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Heterogeneous catalysis with external mass transfer resistance (Damkohler Effectiveness Plot)
Instructor: Nam Sun Wang

The first equation characterizes mass transfer:

. ( AR P _ )
mass flux: Iskp.sy) =k <Sb s)
The second equation characterizes reaction:
rate constants: K;:=0
rate of reaction: KN Vm's
v<s,v mKm) =

2
Kmts+Kjs
At, steady state, the rate of substrate flux equals the rate of reaction. (Utilize |Math|Smartmath| to
find a closed analytical solution. With K;, the highest order term equivalent to the cubic term, equal

to a non-zero value, MathCAD fails to find an analytical solution.)
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The substrate concentration, which is a function of various kinetic and transport parameters, is

formulated by copying the above formula (only one of them, the 2nd solution, is valid) and split

among two lines.
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After further manual simplifying,
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Effectiveness factor:
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An example: sp -1 k=1 V=1 Kmp =1

The substrate concentration at the reaction site (surface) is: s(s b KV m K m> =0.618

Mass transfer resistance reduces the rate of reaction by a factor of n <s b KV m K m> =0.764
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Vary kinetic rate constant to achieve different Damkohler number.
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Derive analytically the dependence of reaction rate on s, and k;.

Start with the flux and reaction balance equation.

k|-<sb—s>= Vs

Kmts

Mark s above and choose |Symbolic|Solve for Variable| yields:

<2-k |>

-(k|-sb+k|-Km+vm+Jk|z-sbz+ 2-k|2-sb-Kmf 2-k|-sb-vm+k|2-Km2+ 2-k|-Km-vm+vm2>

<2-k |>

-(k|-sb+k|-Km+vmJk|2-sb2+ 2-k|2-sb-Kmf 2-k|-sb-vm+k|2-Km2+ 2-k|-Km-vm+vm2>

Find rate v as a function of the substrate concentration in the bulk phase s,. We substitute the
expression for s into the rate equation.
Vs
V=

Kn+s
m
Copying the expression for s (which is the second element above), marking s in the last equation and
choose |Symbolic|Substitute for Variable| yields:

*kI'Sbﬂ»kI'KerVm*Jk|2'5b2+2'klz'sb'Km*2'kI'Sb'Verklz'szJrZ'kI'Km'Versz
N -/ ks kK % k2sp2t 2.k 25K 2:Kp'spv K (2K 202k K v
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Choose |Symbolic|Simplify| yields:

kI'Sb* kl.Km7Vm+ﬁ/k |2.Sb2+2.k|2.sb.Km72.k|.Sb.vm+k|2.sz+2.k|.Kmlvm+vm2

V=V m’

k|-Km+k|-sbfvm+Jk|2-sb2+2-k|2-sb-Kmf2-k|-sb-vm+k|2-Km2+2-k|-Km-vm+vm2
Further manual simplifying yields,
Kirsph—kirKpn—Vata
VEV - "b” "I"m_"m where 0c2=<k|-5b+k|-KmfVm>2+4-k|
k|-sb+k|-Kmfvm+a

KmVm
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Since the above equation remains fairly complicated, let us substitute s into the mass flux
equation. Both approach should yield the same answer.
v=k |- <s b s>

Copying the expression for s, marking s in the last equation and choose |Symbolic|Substitute for
Variable| yields:

v=k I

1
Sb+<2k>'<k|'5b+k|'Km+VmJk|2'3b2+2'k|2'5b'Km2'k|'Sb'Vm+klz'Km2+2'k|'Km'Vm+Vm2
M

Choose |Symbolic|Simplify| yields:

1/ 2.2 2 2 2 2\
V=E'\k|'8b+k|'Km+me leb Jr2'k|'Sb'Kmf2'|(|'Sb'Verk|'Km Jr2'|(|'Km'quLVm/

Further manual simplifying yields,
=17
-E'\kllsb+ kI'Km*Vm’ OL>

Find the apparent value of v,.

As s, — oo, we have:

/ 2
lim y kISbkIKmefJ\kISb+k|Kme> +4k|Kme
Sbéoo

m

/ 2
Kpsp+ KKy vm+J\k|-sb+k|-Kmf Vm> + 4K K pV
Choose |Symbolic|Evaluate|Evaluate Symbolically| or |Symbolic|Simplify| yields:

lim V=V,
Sbéoo

With the second equation, we have:

. 1 \ 2
lim 2'{<k|'5b+k|'Km+Vm/J<k|'3b+k|'Kme> *4'kI'Km'Vm}

Sp = ®©
lim v =v,
Sp = ®©
Find the apparent Michaelis-Menten constant K, .., when v=v /2.
V2m=;-{k,-sb+k|-}<m+vmJ(krswk'«mvm>2+4-k|-Km-vm}

Mark s, and choose |Symbolic|Solve for Variable| yields the value of sy, at v,,,/2:

Vot 2k K v
L < m ! m>= m + Ky < K increases as k| decreases.

K mapp=—"
mapp” k| 2.k |

In summary, since v,, is unchanged and K, increases, the effect is similar to competitive
inhibition.
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Plot reaction rate as a function of the substrate concentration in the bulk solution for the following
rate parameters.

vm::1 K., =1

Based on v, as s — « and based on the value of s at v, /2, the Michaelis-Menten approximation to
the rate expression in the presence of mass transfer resistance is:

Vm - VmsSh
Kmapp<kl> ‘*ZTI*Km me<sb-kl> ‘7Kmapp<kl>+5b

Rate from the reaction equation gives:

L 2
O(,<Sb,k|> "J(kl'sb*kl'Km’Vm> +4'k|'Km'Vm

kl-Sbf kl-Kmemqt(x(Sb,kl)

v1<sb,k|>::vm \
k|'5b+k|'Kmem+0t<Sb,k|/

Rate from the mass transfer equation gives:
V5 (Sh,k ‘:1-/k-s kK Vo alsp k)
2(spky) = kisp kK v afspkg))

Plot reaction rate versus s, over sy, :=0,0.1..10
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Solid Line: Rate /w mass transfer resistance.
Dotted Line: Michaelis-Menten approximation.



Effectiveness factor
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\2
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\2
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v<sb/ V'S
KerSb
Simplifying yields,

KerSb'kI'Sb*kl'Km*Vmﬂ»O(,

Sb kl'SbJrk"Kmeer(x

Damkohler Plot: Sh =1 k| =1 Km =1 Vi '=0.1,0.2..100
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Km
Express effectiveness factor in dimensionless groups. = = =
S b \" m S b

Dimensional Nondimensional

a=J<k 1Sp+ KK m- vm>2+ 4K 'K 'V 1y o B, Da) ::J(1+Bf Da)’ + 4-p-Da

\)
S=l'<5b Km,7m+ OL\

Substrate at surface:

S=%-(lf B- Da+ a)

2 Ky Ky
Kisph—- kK Kpn—Vp+a a
Reaction rate: VSV Pb “1I™m- Tm y=l-B-Dara
kKpspr ki Kp-vpto 1+B-Da+a \
1/ 1/1 B a
Flux rate: v== Kk ysh+ KK +V oo — o v=t. P
o VIPBTEITmM T m ) 2 pa Da ~ Da

KerSb'kI'Sb*kl'Km*Vmﬂ»O(,

Effectiveness factor: n=
Sb kl'SbJrk"KmeerOL
Da:=0.1,0.2..100
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