1 orthog.mcd
Approximate a function within the given interval with orthogonal polynomials & Bessel functions.
With formula from Tuma, Jan J., Engineering Mathematics Handbook, McGraw-Hill, 1979.
Instructor: Nam Sun Wang

Given Function defined over X=[x,, Xl X9 =0  Xpj =5
f(x) =x-e* « Change this function to see how other functions (sin(x), cos(x), or whatever
other function you desire) can be approximated. The rest of the worksheet

below can be left untouched.
Number of Terms Used: N :=4

0. Taylor's Series Expansion (which is the reference for comparison) around x:=0 for i:=0..N
. N
_d' T ‘ & i
a, = —— f(x) a =(0 1 -2 3 4) fTaonr(X) = Tx
dx! =0 i!
1=

I. Legendre Series -- Legendre polynomials are orthogonal over z=[-1,1]

Po(2) =1 P(2) =2 Py(2) ::%-(3127 1) P4(2) ::%-(5137 32) P4(2) ::§-<35-z47 3022+ 3)

Legendre polynomials in a vector form: P(z)::<P0(z) P1(z) Po(z) P3(2) P4(z)>T

Compress/expand x=[x,,,Xy,] into z=[-1,1] Z)]p =1 Zpi-1
X10Zhi— Z10'X hi Zpi—2
o0 =10 Thi TIOTh gy ThETlo 61 po=04 22(x) = a0 + BO-X
Xlo~ Xhi Xhi~ *lo
X10Zhi— Z10'X hi X pi— X
ol = JOThi Tlomhi gy ThE Tl o5 p1=25 xx(2) =al+ Bl-z
Zhi~ Zlo Zhi~ Zlo
The same function in z-variable space: F(z) :=1(xx(z))

The best approximation of f in the space spanned by the Legendre polynomials (or any set of
basis functions) is the projection of the given function f into the Legendre polynomial space,
which is the inner product between these two functions.

1 N
20+l -~
b, 2[ F(2)P(2);d2  f| egendre(?) = Z b-P(2),
-1 i=0
Il. Chebyshev Series -- Chebyshev polynomials are orthogonal over z=[1,1]
To(2) =1 Tq(2)=z2 Tp(z) =22°-1 Tg4(z) =423z Tyz) =8z'-82°+1

Chebyshev polynomials in a vector form: T(z) := <T 0(2) T1(2) To(z) T3(2) T4(z)>T

Function approximation by the Chebychev polynomials:

C. .=
i

F(z)-T(z), dz N

: Z ci-T(z)i

1 Add a small value of ¢ to avoid dividing by 0 at z=+1. ¢ = 10°°
. % 2
+
n-«/1+87 7 n-«/1+87 2 i=1

1

f Chebychev(2) =
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Ill. Bessel Series -- Bessel functions are orthogonal over z=[0,1]

Compress/expand X=[X,,Xy,;] into z=[0,1] Z)p'70 ANEEN!
X10'Z hi— Z 10X hi Zhi—2Z
o0 =10 Thiz Tlohi g ThiZTlo 6-0  po=02 zBel(x) =00 + BO-x
Xlo~ Xhi Xhi~ Xlo
X10'Z hi— Z 10°X hi X hi— X
i = JOThi Tlomhi gy Thi Tl g p1=s xBel(z) =al+ plz
Zhi~Zlo Zhi~Zlo
The same function in z-variable space: F(z) :=f(xBel(z))
Function approximation by Bessel Function of the First Kind of order O: x:=0,05..15
1 N | | The roots of JO(x):
\ rootJO(x) :=root(JO(x),X)
0069 0 \\ _ i '=0..8 Temporarily increase the number of terms.
0 \ —
— - %, '=100tJ0(2.5)
_ I l A . =rootd0(r + )
o 5 10 15 H+1 < b
X
T 0 1 2 3 4 5 6 7
A =19 2.405|5.52|8.654| 11.792| 14.931|18.071| 21.212| 24.352
1 N
2 \ - \
@, = Z-J 2-F(2)-00(1;2) dz f Besselo(2) = do,30(2;2)
n x.) 0 —
\ i=0
8
o ( \
Restore the number of terms. f Besselog(2) = dOi-JO\ki-z/
i=0..N i=0
Function approximation by Bessel Function of the First Kind of order 1:
1 | | The roots of J1(x):
/—\ rootJ1(x) :=root(J1(x),x)
Jl(X) // — s .
0— 0 X '=rootJ1(r)
o . \*J -~ \
7‘i+1 ‘7rootJ1<ki+ m
-1 ' : T o [ 1] 2 3 4 5 6
0 5 10 15 Al =
< 0 3.833(7.016|10.173|13.324|16.471|19.616| 21.212
1 N
-2 | 2Rz dz f (2) = Z 41,91 (2,2
i / 2 i o) Bessell i (I
n(2,2)" Jo —_—
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Function approximation by Bessel Function of the First Kind of order 2: n =2
The roots of J2(x):

1
! ! rootdn(n,x) :=root(Jn(n,x),x)
ﬂz,x)o / XO::rootJn(n,S)
o — 7‘i+1 = rootJn(n,ki + n>
. ! | T ol 1]2]3 4] 6 7
0 5 10 15 A ~10/5.135|8.417|11.62|14.796|17.96 | 21.117 | 21.212 | 24.352
X
1 N
.2 / -~
d2i/2-[ 2F(2)9n(2,0:2) &2 Fpegseip(2) = > d2:3n(2,2:2)
n(3.2)" Jo —_—
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Comparison of Taylor's series expansion and the various orthogonal polynomial approximations over
X=[Xj0:Xh)
X =X |O'X |O+ 0.1..x hi

0.4 —

Iﬁylor( X) \

f Legendre(2zz(x)) 02 —

f Chebychev(22(X)) S~

| | | |
0 1 2 3 4 5

— Given Function

— Taylors Series Expansion
Legendre Polynomial Approximation
Chebychev Polynomial Approximation

Comparison of approximation with various Bessel functions over X=[x,,,Xy

I I I
f(X) 04— L ]
f Besselo(zBel(x)) IS
- /
f Besselog(ZBel(x)) /// N
02t .7/ S i
E&ssell(ZBer)) |- / S
f Bessel2(ZBel(x)) / S
/ T =
/ N
0 | | | |
0 1 2 3 4 5

— Given Function
— Bessel Function JO with 5 Terms
-~ Bessel Function JO with 8 Terms
— Bessel Function J1

Bessel Function J2

We can see from the above plots that the Taylor's series expansion is valid only in the close vicinity
of x=0 and quickly deviates from the original function that it is trying to approximate. On the other
hand, approximation with orthogonal Legendre polynomials of the same degree as the Taylor's
series is quite good over the entire range. Chebychev polynomials also do just as well. The various
Bessel functions do not perform as well. Approximation with JO, in particular, is not very good.
There is less error when we increase the number of terms to 8.



