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Structured Model of Cell Growth with Membrane Transport, Precursor, and Macromolecules.
Instructor: Nam Sun Wang

S

Model Description In English.
This structured model considers three events:

1. Transport of substrate S across cell membrane S* —>S
2. Conversion of S into precursor P S —P
3. Conversion of P into macromolecule M, with energy supplied from S S+P—> M

And M is the catalyst of each of the three events.
From the description above and the schematic diagram, we find that the extrinsic state variables
are:

S* ... extracellular substrate concentration (g/L reactor)

S ... intracellular substrate concentration (g/L reactor)

P ... intracellular precursor concentration (g/L reactor)

M ... intracellular macromolecule concentration (g/L reactor)
Once the substrate is transported into the cell, it is considered to be part of the cell. In other words,
S is a cellular component. In addition, P and M are other cellular components. We define another
useful, more readily observable extrinsic state variable for cells.

T=S+ P+ M .. dry weight of cells or biomass concentration (g cells/L reactor)

It is related to the cell volume V by the cell density p (specific gravity), which we assume to be
constant. It is also related to cell surface area A by a constant factor a (specific surface area), which
we also assume to be constant.

T
V=— ... cell volume (cm3 cells/L reactor)

p
A=a-T ... cell surface area (cm?2 cells/L reactor)

Note that everything hereafter is a direct consequence of this model description.
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Model Derivation
Step 1. Prepare/define variables to be used.
Since we should write kinetic equations in terms of concentrations that exist at the reaction site, we
define the following intrinsic concentrations which have units of (g component/cm?3 cells).
s'=§=§- p'=E=E-p m'=M=M-p ... cell volume based intrinsic concentration variables
vV T vV T vV T
All intrinsic concentrations sum up to cell density.  s'+ p'+ m'=p

If we assume the cell density p is constant, we can simply use mass fractions, which have units of
(g cell component/g cells), as the intrinsic concentrations.

S P M L . .
s=— p=— m=— ... cell mass based intrinsic concentration variables.

T T T
Naturally, all fractions sum up to unity. s+ p+ m=1

In an analogous manner, we can also define intrinsic surface area.

A o .
= ... specific surface area (cm?2/g cells), which we assume to be constant.
T

Assuming spherical cells with radius R, the specific surface area typically has the following value.

4R? 3
= =

i-n-R3-p R-p
3 2
Example: 10pum neutrally buoyant cell: R =2510 %m pi= 1-ﬂ a ::i a=1210" Lcm
cm® R-p gm

Step 2. Specify/Derive kinetic expression for each of the events in the model. This amounts
to translating the English description into a mathematical form. We approach this task one event at
atime.

e Event #1. Transport across the cell membrane is catalyzed by the enzyme permease, which is
inhibited by the product (i.e., intracellular substrate in this case). In the absence of additional
information, pick any appropriate product inhibition kinetic expression (e.g., competitive,
uncompetitive, or noncompetitive). The following flux rate expression is a product of three terms:
the specific surface area, the Michaelis-Menten saturation kinetics, and the product inhibition
term.

k1Se Kiyj

r{=a in (g substrate/g cells/hr)

Ki1+Sg Kqjt+s
e Event #2. Formation of P is catalyzed by M and follows Michaelis-Menten saturation kinetics.
_k 2:M-s

rz—

in (g precursor/g cells/hr)
K 2t S
e Event #3:. Formation of M is catalyzed by M and follows Michaelis-Menten saturation kinetics.
For a multiple reactant system, we employ the multiplicative form.
kg:m-s P

r

3= in (g macromolecules/g cells/hr)
K 35T S K 3p +p
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Step 3. Derive the dynamic equations for the state variables based on the concept of material
balance and the rate expressions from the last step.

Dynamic equations for the extrinsic variables.

d

—S. =T

dt !

OI—S-rl —rpT—argT « Here, we assume each gram of S goes into one gram of P, but
dt o gram of S is needed to assimilate one gram of M.

OI—P=r oT—rgT « Here, we assume one gram of P goes into one gram of M.

dt Thus, a total of 1+a gram of S is needed for each gram of M.

d

—Ms=r

TR

dde dp d

—T=—S+—P+ M-r or
dt dt dt dt 1= 3/

Thus, the specific growth rate p is:

k1S Kq; k o-m-s

u-l d—T—rl arTg=a 1% v o 3 P

T dt Ki1+Sg Kqjt+s Kag+s K3p+p

Dynamic equations for intrinsic state variables.
d ld ;) d ) d _1[do 1/d
—(S)- (Ts) s+ T —S = s=-<8> —T)s=r{—ro—arq—ps
dt \dt / dt | dt T \dt T\dt 172
d . _d d .| ld d _1[d_| 1/d
(P)=(T'D)‘< p+T *p = P='<P>< )P-f —r3—up
dt =~ dt / \dt dt T \dt | T \dt 23
P . P P VY I
dt dt dt | dt dt T \dt T \dt
d d



4 structl.mcd

Play with the model and investigate its behavior.

Balanced Growth. Balanced growth is a special condition such that the cell composition remains
constant. In mathematical terms, this amounts to setting d/dt=0 for all the cell fractions.

Find the specific growth rate u(S,) and cell fractions.

Numerical Constants Rate Expressions

o =1

a =10" (cm/g cell)

e k1Se Kiyj
kq =10 *(glem?/hr) Kq =1 (glL) Kgj=1 = r1<Se'S\ e '
ko'm-s
kpi=1 (hrl) Kp =1 = ra(s,m) =
K2+5
kg:m-s D
kg'=1 (hrd) Kgs =1 Kgp =1 = ra(s,p.m) = |

KsSJrS Kspfp

When the diffusion coefficient is high (e.g., klle'4 for the above set of model parameters) and

when the substrate concentration is of order 1 (e.g., 1g/L), cell growth becomes reaction limited,
and the cells become filled with nothing but substrate, i.e., s=1, m=0, p=0. Consequently, we have
r,=0, r;=0, and p=r,.

Initial guesses: p =1

w |~

- 21 ‘
si= pi== m:
3

w |~

Given

Balanced growth: r1<Se,s> —To(s,m) = arg(s,p,m)— p-s=0 ... ds/dt=0

ro(s,m)—rg(s,p,m)— pup=0 ..dp/dt=0

ra(s,p,m) - p-m=0 ..dm/dt=0
Mass fraction: S+p+m=1 0.0342
ans<S e> ‘=Find(u,s,p,m) 0.1038

An example: ans(1) =
P (1) 0.5706

0.3256
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Balanced Growth Plots.

p<8e> ::ans<Se>0 s<8e> ::ans<Se>l p<Se> ::ans<Se>2

S¢=01,02.10

Specific growth rate u(s) for balanced growth Cellular fractions for balanced growth
T 1 T
hsg 0S| N (s )
0.0645'S ¢ i p(Se) sl
1 //// [
_ TSe / m(Se)
| ]
| -
0
0 5 10 0 e L
0 5 10
Se s
_ Structured Model o Intracellulaer Substrate
~~ Monod Approximation _
Precursor

Macromolecules

As shown in the last plot, the overall expression of specific growth rate p versus the external
substrate concentration S, closely follows the Monod model, although the expression for each step

may have product inhibition or multiple substrates. A bunch of Michaelis-Menten kinetic steps
usually result in a saturation kinetic behavior exemplified by the Monod model.

Rational Choice of Monod model. We can pick p,, and K¢ in a Monod model rationally. When
S, is very large (e.g., Sezloe), u—p,, and K is the value of S, at which p=p /2.
(
W =ul10%) u o =0.06435

H'm
- ; ‘= Fi \ -
Kgi=1  Given M(KS/-7 Kg = Find(Kg) K =0.884
Alternatively, we can match du(0)/dS =p, /K to obtain K in the Monod model.
_ H
dudse - H(000001) ~u(0) e o TM e g ggg
0.00001 dudse

Specific growth rate u(s) for balanced growth

T <« There is practically no difference.

p(s o 005 —/ —
8 m's e

Ks+Se /

|
0 5 10
S e
~ Structured Model
~~ Monod Approximation
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Simulate CSTR. Add the dilution rate term to the dynamic equations for the extrinsic variables.
d S.=D(S¢-S T
P < f- e> -y

d—S=r 1T* |'2'T* (l'rg'T* D-S

dt

OI—P-r T-rqT-D-P
a2 3

d v=
“Ms=rgT- DM

dt
d—T-(rl—a-r3>-T—DT
dt

Numerical expression of the CSTR dynamic equations with S ¢:=10

dSedt<se,s,P,M,T,D> ::D-<sf7 se>7 r1<Se,_SI_)-T

dSdt(S ¢,S,P,M,T,D) =1 se,§\.T, ' S M+ r3/§,E,M T DS
! T) T'T TTT
dPdt(S¢,S,P,M,T,D) rZ(S,M\.T rg/S,P,M).T D-P
/ TT) \TTT
dMdt(S ¢, S,P,M, T, D) =14 SPMit pwm
' TT'T
dTdt(S ¢,8,P,M,T,D) rl/Se,S> Ta-r3/S,P,M>-T DT
VT \TTT
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CSTR Operated at Steady-State. Calculate the state variables by setting d/dt=0.
Initial guesses: Sg =0 S=1 P=1 M=1 T =S+P+M
Given
dSedt(S ¢,S,P,M,T,D)=0
dSdt(S¢.S,P,M,T.D)=0

dPdt(S¢.S,P,M,T,D)=0

dMdtS ¢,S,P,M,T,D)=0 | 3.061 |
dTdt(S,S,P,M,T,D)=0 0.891
ANS(D) = Find<Se,S, P, M,T> An example:  ANS(0.05) =| 2.905
Steady-State Plots. 1.572
i:=1.60 D, =000Li steady™ ~ANS(D,) | 5.367
4 <i>) <i>) <i>) ( <>
S ess. \steady™”, S s (steady™ )1 P s (steady™ /s M s \steady ™
S P M
Tee = <stead <i>> S ‘:—ssi ‘:—ssi Mee = >
ss. - Yo s ss. - Pss. - ss. -
: P T P T P T
1 | 1

Steady-State Cell and Substrate Conc. (g/L) Steady-State Cellular Composition

1 | |

10 T T 7
1
’I
- y/ S ss;
_ / i
Tssi ! — T
— 5 = Pssi 05 |- T
S essj N\ T
/ \
- , \\ m SS|
. ’ \ .
0 0.02 0.04 0.06 0 0.02 0.04 0.06
5; Dj
— Cell Concentration Intracellular Substrate
-~ Substrate Concentration -~ Precursors

Macromolecules

The ratio of the total biomass to the macromolecules (i.e., the inverse of m ) is indicative of the

mean cell size, if we assume the macromolecule content per cell is approximately constant.
Thus, the last plot shows that the cell size (1/m) increases with the dilution rate, which equals cell
growth rate at steady-state. In other words, this structured model predicts that faster growing

cells are larger.
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Dynamic Simulation of a Continuous Reactor (Shift-up from a steady-state)
Initial Conditions (Assign numbers corresponding to an inoculum at the stationary phase with ):
Before shifttup D :=0.01 Y jjitial = ANS(D)
After shift-up: D:=0.05

Combine the dynamic equations into a vector form suitable for the "rkfixed" function.
7dSedt<y0,yl,y2,y3,y4, D> ]
dSdt(Y .Y Y, Y Yy D)
dydt(t,y) = | OPdt'yg.Y;.Y,0Y50Y,.D)
det(yO,yl,yz,ys,y4, D>

( \
ATty YY) Y59, D) |

Integrate fromt=0to t{:=50 N:=200 steps i:=0.N
= rlfi (
yout = rkfixed ¥ jpitia). 0.t 1 N,dydt>
t ::yout<0> S e ::yout<l> S ::yout<2> P ::yout<3> M ::yout<4> T ::yout<5>
SI Pi MI
ST i ML

Cell and Substrate Conc. (g/L) for Continuous Culture Changes in the Cellular Composition
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Dynamic Simulation of a Continuous Reactor (Shift-down from a steady-state)
Initial Conditions (Assign numbers corresponding to an inoculum at the stationary phase with ):
Before shift-down D :=0.05 Y jjitial := ANS(D)
After shift-down: D :=0.01
Combine the dynamic equations into a vector form suitable for the "rkfixed" function.
7dSedt<y0,yl,y2,y3,y4, D> ]
dSdt(Y .Y Y, Y Yy D)
dydt(t,y) = | OPdt'yg.Y;.Y,0Y50Y,.D)
det<y0,yl,y2,y3,y4, D>

/ \
ATty YY) Y59, D) |
Integrate  yout := rkfixed (y initial: 0+t f: N,dydt>

t ::yout<0> S e ::yout<l> S ::yout<2> P ::yout<3> M ::yout<4> T ::yout<5>
SI Pi MI
ST i ML

Cell and Substrate Conc. (g/L) for Continuous Culture Changes in the Cellular Composition

10 | | 1 | |
— Si
T, — et
51 — Pi 05 —
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Dynamic Simulation of a Batch Reactor with D=0
Initial Conditions (Assign numbers corresponding to an inoculum at the stationary phase with ):
Sep="S¢ T =01 Sy ::ans(0.001)1-T0 Po ::ans(0.001)2-T0 Mg ::ans(0.001)3-T0

Combine the dynamic equations into a vector form suitable for the "rkfixed" function.

_ \ 7 _ .
dSedt(yO,yl,yz,yS,y4, D/ Se0
( \
det\yolylly21y3vy4lD/ So
o ( \ . .
dydt(t,y) :=| dPAt{yy.y.Y,.Y5.Y, D) L.C. Vinitial = Po
\
det<y0,yl,y2,y3,y4,D/ Mo
( \
7det\y01ylly21y31y4lD/ ] 7T07
Integrate fromt=0to t{:=100 N:=200 steps i:=0.N
yout := rkfixed (y initial: 0+t f: N,dydt>
t ::yout<0> S e ::yout<l> S ::yout<2> P ::yout<3> M ::yout<4> T ::yout<5>
SI F)i MI
SI = pl = mI =
T. T. T
| I |
Cell and Substrate Conc. (g/L) during Batch Culture Changes in the Cellular Composition
10 —=——— I 1 I
\\\ //f’i — Si B
Ti \\ // o ,///
5 N/ — o5 -"""""""""""7° —

0— | 0 |
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f; f;
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_ ) Macromolecules
Relative Mean Cell Size
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Another simulation with a different set of initial conditions (Assign numbers corresponding to an
inoculum with only the macromolecules):

SeO:Sf 803:0 POIZO MOZOl TOZSO+P0+MO

. o T
LC.: Yinitial = (Se0 So Po Mg To)

Integrate fromt=0to t{:=100 N:=500 steps i:=0.N
= rkfixed 'V i i1
yout = rkfixed ¥ jpitia). 0.t 1 N,dydt>
t ::yout<0> S e ::yout<l> S ::yout<2> P ::yout<3> M ::yout<4> T ::yout<5>
SI Pi MI
- - m =
T. T. T
| I |
Cell and Substrate Conc. (g/L) during Batch Culture Changes in the Cellular Composition
10— I 1 I
// I Si
T, \ — ST
| \ -
5 \/ — P 05\ -7 —
Sg \ -- R
E / \\ mi /
O — |
0= ~ 0
0 50 100 0 50 100
b §
~ Biomass Concentration ~ Intracellular Substrate
-~ External Substrate Concentration -~ Precursors

Macromolecules
Relative Mean Cell Size

0 |
0 50 100

t;

Note that the intracellular substrate pool builds up first and is depleted at the end of the batch run.

On the other hand, precursor pool builds up toward the end of the batch run because there is no
more substrate to provide the energy needed to convert it to macromolecules.



