two reasons. First,
the point having minimum distance from the origin (i.e. retraction length) for any polygonal
cell will be a boundary point. Second, the corresponding cell in feasible retraction space will
share a portion of the boundary (see Observation 1). Hence the assertion of lemma directly
follows from these observations.

Now let us consider a set R that consists of two types of elements- the original corner vertices of
all the candidate retraction space polygons and the intersection points obtained by pair-wise
intersection of all edges in the candidate retraction space polygons. This set R includes all the
vertices of the arrangement A.



Lemma 3: Let F be a facet group in the optimal solution. Then there will exist a retraction r in R
such that r is a feasible retraction for all facets in F.

Proof: The set of retractable facets corresponding to a particular cell does not change within
its interior. It definitely changes at the O-faces, i.e. at the original corner vertices of the
candidate retraction space polygons or at the intersection points. The status of the edges is
rather hard to determine. While the boundary edges (edges belonging to a single cell only)
have the same set of facets as the respective cell interiors, edges that are common to multiple
cells have an ambiguous status. However, this is immaterial here since any change in the
retractable facet set along an edge is already accounted by the two vertices forming the edge.

Since F is a facet group present in the optimal solution, if retraction r is a feasible retraction
for all facets in F, then it must be contained (either on the boundary or within the interior) in
the particular cell corresponding to F (see Observation 1). Combining this argument with the
discussion in the preceding paragraph, we can conclude that r is bound to be present in R
since set R encompasses all the 0-faces of the cells. Thus, the lemma follows.

Based on Lemma 2 and 3, we have managed to reduce our search space considerably from the
entire arrangement A to only the cell boundaries. Although by utilizing R as our search space, we
successfully include the maximum possible number of facets in the corresponding facet groups,
we may not obtain the least possible retraction lengths. In order to minimize this error, we sub-
divide the edges of the candidate retraction space polygons a priori so that no two neighboring
vertices are more than ¢ apart from each other on any of the sides. Still the retraction lengths in
our solution might be marginally greater than or equal to the optimum retraction lengths.
However, Theorem 1 formalizes that such an error will be bounded.

Theorem 1: Let S* be the optimal solution and let S’ be a solution that has the same facet sets
but each retraction length is increased by 0.5¢. Then the solution produced by our algorithm will
be no worse than S’.

Proof: As Fig. 10 points out, maximum error in retraction length occurs when the optimum
solution lies at the mid-point of an edge and the solution explored by our algorithm by
searching over the set R, corresponding to the same facet set is obviously one of the edge
vertices. If the optimum retraction corresponds to any other non-vertex point on the edge,
then the closer neighboring vertex will be considered by our algorithm. In such a situation,
there are two possibilities. First, our algorithm will return this closer neighbor solution,
resulting in a small error. This error in retraction length is, of course, bounded by half the
maximum possible edge length, i.e. by 0.5&. Second, our algorithm will find a better overall
solution (involving different facet sets and retractions) than this solution. From the above
argument, it easily follows that since solution S’ has identical facet sets as the optimum
solution S*, but each retraction length is increased by 0.5 ¢, our algorithm will not generate
solution worse than §'.

Choosing ¢ to be equal to 1 mm, there is very little qualitative difference between the solution
generated by our algorithm and the optimum one. Practically this error has no effect, since a



discrepancy of 0.5 mm in the retraction length hardly matters due to use of fast actuators
attached to side actions. Thus, this error is insignificant.

After generating this set R, in order to make the optimization algorithm more efficient, it is
important to eliminate all the dominated retractions that are never going to produce the optimal
solution. Then we test whether every remaining retraction is a feasible one. All these steps are
explained in Section 4. Finally, the retractions are treated as nodes to construct a search tree in a
particular manner, described in details in Section 5. A depth-first branch and bound strategy is
then employed on this search tree to obtain the optimum set of undercut regions.

3. Constructing Candidate Retraction Space
3.1 First Stage in Computing Candidate Retraction Space

Initially, a candidate translation space needs to be computed on the retraction plane such that a
single horizontal translation vector can pull the facet there without being obstructed by any other
facet lying on the way. So, all the potential facets capable of causing obstruction need to be
identified. Since the translation vector in our case is restricted to lie in horizontal plane, it makes
sense to consider all the facets lying partially or completely within the z-range of the undercut
facet under consideration as potential obstacles. Z-range refers to the 3D space bounded by the
maximum and the minimum z coordinate values of the facet vertices. In case a facet does not lie
completely within the z-range, only the part of it lying inside is considered. This involves
truncation of triangular facets to form convex polygons of 3, 4 or 5 sides.

According to Aronov et al [2], 3D free configuration space FP of a convex “robot” B moving in

k/
space occupied by k' obstacles {As, ..., A’} is given as the complement C of U, where U = U P
i=1
be the union of the so-called expanded obstacles P;. Here P;is the Minkowski sum of A; and — B,
fori=1,... K.
P=A®(-B)={a—b:acA,beB}
Collision polyhedron for a facet f with respect to another facet f is defined as the set of points in
3D translation space such that if corresponding translations are applied to f, then the translated f
intersects with f.

Collision polygon for a facet f with respect to another facet f is defined as the set of points in 2D
translation space such that if corresponding translations are applied to f, then the translated f
intersects with f.

In this case, replacing B by the undercut facet under consideration and A® by the k' facets falling
within its z-range, set of collision polyhedrons are obtained. Since this Minkowski sum is
computed easily by obtaining the convex hull of the vector differences of each pair of vertices,
total process has O(Km' log m’) worst-case asymptotic time complexity, where m’ is the
maximum number of vertices in each of the expanded obstacles. The collision polyhedrons are
then intersected by a horizontal plane located at A z = 0 to obtain collision polygons in the
retraction plane.



However, the fact that the facet must be able to reach this candidate translation space by means
of a single translation vector also needs to be taken into account here. That is why, mere
construction of Minkowski polyhedrons and then intersection with a horizontal plane do not give
the final obstructed space.

Sweep-based collision polygon for a facet f with respect to another facet f is defined as the set of
points in 2D translation space such that if corresponding translations t are applied to f, the swept

polygon P/ will intersect ¥, where P’ ={p+&t:pe f,0<£<1}.

Collision free 2D translation space for a facet f is defined as the set of points in 2D translation

space such that if corresponding translations ?are applied to f, the swept polygon P’ (defined as
before) will not intersect with any of the collision facets f.

The hard shadows of all the kK’ collision polygons need to be computed in order to determine the
sweep-based collision polygons. Alternatively, same thing is done by plane sweeping the
collision polygons until they reach the retraction plane boundaries. Assuming that n’ is the
maximum number of vertices present in a collision polygon, this has a worst-case asymptotic
time complexity of O(Kn' log ). Lastly, the collision free 2D translation space is obtained by
subtracting the union of the forbidden spaces from the bounded retraction plane. Each union and
subtraction operation again takes OSn” log n” + I log n’) time [12], where n is the total number
of vertices of two polygons and I' is the complexity of the resulting polygon. All the steps
mentioned so far have explained formally in the following algorithm.

Algorithm: COMPUTE-MINKOWSKI-SINGLE-TRANSLATION-SPACE

Input:
e N facets representing the part P and its mold enclosure B.
e A set of nundercut facets F, = {fi,...,f.}.

Output: A set of n collision free 2D translation spaces C; = {ci,...,cn} €R?, where c;
corresponds to undercut facet f;.

Steps:
1. For every fiin Fy, do

i. Create a z-range by considering the overall vertical stretch or extent of f;.

ii. Form a new set Fs = {f1,...,fn}, such that all triangles f; € F (each fj is a sub-set of a
particular facet forming the part) have vertical (z) extents situated partially or
completely within the z-range defined for f; in the preceding step i.

If a facet lies completely in the z-range, then the whole of it is included.
Else only that part of facet, where the vertical extent lies within the z-range, is
included and remaining part is truncated.

iii. Setindexj=1.

iv. While j <=m, do

10



a) Determine the collision polyhedron for f; with respect to fj p, = f, ® (- ),
f, e K, by calling the function COMPUTE-MINKOWSKI-SUM (fj, fi).

b) Find the sweep-based collision polygon for f; with respect to f;, namely s;, by
calling the function COMPUTE-SINGLE-TRANSLATION (B, p;, fi).
c) Increment jby 1.
v. Compute the union m; of all the 2-D convex polyhedra s;;

m, = urj“:lsj .
vi. Determine c; by taking the complement of m;, i.e. ¢, =m’.
2. Output C; = {cy,...,Cn}.

Function: COMPUTE-MINKOWSKI-SUM

Description: For a given pair of undercut facets, it computes a 3D polyhedron by computing the
convex hull of the pair-wise vector differences of the facet vertices.

Function: COMPUTE-SINGLE-TRANSLATION

Input: Mold enclosure B, 3-D convex polyhedron s; and a facet f;.
Output: A 2-D convex polyhedrons;, lying in the horizontal plane.

Steps:

1. Transform s; into a convex polygon ry lying in 2-D translation (A XY) space by intersecting
s; with the horizontal plane, lyingat A z =0.

2. Compute the hard shadow of r; assuming there is a point source of light situated at the origin
and label this shadow zone as b;. This zone is bound by the mold enclosure. Alternatively by
can also be obtained by plane-sweeping r; until it intersects the boundaries of B.

3. Concatenate the two regions r; and b; to obtain another convex polygon s/ ; s| = r; U by
Output s, .

3.2 Second Stage in Computing Candidate Retraction Space

In order to ensure that the horizontally translated undercut facet can also be pulled vertically, it is
necessary to construct another candidate translation space on the retraction plane. This
transformation space is called 2D translation space for upward vertical accessibility for a facet f.
It is defined as the set of points in 2D translation space such that if this translation is applied to f,
then it can be released vertically upwards. Similarly, a 2D translation space for downward
vertical accessibility can also be defined for facet f. This direction of possible release provides a
natural way of classifying feasible retractions into feasible core retractions and feasible cavity
retractions. Inaccessible polygon for a facet f refers to the set of points in 2D translation space
such that if this translation is applied to f, then it is not accessible vertically upwards.

To compute this space, the entire mold free space (regularized Boolean difference between the
mold enclosure and the part) is first sub-divided into cubical voxels. The length of each side of
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the cube is of the order of the dimension of the triangular facets. The accessibility of all the
voxels lying within the z-range for each facet in +z direction is determined and all the
inaccessible voxels are grouped together. This is done by checking whether the swept volume of
each voxel intersects with the part P. A voxel is reported as inaccessible even if there is partial
intersection. These grouped voxels are transformed into a 2D plane by intersecting with a
horizontal plane at z equal to the height of the facet centroid to form inaccessible polygons.
Basically, any point within the z-extent of the facet can be chosen since its collision-free
horizontal translation is already taken care of. Now, the Minkowski sum between all the
inaccessible polygons and the reflection of the facet (also intersected by the same horizontal
plane) needs to be computed and the final product subtracted from the retraction plane to obtain
the exact 2D translation space for upward vertical accessibility.

Although the inaccessible polygon may not be convex, convex decomposition is easily carried
out before computing Minkowski sums by identifying concave corners and constructing
additional edges parallel to either of the two axes (X or Y), since the original edges will always
be axis-aligned. For any polygon having n; vertices, this is done optimally in O(n; log log n;) time
by using the maximum non-intersecting chords method described in [25]. Finally, intersection of
the collision-free 2D translation space and the 2D translation space for upward vertical
accessibility is taken to identify the candidate core retraction space for every individual undercut
facet. A similar approach is adopted to compute the candidate cavity retraction space by
considering accessibility of the voxels in —z direction. All the steps are schematically shown in
Fig. 11 and Fig. 12. This step results in two different candidate retraction spaces: one for +z
direction (core) and a second one for —z direction (cavity) and have been explained below in the
algorithm COMPUTE-CANDIDATE-RETRACTION-SPACES. In the current implementation,
steps described in Sections 4 and 5 are executed for both of these spaces separately.

Algorithm: COMPUTE-CANDIDATE-RETRACTION-SPACES

Input:

e N facets representing the part P and its mold enclosure B.

e Set of n undercut facets F, = {fi,...,fn}.

e Set of n collision free 2D translation spaces C; = {cs,...,Cn} Obtained as an output of the
algorithm COMPUTE-MINKOWSKI-SINGLE-TRANSLATION-SPACE.

Output:
e Set of n candidate core retraction spaces C, ={c|,...,c’ }.

e Set of n candidate cavity retraction spaces C;' = {c/,...,c/' }.

Steps:

1. Compute mold free space MS by taking the regularized Boolean difference between the mold
enclosure and the part, i.e. MS =B —-*P.

2. Sub-divide MS into a large number of cubical voxels such that length of all the cubes is
identical and is of the order of the part facet dimension. Let V = {vi,...,vq} represent the set
of voxels.

3. Create two empty sets C, and C,’.
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4. Foreveryv; eV, do
i. Create two swept volumes (solids) S; and S, by sweeping v; till it reaches the
boundaries of B in +z and —z directions respectively.
ii.  Test whether S; and S, intersects with the polyhedral part P. If S; intersects P, then
assign a label 1 to v;. On the other hand, if S; intersects P, then assign a label 2 to vi.
5. While the set V is not empty, do
I.  Start randomly from any seed voxel v; which has a label 1 and set i = 0.
ii.  Apply seed fill technique to find all other neighboring voxels sharing the same label.
Unionize these voxels to form to a polyhedron p/ (i =i + 1) and then delete all these

voxels from V.
iii.  Start with any other seed voxel having label 1 randomly (as long as one exists) and
follow previous step ii.
iv.  Start randomly from any voxel v; that has a label 2 and follow steps ii. and iii. to form
polyhedrons p/ by grouping together all the voxels carrying label 2.
6. Foreveryf e F,, do
i.  Transform all the polyhedrons p/ and p/’ to retraction plane by intersecting them

with the horizontal plane z equal to the z-coordinate of the centroid of fi. This
operation results in the formation of two sets of inaccessible polygons po’ and po”
corresponding to p/ and p! respectively.

ii.  Decompose each rectilinear polygon present in the two sets po’ and po” into minimum
number of convex pieces; then compute Minkowski sum between every such convex
polygon and —(fi(0,0)) and unionize all the Minkowski polygons for the sets
individually. Finally, take the complement of both the unionized polygons separately
to form 2D translation spaces for upward and downward vertical accessibility for
facet f; respectively. Let these two spaces be denoted as u; and di.

iii.  Form the candidate core retraction space c/ corresponding to f; by intersecting c; and
U, i.e. ¢ =c, Nu,. Insert ¢ inthe set C/.
iv.  Similarly insert an element ¢ in the set C,' by using d; instead of u;.
7. Output C, andC,’.

4. Computing Discrete Set of Feasible Retractions

As discussed in Section 2.3, the aim is to obtain the discrete set of all possible retractions.
Firstly, edge sub-division is carried out on all the candidate retraction space polygons if
necessary and then all the line segment intersection points are computed. The corner points of all
the retraction space polygons are also retained. Next we need to prune the set of candidate
retractions to obtain a so-called non-dominated set. Such a set will only consist of those
retractions which are better than any other in the entire set with respect to either the retraction
length or the number of associated facets. This is done by first sorting all the retractions in order
of increasing retraction lengths and is completed in O(m log m) time [11], where m is the total
number of retractions. Then we search for all the retractions that have identical retraction lengths
and again sort them in order of their number of retractable facets. We delete all the retractions
that have lesser number of associated facets than the current maximum value. Initially, this
current maximum is equal to zero and we keep on updating it as we progressively consider one
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retraction length bucket after another. Each deletion operation takes constant time and a binary
searching is implemented in O(log m) time.

After obtaining the non-dominated set, we need to test whether each retraction is a feasible one,
and if so, for which retractable facets. A particular retraction may be a feasible one for certain
facet(s) in its retractable facet set, whereas, it may not be so for the remaining facets in that set.
Hence, this check has to be carried out individually for every retractable facet associated with all
the g non-dominated retractions. Actual checking is quite straightforward; for a given undercut
facet and a retraction, the minimum length of the side action solid is computed easily as the 2D
translation space for vertical accessibility is known to us. Then, we vectorially add this minimum
length to the horizontal translation (along the same direction) already associated with the given
retraction. If the final retraction lies inside the candidate retraction space for the undercut facet,
then it is a feasible retraction; otherwise not. Whenever the answer is no, we remove that
particular undercut facet from the set of retractable facets. At the end, if any undercut facet has
no feasible retraction associated with it, then we can immediately conclude that the given
undercut region is non-moldable and the part needs to be re-designed. In this case, the overall
algorithm terminates without entering into the optimization phase.

A look-up table LT is then constructed to satisfy another output requirement: non-intersection of
generated side action solids. We need to ensure that different solids formed by sweeping
individual undercut facets along the horizontal translational vectors associated with
corresponding retractions do not intersect each other. If any two solids intersect for any two
given feasible retractions, those retractions cannot occur in the same solution set. Any entry in
the table has a value 1 if the two retractions corresponding to the particular row and column
under consideration can be present in the same solution. Otherwise, it is assigned a value 0. Such
an intersection check only needs to be carried out for the facets that are not present in both the
retractable sets and lie within the z-range of each other. Although this pre-processing step is
computationally intensive, it ensures the correctness of our solution from the molding operation
point of view and saves considerable time in the optimization stage.

Once all the non-redundant feasible retractions have been computed, we start constructing a tree
to represent our feasible solution space. A heap H is built for the n undercut facets in linear
(O(n)) time [11]. This is going to arrange the facets depending upon their minimum retraction
lengths (with maximum preference being given to those having maximum values of minimum
retraction lengths) and break ties on the basis of lesser number of associated retractions. This
heap is used as an efficient priority queue. Extracting the most critical or highest prioritized facet
can be easily done in O(log n) time. Similarly after a vertex has been considered, deletion of
each corresponding facet is done in O(log n) time, so that overall process takes less than O(n log
n) time even in the worst-case (since all facets can never be deleted from the heap).

Moreover, a set of linked lists LL = {lly, ..., ll,}is used so that access from undercut facets to
retractions can be done easily in constant time. For a particular element in the linked list, i.e. an
undercut facet, all the associated retractions are maintained in a sorted order depending upon
their lengths, with highest preference being given to the one(s) having least magnitude. These
data structures ensure that we do not need to perform more than O(n log n) computations at any
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node in any level of the tree, instead of the usual O(n?) calculations necessary if we carry out
exhaustive comparisons and enumerations.

5. Generating Side Actions

A depth-first branch and bound algorithm is used to determine the optimal set of undercut
regions. This requires us to employ intelligent heuristics to quickly steer search to a good initial
solution, limit branching, and prune as many search paths as possible. The notion of a bottleneck
facet plays a key role in realizing these heuristics. It may be observed that certain facets become
the main bottlenecks in generating a solution. These facets have very limited number of feasible
solutions and they impose constraints on the goodness of the overall solution. The overall
solution has to address these facets and hence it is desirable to process these facets first. These
facets belong to the category such that the minimum retraction length for them is maximum
among all the facets. On top of this, they must have rather narrow feasible retraction spaces,
which, in turn, will be reflected in the fact that they will have smaller number of retractions
associated with them.

Once bottleneck facets have been identified, we will start constructing the search space with any
one of them. An empty node is created as the root node and all the retractions associated with the
chosen bottleneck facet (highest priority element in our heap) are placed as top level nodes in the
search space. If we consider a particular retraction, its associated retractable facets form the first
undercut region. In the next level, we need to determine the bottleneck facets among the
remaining ones and place the retractions attached to any one of them as nodes. We proceed in
this manner until all facets are covered. Of course, we need to be careful not to include two
retractions such that the corresponding side actions intersect with each other in the final solution.
Such a path, if encountered, will be termed as infeasible (by using our look-up table) and will be
pruned. If some of the retractable facets associated with a retraction are already covered then
they will not be added to this solution.

We keep track of the current best solution. If during the search a better solution than the current
best one is found then the current best solution is updated. Moreover, certain paths are pruned if
it can be said certainly that the cost incurred after including the next node (retraction) will be
greater than or equal to the current best solution. Search can terminate in two ways. Firstly, it
terminates when all promising nodes have been explored. In this case it produces a solution very
close to the optimal solution. Secondly, it stops when the user specified time limit has been
exceeded. In this case search returns the current best solution.

The bottleneck facet scheme restricts the amount of branching at a particular level. Usually cost
function parameters are such that solutions involving N + 1 side actions are more expensive than
a solution involving N side actions. This characteristic ensures that tree depth is limited. For
example, once we have found a solution involving three side actions, very few solutions
involving four side actions appear promising enough to try. Solutions involving five side actions
are virtually never tried in such a case. As with any depth first branch and bound algorithm, the
time complexity increases exponentially with the depth of the search tree. However, since we do
not expect practical cases involving more than three side actions for a single undercut region, the
exponential growth is not much of a concern in this particular application.

15



Once all the regions have been generated, the undercut facets corresponding to the regions are
swept along the associated horizontal translation vectors (corresponding to the retractions) and
additional patches are included at the top, bottom and the arrow-tip end of the vector to form a
compact, 2-manifold solid. These capping patches consist of planar faces only. The boundaries
of these solids are then triangulated to represent them in a faceted format and they form the
desired set of side actions. All these steps are described in the following algorithm.

Algorithm: GENERATE-SIDE-ACTIONS

Input:

Set of n undercut facets F, = {f1, ..., f.}.

Collection of p sets {{{fi1, ..., fi}, li}, ..., {fip, ..., fap}, lp}}, each associated with a
particular non-dominated retraction. Here, all fij € F, (though may be repeated in different
sets) and all I;® are retraction lengths. The first entity in every set is the set of retractable
facets for that particular retraction.

Look-up table LT, heap H and set of linked lists LL.

Maximum permissible time tyax in seconds.

Output: One or more SAS a; = {s;, Fi, (xi, ¥i), Ti} (as defined in Section 2.2).

Steps:

1.

2.
3.
4

o

Initialize a tree T by creating an empty root node.
Initialize Cpin to be positive infinity (very high value).
Set 17, as the minimum value of retraction length.

Populate the nodes in the next level by extracting the highest priority facet from the heap H
and inserting all its associated retractions in order of increasing retraction lengths. Set LL is
utilized to obtain this sorted retraction set directly. Color all the nodes as white.

Initialize this second level as the current one.

For every node u in the current level do

a. Ifuis colored white or grey do

i. If u does not have a child node as yet, color the node as grey. Else if all the children
nodes are colored black, color this node as black as well and unless the current level is
the second one, decrement it by one.

ii. Check whether the side action corresponding to the retraction present in u intersects
with any of the other side actions associated with the nodes in this tree path by using
the look-up table LT directly. If yes, then prune the path by coloring u as black and
decrement the current level by one; moreover go to step b. directly. If no, then further
test whether the retractable facet set associated with u has a non-null intersection with
the facet sets of the other nodes in the path. If answer is yes, then delete the common
facets from the facet set.

iii. Estimate the incremental cost Cinc by considering all the facets associated with the
retraction present in node u as a new undercut region F;. Equation (4), derived in the
Appendix, is used to obtain Ciy.

iv. If by including F;, all the facets in F, are covered, then terminate this particular tree
path and color u as black and decrement the current level by one. Moreover, in this case
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If Cinc < Chin, update Cpin as Cinc and construct a set of undercut regions by inserting all
the F° of this particular path (from second level downwards) along with their associated
retractions (x;, yi). Each F; will also have a value of T; (+1 or -1) depending upon
whether this algorithm is implemented for the feasible core or cavity retraction space.

v. Else

L 1f Cpyy=Cppe 2C 4+ (13

inc — min

)k + y18., temporarily delete all the facets of the set F;

min ?
from the heap H, insert all the associated retractions of the facet currently having
maximum priority in H as the children nodes in the next level in sorted order, color
them as white and increment the current level by one.
2. Else prune this particular tree path in exactly the same way as in step ii.
b. Else go the next node u in the current level.

7. Once the recursive depth-first search loop 4 terminates after all the paths in T have been
explored or after the user-defined time limit tyax has been exceeded, generate all the side core
sets a;° by applying algorithm GENERATE-SOLIDS on each F; to obtain a solid s;.

8. Output all the a;°.

Algorithm: GENERATE-SOLIDS

Input: Undercut region F; obtained in step 5 a iv. of the algorithm GENERATE-SIDE-
ACTIONS and its corresponding retraction (i, Y;).

Output: A compact, 2-manifold solid body s; with a well-defined semi-analytical boundary.

Steps:

1. Sweep F; along the translation vector defined by the retraction (x;, yi).

2. Add additional planar faces at the top, bottom and arrow-tip end of the vector defined in step
1. to form a solid s;. It should meet all the requirements specified in the output.

3. Triangulate s; to form a file in .stl format which can later be used for display purposes and
output it.

We can easily extend our method to identify the type of mechanism (slider or lifter) that needs to
be used to actuate a designed side action. If after imparting the horizontal translation, side action
solid can be moved both along +z and -z, then slider is requires. On the other hand, if it can be
moved only along +z, then lifter must be used. In case of a slider mechanism, the approach for
computing feasible retraction spaces does not have to be modified. This is because (as shown in
Fig. 2) infinite space is available to the side action piece for horizontal motion away from the
part boundary. However, an additional post-processing operation needs to be performed to test
whether enough space is available for lifter motion within the part boundaries that will actuate
the side action solid in the latter case.

In some situations it might be desirable combine multiple side action solids to form a single body
that can handle more than one undercut region simultaneously. Since the primary focus of this
work is to design side actions for finitely accessible undercut regions as well as to partition a
connected region which cannot be molded using a single side action, this step was not
performed. However, our approach can be easily extended to deal with such cases. If two or
more side action solids that have been designed for different undercut regions which do not
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require any partitioning share identical retractions (i.e. both retraction lengths and directions of
translation vectors are same), then they can be combined into a single side action by attaching
them to a solid body whose spatial extent spans both solids. If the retractions lie close to each
other, are of same type but not exactly coincident, then only the corresponding set of undercut
facets can be re-fed to the algorithm, which will then come up with a common retraction if one
exists. Common solid can then be constructed using the newly obtained retraction. Otherwise, no
further action is necessary.

6. Results

The above described algorithms were implemented in C++ using Visual Studio.NET 2003 in
Windows XP Professional operating system. CGAL [4] version 3.0.1 was used as the geometric
kernel to carry out all the basic operations like regularized Boolean, computing the convex hull,
finding intersections by using plane sweep and so on. In order to speed up computation, all the
vertex coordinates were first converted into integral values and then the Cartesian kernel with int
number type was used. OpenGL was used for displaying purposes. CAD model for every part
was triangulated and converted into .stl format which was then taken as input by the program.
The main mold opening direction was inputted separately. A preprocessor program was written
to recognize all undercut facets. All the programs were run in a Pentium M processor machine
having 512 MB of RAM and processor clock speed of 1.6 GHz.

The algorithm for computing 2D translation space for upward/downward vertical accessibility
was implemented in a simplified form. Minkowski sums were not explicitly computed and the
complement of the inaccessible polygons was directly taken. This change did not make any
difference in practice since large numbers of accessible voxels occur together and we follow a
conservative approach in classifying them as accessible or inaccessible. A series of
computational experiments have been carried out on 5 parts (shown in Fig. 13) to characterize
the performance of the algorithms. Comparisons with respect to computation time, number of
nodes in search space and so on have been made for the same part having varying number of
facets. Results of these experiments for » = 200 (in $/mm?), k=2, C’=5,000 or 10,000 (in $)
depending upon whether it is a cavity or core actuated retraction, and y = 18.227 (in $/mm) are

shown in Table 1 below. These values are based on a specific injection molding scenario. The
undercut region in part E is non-moldable and hence computation stops before entering the
optimization stage. The side action solids generated for the other four test parts have been
displayed in Fig. 14.

Certain basic trends are discernible from the values in the table. Of course, computation times for
both the candidate retraction space and discrete set of feasible retractions increase as we go for
higher number of facets to represent the part. However, for parts A and B where the numbers of
undercut facets remain same, although the overall numbers of facets increase, this trend is
markedly different from parts C, D and E. The retraction space computation time increases
linearly, whereas feasible retraction set calculation time remains more or less constant in the
former case. In the latter case, candidate retraction space construction time increases almost
quadratically, while the feasible retraction set computation time increases at a rate slightly
greater than linear, but less than quadratic, indicating possibly a linear-logarithmic growth.
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Table 1: Results of computational experiments

Candidate Feasible Total # of Depth-first
Total # # of retraction retraction nodes in Average branch and
Part | Model of undercut space set search space | branching bound
facets | facets | computation | generation tree (in factor computation
time (ins) | time (ins) million) time (in s)
#1 224 36 3.5 5.2 13.4 99 12.0
A #2 256 36 4.0 5.4 14.0 100 13.0
#3 336 36 4.8 5.9 15.6 102 15.2
#4 568 36 6.1 6.4 18.9 106 18.0
#1 378 122 6.0 10.7 19.5 114 19.0
B #2 570 122 7.4 11.1 19.8 115 19.1
#3 716 122 8.5 11.3 20.7 117 19.6
#4 882 122 10.0 11.4 21.9 119 20.2
#1 414 175 5.9 12.5 0.36 150 1.1
C #2 478 188 6.3 12.6 0.36 150 1.1
#3 576 194 7.1 12.8 0.37 151 1.2
#4 882 249 12.2 13.7 0.38 153 1.3
#1 376 60 0.3 7.4 0.45 132 1.6
D #2 814 122 1.0 9.8 0.46 134 1.7
#3 1324 156 2.1 12.9 0.49 137 2.0
#4 2002 218 4.4 20.2 0.51 139 2.4
#1 206 54 4.9 6.3
#2 258 78 9.0 6.8
E e 287 oa 111 -1 These steps are not performed
#4 390 126 16.8 8.9

Computational results for the branch and bound algorithm reveal that the branching factor at any
level in the search space tree does not change much with the increase in number of part facets. It
increases only marginally, thereby demonstrating value of our heuristic rules on pruning the
feasible retraction set, selecting the bottleneck facet etc. This clearly points out that the number
of pruned, non-dominated retractions is not significantly affected by the part triangulation
resolution, and hence, the number of nodes in the tree grows slowly in most practical cases.
However, the overall computation time will increase somewhat if the parts are represented by
higher number of facets. This is because of the fact that more time will be expended in carrying
out all the operations in individual nodes. Based upon the given set of cost function parameter
values, an optimal set of 2 or 3 side actions were generated for four sample parts in about 30-50s.
This is a reasonably good performance and will serve as the foundation step towards our
eventual goal of fully automatic side action design.

Another novel aspect of this work that has been illustrated in Fig. 15 is the customizability of the
molding cost function. By changing the parameters, we can get altogether different designs. For

example, if the value of » is decreased by a factor of 10 and the value of C'is increased by 10
times from the previous setting, 2 and 3 side action solids are obtained for the two parts instead
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of 4 and 4 respectively. In other words, if a higher cost is assigned to assembling and actuating
side actions and less cost to manufacturing complex profiles, then lesser number of more
complex-shaped side actions are obtained.

7. Conclusions

New algorithms to automatically generate shapes of side actions have been presented in this
paper. The major contributions of our work can be summarized as follows.

e |t is capable of designing side actions for complex undercuts that are finitely accessible.
Previous approaches were primarily applicable for external undercuts which exhibit semi-
infinite accessibility.

e It correctly reports that certain undercut regions may not have any feasible side actions
unlike some of the existing techniques that require some kind of post-processing operations
to arrive at similar conclusions. Hence, significant re-designing can be easily carried out at
an early enough stage for such parts that are non-moldable in their present forms. This is
also useful in determining infeasible molding sequences in multi material injection molding
[19].

e It partitions connected undercut regions (for which no single side action exists) into smaller
regions, such that each of them can be molded by separate side actions and a customizable
molding cost function is minimized. To the best of our knowledge, no prior work has
focused on this particular aspect of side action design problem.

e Many of the steps in the computation of candidate retraction space and discrete set of
feasible retractions have linear or linear-logarithmic worst-case asymptotic time
complexities. Few grow quadratically with an increase in the total number of part facets as
well the number of undercut facets.

e If a connected undercut region can be molded by 3 or fewer number of side actions, then our
empirical results suggest that our algorithm is capable of finding a solution very close to the
optimum solution in a reasonable amount of time for most practical parts.

The current objective function does not account for the orientations of the retractions. In general,
the orientation of a retraction may play a role in determining the mold machining cost. Our
objective function can be modified to account for this. This can be done by selecting one of the
horizontal translation vectors corresponding to an arbitrary retraction as a base and measuring
angles of the other vectors with respect to the base. Translation vectors that are parallel and
perpendicular to the base will contribute less to the cost while vectors oriented in other directions
will contribute more to the cost.

This paper focuses on a particular type of side action, commonly known as side core in molding
terminology. Further work needs to be done to generalize our method to design other kinds of
side actions, namely, split cores, fused cores etc. We will also continue working on improving
our edge sub-division scheme, so that we can come up with stronger theoretical results to rule
out such operations for a majority of candidate retraction space polygonal edges. Another
possible area of research is to extend our ideas to directly design side actions from NURBS
surfaces. The possibility of selecting main mold opening direction concurrently with side action
design for certain plastic parts can also be investigated in future.
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Theoretically all the algorithms can be extended to deal with cases where the side actions need
not be necessarily retracted in a plane perpendicular to the mold opening directions. Instead of
transforming the collision polyhedrons and inaccessible voxels into 2D plane, if a 3D collision-
free and vertically accessible translation space are computed, then the same idea of carrying out
state space search over all non-dominated 3D retractions can be used to solve the problem. We
also plan to investigate this idea in greater details and implement it in future.
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