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Symbolic derivation of intercept and slope.
Instructor: Nam Sun Wang

Given x and y, we wish to find the intercept (ay) and slope (a;) such that the line fits though the given

points as closely as possible.
y=ag+aq-X,+error,

We wish to find a;y and a; that minimize the sum of squared error (least squares regression)
sse=Z error2=Z <yi ~ag-a 1'Xi>2
i i

When sse is minimized, derivatives of sse wrt ay and a, are 0.

d [ \
—sse=0 —— O=Z y,.—ag—aqx

Vi i)
dao |
4 sse=0 —s O=Z (yi ~ap-a 1-xi>-xi
da 1 .

i
Thus, we have two equations to solve for the two unknowns (a; & a,). Let Mathcad crank.

Given  0=2y-nagp-ajg2x
{2\
0=2(Xy) ~ag2X—aq2.X")
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Find<a0,a1>$ .
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Define my intercept and slope functions in terms of x and y.

%\
intercept: Intercept(x,y) = Z(£<(X'X)/ - Z(X)'Z<
Z((x-x))-(last(x) +1) - (O(x)?
5y (last(x) + 1) — 3 (y)-2(x)
—

Z((x-x))-uast(x) +1) - (O(x)?

%\
(xy))

slope Slope(x,y) =

Linear formulation.

4 sse=0 — > 0=2y-nag-ajg2x
dao
j—sse=0 ——  0=2(xy)-agliX—aq2(XX)
a
1

Express the above equations in a linear format.

Ex Z?XXQHZ:} Z(%()-/y)} :innx Z?XXZ) T'E(ny-y)}
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If we add another term, say a quadratic term, we extend the same methodology.
2
y=ag+tagx +ay <xi> + error,

We wish to find ay and a; that minimize the sum of squared error (least squares regression)
2
sse=Z error2=Z {yi —ag-apX - ay <Xi>2}
i i

When sse is minimized, derivatives of sse wrt a; and a, are 0.

d o0 o aa(y )2
E)sse-o - 0 . Y-ag-apX - ap <xi/ ]
i
9 e=0 —— 0= 'y -ag-—aqx—ao(x'2|x
da, _,yi 0- 1% a(x) )%
i
d =0 — =Ny anagx—ag(x 2 Ix)2
dazsse 0 — 0 Y-ag-apX - ap <xi/ ] \xi>

Solve the above coupled set of three equations for ay, a;, and a,.

O=2y-nag-ag2X- a2-Z<x2>

0=2(xy)-ag2x-a 1-Z<x2> —a 2-Z<x3>
O=Z<x2-y> - ao-z<x2> —a 1-Z<x3> —a 2-Z<x4>
We can also express these equations in a linear format.
n 2 X Z<x2> ap 2y
x0T [lag = 2ey)

[2
2 3 4 a Z\x .y> 2
20 0] 2 ] ez ap 1502 S0 Txh | [Zxy)
Example:
data = READPRN(randomZ dat> x =data”  y =data~*” i :=0..last(x)
a g = Intercept(x,y) ag=2108 <«-compare to Mathcad— intercept(x,y) =2.108
aq = Slope(x,y) aq=0198 <«compare to Mathcad— slope(x,y) =0.198
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