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Partial Least Squares Regression -- a simple two-dimensional example.
Instructor: Nam Sun Wang

Step 0. Generate X and Y Data. The first two independent variables x<0> and x<1> are
somewhat dependent. Although x<0> is 2 times of x<1>, this difference is absorbed during
variance-scaling.

Number of points: N :=50 i =0..N

Dimension: m=1 j=0.m
<i> 2 0 2 .
X7 :=(rnd(1) - 0.5)- 1 + (rnd(1) - 0.5)- 1 +(rnd(1) - 0.5)- 0 X=X

The dependent variable Y depends on x<9> and x<1> with a 2:1 ratio. The relative contribution to Y is
proportional to the standard deviation X, and the multiplicative coefficient a.

a.= X) =X-a
. y
Y, =agX; o+ X+ (md(0.1) - 0.05)

Step la. Mean-Centering:

o [ <j>) o T <j> <>
X mean, - mean X" /) X mean =X mean X=X =X mean, .
_ Tan 4
X mean = ( 4487-10 ¢ -0.015 )
Y mean -~ Mmean(Y) Y =Y~ Y mean Y mean = 0.02
Step 1b. Variance-Scaling: )
[ S<i>) T <j> X
X gtdey. = StdeviX ™" X stdev '~ X stdev X =
) X stdev, |

X stgey = (0.913  0.358 )

Step 2. Find the eigenvalues and eigenvectors of the mean-centered and variance-scaled
covariance matrix XT-Y-YT.X.

Covariance matrix:
W =xTYYX W ( 1047+10°  659-10° ) \W| =4.195-10 ® < Singular.
6.59:10°  4.149-10°
Eigenvalue/eigenvector
A = reverse(sort(eigenvals(W))) AT =( 1.462:10°  3.052:10 )
wi” ::eigenvec<W,7\j> (0-846 0533)

0.533 0.846
Correct the weighting vector w<0>,

<0>
w9 0> ‘XT-X-W 0 ‘

0.539
s L0539

<0> _ [ 0855 W] =1011

<0>T T
P

X
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Step 3. Score and loading vectors for X and Y.
score (column) vector for X: 97 = xw”
loading (row) vector for Y: q<0> =Y"%”  normalize: <0>
score (column) vector for Y: g ::Y-q<0>
loading (row) vector for X: p<°> =X"t%%  normalize: <0>

A comparison of different vectors.
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<0>

_q _

RS q=1

_ p*” _[0.759 )
00> P~ 0651

Eigenvalue/eigenvector of the covariance matrix XT-X -- Principal Component Regression (PCR).

v =x"X

A, = reverse(sort(eigenvals(V))) XVT =(76.142 25.858 )

\'
<i> [0.707 -0.707

| 0.707 0.707

Vv

= eigenvec(V,kv_>
]

XX =-3..3

( <1>\
X
X

( <1>\
X0
o
/<0>\
\V /1

14 <0>\
WV o

XX 1

a; X stdev,
L 0,1

8 Xstdevg g O

14 <O>\

N
XX

14 <0>\

W /o

( <0>\

\P /l-XX
( <0>\

P Jo

0

<X<O>>iv <X<0>>0,xx
X Data
B One Particular Point
— Principal Component v
Relative Contribution to Y
Weighting Vector w

Loading Vector p
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axis
t<0> 1st score vector of X:

1
0
X o M XK K OO XXX X XOHE X MK X X
0
[n]

5 | | | | |

-3 -2 -1 0 1 2 3

<t<o>>iv <t<0>>0
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Step 4. Regression.

\
b, ::slope<t<0>,u<0>/ b =1.623 tt:=-3,-29.3

<<O>\
u /i
> X

E <u<0>\
s o %
w

= .

£ bo'[t

s

(6]

<t<0>>iv <t<0>>0,tt
0Oth score of x

Step 5. Compute the residual matrices

T
E-X_ t<0>-p<0>

T
oy t<0>-q<0> b,

Step 6. Goodness of fit.

Ss€ g|d = Y-Y Ss€ gId = 210.322
sse =F-F sse =11.942
sse — sse
r2 ::L r2 =94.322 *%
sse old
r ::Jriz r=97.119+%

2nd lteration. We start with the residual independent variables E and F.
Covariance matrix. W =E-F-F-E W= 90.28  —143.389
~143.389 227.742
Eigenvalue: X :=reverse(sort(eigenvals(W))) AT =(318.022 0)
Eigenvector: W izeigenvec<W,ko> - 0.855 —0.533
0.539 0.846

<1> <1>
score (column) vector for X: t —Ew

<1>
loading (row) vector for Y: ¢~ =F'*"”  nommalize: ¢~!7 =9 e
q
score (column) vector for Y: u<t> 1:F-q<l>
<1> -
0.533
loading (row) vector for X: p<l> =E"t"  normalize: p<l> = p<l> g :< )
0.846
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. \
Regression: b, ::slope<t<l> u) . [1.623 )
10667/ -3, 29.3
4 T
\ 0
<U<l>/i 2 |
> X |
R 1
o %o
é b, tt |
0o 2 1 -
Y I |
-2 0 2
<t<1>>iv <t<1>>0,tt
1st score of x
i ices: T
Residual matrices: E-E_ t<l>-p<l>
-
F-F_ t<1>_q<1> 'bl
Goodness of fit: sse .= F-F sse =0.042
SSe |4 — SSe
r2 ::L r2 =99.98 *%
sse old
r::Jriz r=99.99 <%
Step 6. Regression Model. (Be sure to take care of both mean-centering and variance-scaling)
Variance-scaling: . 1
X stdev_inv, . '~
I Xstdev,
N
. ..=1 ... an identity matrix.

1]

<0> <0>T
{ -q b+ \I-w

<0> <0>T)] <1> <1>T
p ‘W g -bJ

Y regress(X) <X R mean> X stdev_inv’ 0

*Y mean
Let us examine the slope and intercept with 2 terms (j=0,1).

slope:

<0> <> T <0>
: -b0+<lfw p

\
<>T' <> <«>T | (2002 [2)
X stdev_inv'{W fweg 'bj - < =

1.011

Examples:
y regress((5 0.5)) =10.508 <«— y((5 0.5)) =105 <« O.K.

y regress((s -05)) =9.497 «— y((5 -05)) =95 <« OK
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Miscellaneous Checks.

Check: orthogonality of p. (The vectors in p are not mutually orthogonal.)
T 1 0.146
0.146 1

Check: orthogonality of w. (The vectors in w are mutually orthogonal, but the Oth vector is not
normalized.)

T (1022 0
W W=
0 1)
Check: X=t.pT

0 0

-0.907 0 -0.907
-1.042 t-pT —|1/-1.042
-0.434 2 -0.434

3

-1.608 -1.608

w (N[~ O

Check: Y=x(t-q"-b) + F

0 0

0 -2.479 L -2.479
1-1.736 Z (> | p oL 1736
2/-0.715 — ’ -0.715
: -

4

-2.762 -2.762
-1.997 -1.997

A W[N] |O

Check: E=0

011

F[w o[- [©
olo|lo|o|o
olo|lo|o|o




