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Free-Vortex Wake Model
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A time-marching free-vortex wake analysis was developed for application to the prediction of
the aerodynamics of a helicopter rotor under transient or maneuvering flight conditions. The sta-
bility, accuracy and convergence of the time-marching algorithms was rigorously examined. A
linearized analysis was used to determine the basic stability characteristics of the algorithms. A new
time-marching algorithm is proposed to ensure numerical stability and convergence of the wake so-
lution. The second-order accuracy and grid independent nature of the wake geometry solution is
demonstrated. This algorithm is applied to the problem of transient rotor response resulting from
time-varying changes in the rotor collective pitch inputs. Good agreement is shown between the
predictions and experimental measurements.
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Nomenclature
c blade chord, m
Clα lift curve slope, rad−1

dL elemental blade lift, N
e flapping hinge offset, m
h time marching step,= ∆t, s
Iβ blade flapping moment of inertia, kg m2

ma apparent mass term in dynamic inflow, kg
Mβ blade flapping moment, N m
Nb number of blades
�r position vector of vortex collocation point, m
R rotor radius, m
t time, s
�V velocity vector, ms−1

vi rotor induced velocity, ms−1

V∞ freestream velocity, ms−1

∆ψ azimuthal discretization, rad
∆ζ vortex age discretization, rad
β blade flap angle, rad
βp precone angle, rad
Γ vortex strength (circulation), m2s−1

λi inflow ratio,= vi/ΩR
µ advance ratio,= V∞/ΩR
νβ non-dimensional blade flapping frequency
θ rotor collective pitch, rad
ρ fluid (air) density, kg m−3

σ eigenvalue of time-integration method, s−1

τ time-constant for inflow build-up, s−1

Ω rotor rotational speed, rads−1

ψ azimuth angle, rad
ψb blade azimuthal location, rad
ζ vortex age, rad
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Introduction

Over the past three decades, free-vortex methods have
emerged as robust and versatile tools for modeling

the complicated vortical wake structure trailed from a heli-
copter rotor. The advantage of free-vortex methods is that
they solve for the force-free positions of the discrete vor-
tex elements in the wake, thereby enabling more accurate
predictions of the non-uniform induced velocity field, both
at the rotor disk and elsewhere in the flow such as near the
airframe. Therefore, their use usually leads to better pre-
dictions of rotor loads, rotor performance, rotor vibration
levels, airframe loads and also the acoustics of the air-
craft. Free-vortex wake methods are now relatively mature,
and have been successfully applied in several types of ro-
tor aeromechanical analyses under steady flight conditions.
However, for reasons related to their formulation and/or
numerical behavior, they are usually inadequate for use un-
der transient flight conditions such as tight-turns, pitch-ups
and other important maneuvers. Because the maneuver-
ing flight capability limits the performance of the modern
helicopter, better time-accurate vortex methods must be de-
veloped to predict the rotor airloads under these conditions.

The dynamic response of the wake and the induced ve-
locity field surrounding a helicopter rotor during transient
or maneuvering flight is yet to be fully understood. The
highly vortical nature of the rotor wake1 leads to a compli-
cated, three-dimensional, induced velocity field, even un-
der steady flight conditions. It is, therefore, to be expected
that the dynamics of the rotor wake plays a significant role
in determining the transient aerodynamic response of the
rotor to time-varying motion, such as for pitch or roll rates
or other types of transient inputs to the rotor. Recent lit-
erature (e.g., Refs. 2–4) stresses the increasing need for
improved time-accurate rotor wake models for airloads and
other aeromechanics applications. It has been observed that
significant differences between flight mechanics simula-
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tions and in-flight experiments, especially for the so-called
“off-axis” blade flapping response found during maneu-
vering flight, can be related to inaccurate, or incomplete,
modeling of the transient aerodynamics of the rotor wake,
e.g. Ref. 2.

The development of time-accurate free-vortex wake
models suitable for application to maneuvering flight con-
ditions has historically been a challenging task for the ro-
tor analyst. One reason is that time-accurate rotor wake
calculations have been found to be susceptible to differ-
ent types of numerical instabilities, especially in hovering
flight, where the wake geometry does not easily converge
to an equilibrium wake geometry solution.5–7 It is some-
times argued that this behavior reflects the inherent phys-
ical nature of helicopter rotor wakes, where experimental
observations, e.g. Refs. 8, 9 & 10, have shown that the
intertwining tip vortex filaments can exhibit several long
and/or short wave types of instabilities. Yet, experience has
shown that the magnitude of these physical disturbances are
generally much smaller than those that have been predicted
using time-accurate free-vortex wake calculations (e.g., see
Ref. 11). This observation reflects an intrinsic difficulty
with these types of solution methodologies, and one that
has not yet been completely resolved.

One approach that has been successful in controlling
the various non-physical wake instabilities that are known
artifacts of the solution process, is to explicitly enforce
wake periodicity, e.g., by using influence coefficient based
methods,6, 7 and semi-implicit12 or pseudo-implicit meth-
ods.13–16 Further significant improvements in the stability
of the schemes are obtained using steady-state solution
methods that employ velocity field averaging.13–16 How-
ever, the explicit enforcement of periodicity limits the ro-
tor wake analysis mainly steady-state or low-rate (non-
transient) maneuvering flight conditions. Furthermore, the
enforcement of periodicity may artificially suppress any
physical transient behavior of the rotor wake, potentially
leading to misleading predictions of rotor airloads and per-
formance. Therefore, it is imperative to develop a robust
time-accurate wake methodology that is both accurate and
stable, i.e., it is not susceptible to any types of numerical
instabilities.

The principal objective of the present article is to de-
scribe and validate the behavior of a stable, conver-
gent, time-accurate free-vortex wake methodology. Time-
integration algorithms for solving the time-dependent wake
structures were examined using rigorous stability and con-
vergence criteria. In the past, the choice of time-accurate
free wake algorithms was based on accuracy considera-
tions. However, unless the algorithm is known to be stable,
the numerical solution will not exhibit the expected order
of accuracy. Therefore, the present algorithm was exam-
ined using both a linear stability criterion and also modified
equations to ensure stability. Solution convergence with
increasing grid refinement is also demonstrated for both
hovering and forward flight. The methodology is then vali-
dated against experimental measurements documenting the

rotor response under transient flight conditions with time-
varying blade pitch inputs.

Methodology
Blade Flapping Equation of Motion

To determine the transient rotor response, i.e., the aero-
dynamic loads and the rotor orientation in an inertial frame,
the inherent coupling between blade flapping and the wake
evolution must be considered. The position of the blade(s),
which is governed by the dynamics of its flapping motion,
forms a boundary condition for the origin of the vortical
wake trailed behind each blade. Therefore, for transient
or maneuvering conditions it is necessary to integrate the
flapping equation of motion for the blade(s) in a manner
that is properly coupled to the equations modeling the rotor
wake. The equation of motion of a flapping blade is given
by the equilibrium of moments about the flapping hinge -
see Refs. 17 or 18 for the complete derivation. For a rigid
rotor blade the equation of motion is given by

��

β +ν2
ββ =

Mβ

IβΩ2 +
ω2

0

Ω2 βp (1)

where the (�) denotes a derivative with the blade azimuth,
ψ, and νβ is the non-dimensional flapping frequency about
the hinge, ω0 is the non-rotating flap frequency, and βp is
the precone angle of the blades. The flapping moment on
the RHS of Eq. 1 is the aerodynamic moment about the
hinge as given by

Mβ =
∫ R

e
(r− e)dL (2)

where dL is the elemental lift on a spanwise blade element.
Because the elemental lift depends on the local induced in-
flow, the blade flapping response is dictated by the induced
velocity field produced by the vortical wake solution. Also,
through the boundary condition for the wake origin at the
blade(s), the wake solution itself is dependent on the blade
flapping solution. Therefore, Eq. 1 must solved with the
wake solution in a properly coupled manner.

The second-order equation describing the blade flapping
motion (Eq. 1) can be reduced to a set of first-order ordi-
nary differential equations (ODEs). This set of equations
can be solved using various standard integration methods.
However, in the present work the proposed second-order
backward time-integration algorithm for the wake equa-
tions, which is described later in this article, was used to
solve these equations. To reduce the equations to first order,
the blade flapping equation is rewritten in a matrix form

with two variables β and
�

β, i.e.,

d
dψ




�
β

β


+


 ν2

β 0

0 1







�
β

β


 =




Mβ
IβΩ2 +

ω2
0

Ω2 βp

0




i.e.,
�

Y +[M]Y = f

or,
�

Y = F (Y (ψ),ψ) (3)
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The stability and accuracy considerations applied to the
wake governing equations in the following section also ap-
ply to the blade flapping equations written in this generic
ODE form (Eq. 3).

Governing Equations of the Rotor Wake

Rotor free-wake methods, like all free-vortex methods,
are based on the vorticity transport theorem or Helmholtz
second theorem,19 which states that in a circulation pre-
serving flow (potential flow) vortex lines are material lines.
The vorticity is assumed to be concentrated in trailed and/or
shed vortex lines in a surrounding potential flow field. In
numerical solutions, the vortex lines are discretized into fi-
nite vortex elements. The motion of each collocation point
of the vortex segments is then given by the Lagrangian
equation of motion of a fluid particle, i.e.,

d�r
dt

=�V (�r) (4)

where �r is the position vector of a collocation point on a
vortex segment, and �V (�r) the local fluid velocity at that
point – see Fig. 1. For rotating wing applications, this
governing equation may be written in blade fixed coordi-
nates in the form of a partial differential equation (PDE).
The blade azimuthal location (ψ) is a temporal coordinate,
while the vortex age (ζ) is a spatial coordinate the distance
of the vortex element from its origin at the blade tip. There-
fore, the vorticity transport equation can be written as

∂�r
∂ψ

+
∂�r
∂ζ

=
�V (�r)

Ω
(5)

The left hand side (LHS) of Eq. 5 is the one-dimensional
wave (convection) equation. The source term on the right
hand side (RHS) is a complicated term because it in-
cludes the mutual and self-induced velocities of the vor-
tical wake, as well as relative freestream and maneu-
ver velocities of the rotor/helicopter. To solve Eq. 5
numerically, the derivatives on the LHS are approxi-
mated using finite differences. The present work is a
development of the method of Bagai & Leishman.14–16

The approach is to solve the discretized governing equa-
tions at the mid-point (ψ+∆ψ/2,ζ +∆ζ/2) of a grid cell
[ψ,ψ+∆ψ]× [ζ,ζ +∆ζ], with the derivatives being ap-
proximated by a second-order accurate five-point central
difference.

The velocity source term on the RHS of Eq. 5 includes
self and mutual induced velocities, which are given by
the Biot-Savart law20 as an integral along the length of
each vortex filament in the wake. The Biot-Savart in-
tegral cannot, in general, be evaluated exactly and must
be approximated by numerical quadrature. In the present
analysis this integral is evaluated using straight-line vortex
segmentation, which is analogous to the trapezoidal rule
for numerical quadrature. This approach was found to be
second-order accurate for induced velocity calculations –
see Ref. 21 for details.

y

z

x

Ω

∆ψ

r

collocation points

blade

∆ζ

Fig. 1 Schematic of the discretized tip vortex geometry

To enable time-integration of the wake equations, the
equations are written again in the form of an ODE, with
the wake collocation points�r as the variables, that is

d�r(ψ,ζ)
dψ

=
�r(ψ,ζ)−�r(ψ,ζ +∆ζ)

∆ζ
+ �V (�r(ψ,ζ))

∣∣∣
discrete

= F (�r(ψ),ψ) (6)

Notice that Eq. 6 is in the same generic ODE form as
the blade flapping equation (Eq. 3). Therefore, the same
methodology can be applied to solve both sets of govern-
ing equations in a fully coupled manner.

In the present work, a new time-marching free-vortex
wake algorithm was developed following the basic ap-
proach outlined above. This algorithm is referred to as the
PC2B (Predictor-Corrector 2nd-Backward) algorithm. An-
other algorithm, termed as the PCC (Predictor-Corrector
Central difference) algorithm, is also used to bring out the
importance of stability in convergence of time-marching
solutions, in general. In both the PC2B and PCC algo-
rithms, a predictor step is used to obtain a “guess” solution
at the new time-step to allow induced velocity calculations
in a pseudo-implicit manner. A five-point central differ-
ence approximation for the spatial (ζ) derivative was used
in both algorithms. The key difference between the two
new algorithms was the choice of difference approximation
for the time (ψ) derivative. The PCC algorithm used a five-
point central difference approximation similar to that of
Refs. 13–16. The PC2B algorithm used a 2nd-order back-
ward difference approximation as given by

Dψ ≈
∂�r(ψ+∆ψ/2,ζ)

∂ψ

=
3�r(ψ+∆ψ,ζ)−�r(ψ,ζ)−3�r(ψ−∆ψ,ζ)+�r(ψ−2∆ψ,ζ)

4∆ψ
(7)

Linearized Stability Analysis

To analyze the stability of a time-marching algorithm,
the algorithm is applied to a representive ordinary differen-
tial equation (ODE) of the general form

du
dt

= λu+aeµt (8)
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where λ, µ and a are constants. The exact solution to Eq. 8
is given by

u(t) = u(0)eλt +a

(
eµt − eλt

µ−λ

)
(9)

The predictor step in both algorithms is used only for eval-
uating the induced velocities in a pseudo-implicit manner.
The spatial differences are, however, calculated in an im-
plicit manner. Therefore, the stability of the time-marching
algorithm is determined by the corrector step in the al-
gorithm. The PCC algorithm applied to the above model
equation gives

un+1 = un +
1
2

λh
(

un+1 +un
)

+
1
2

ah
(

eµhn + eµh(n+1)
)

(10)

where h is the time step h = ∆t =
(
tn+1− tn

)
. By assuming

a solution of the form un+1 = σun, the eigenvalue(s) of the
algorithms can be obtained from

σ =
1+ 1

2 λh

1− 1
2 λh

= 1+λh+
1
2

λ2h2 + · · · 1
2n−1 λnhn + · · · (11)

Similarly, when the PC2B algorithm is applied to the rep-
resentive equation,

3un+1 = un +3un−1−un−2 +2λh(un+1 +un)

+2ah
(

eµhn + eµh(n+1)
)

(12)

and the eigenvalues, σ, are solutions of the characteristic
polynomial given by

(3−2λh)σ3− (1+2λh)σ2−3σ+1 = 0 (13)

Because for this algorithm the time-integration involves
three time-steps, there are three eigenvalues. These are
given by

σ1 = 1+λh+
1
2

λ2h2 +
1
2

λ3h3 + · · ·

σ2 =
1
3
− 1

9
λh+

5
54

λ2h2 +
17
162

λ3h3 + · · · (14)

σ3 = −1

In this case, only the first eigenvalue or the principal root
is important for the accuracy of the solution. The linear
stability criterion requires that the amplification factor for
each time-step, |σ|, be less than or equal to unity, that is

|σ(λ = iωh)| ≤ 1 (15)

This implies that the eigenvalues for λ = iωh must always
lie within the unit circle in the complex σ-plane.

To bring out the relative merits of the proposed algo-
rithms, the principal roots for the PCC and PC2B algo-
rithms are shown in Fig. 2 along with results for two other
time-marching algorithms that have been previously used
for rotor free-wake analyses. The forward Euler algorithm
is a one-step explicit method. The Adams-Moulton 4th-
order (AM4) algorithm (e.g., see Ref. 22) is also a two-step
pseudo-implicit predictor-corrector method, like the PCC

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

Im
(σ

)

Re(σ)

ω=0ω→∞
ω→∞

Exact, σ=eiωh

σEuler

σAM4

σPCC

σPC2B

Fig. 2 Principal roots for four time-marching algorithms

and PC2B algorithms. Recall that the stability criterion re-
quires that the σ-eigenvalues lie within the unit circle on the
complex σ-plane. The explicit Euler method is clearly un-
stable because the eigenvalue always lies outside the unit
circle. The AM4 algorithm is relatively more stable with
the principal σ-root closely following the unit circle for
small values of ωh. The PCC algorithm is stable but with
no damping, as mentioned previously, whereas the PC2B
algorithm is stable with positive damping. It should be
noted that the AM4 algorithm is formally 4th-order accu-
rate, and for very small values of ωh it is only mildly un-
stable. However, for practical applications of the free-wake
in helicopter analyses, which will have typical time-steps of
∆ψ = 5◦ to 15◦, this algorithm will be unsuitable because
even through it is has a better order of accuracy it is still
unstable.

Nonlinear Stability Considerations

It must be noted that the stability analysis of time-
marching algorithms in the preceding section is strictly ap-
plicable only to linear equations. For nonlinear equations,
the numerical solution may exhibit spurious oscillations,
albeit these may remain bounded for a given discretiza-
tion level. This implies that the solution is stable in a
linear sense, however, it may not be convergent because of
the grid-dependent spurious numerical oscillations. There-
fore, to ensure stability of nonlinear equations a broader
definition of stability must be considered. Following the
philosophy of traditional CFD analyses, a given numerical
algorithm may be considered to be unstable if the numerical
errors start out small and grow with time.23 The linearized
stability condition is just a special case of this broader con-
sideration and should be used only as a necessary guideline
for the non-linear equations.

To better understand this concept of stability, free-vortex
wake solutions using the two algorithms are shown in
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Fig. 3. The rotor geometry and operating conditions cor-
respond to those reported in Ref. 10. The initial condition
for both time-integration algorithms was obtained using
a steady-state (relaxation based) free-vortex wake model.
The solutions are shown after fifteen rotor revolutions (i.e.,
at ψb = 30π), along with the initial wake geometry. The
PCC solution, as shown in Fig. 3(a), indicates the presence
of numerical errors in the form of sinusoidal disturbances.
The initial condition did not contain such disturbances and,
therefore, these disturbances are purely numerical in origin.
The PC2B solution, however, shows no such disturbances
– see Fig. 3(b). Therefore, following the broader sense of
nonlinear stability, the PCC algorithm is unstable while the
PC2B algorithm is stable and, therefore, only this algorithm
would lead to a properly converged wake solution.

Results and Discussion
Convergence of Wake Solution

A numerical experiment was performed to verify the
convergence of free-vortex wake solution with increasing
grid refinement, i.e., with a finer azimuth step and increased
wake resolution. This numerical experiment verified that
the final wake solution is second-order accurate in ψ and ζ,
as expected from the preceding analysis. Also, because sta-
bility and consistency of the numerical method are neces-
sary for solution convergence, such numerical experiments
can also verify the stability of the numerical algorithms. It
was shown that both the PCC and the PC2B algorithms are
consistent with the original governing equations. There-
fore, convergence of the wake solution can be used as a test
to establish the stability of the numerical algorithms.

A grid resolution study with the free-vortex wake was
performed using both the PCC and PC2B time-marching
algorithms, with discretization levels ranging from ∆ψ =
∆ζ = 2.5◦ to 20◦. Although the exact (mathematical) so-
lution for the wake geometry is forever unknown, the nu-
merical solution with the finest grid discretization can be
considered as the “exact” solution for the purposes of es-
timating the order of accuracy. Numerical errors were
calculated relative to this wake geometry using the finest
grid (∆ψ = ∆ζ = 2.5◦).

Figure 4 shows the numerical errors in the wake geome-
try as a function of grid discretization level. Because the so-
lution is expected to show second-order accuracy, quadratic
fits to the numerical results are also shown. These results
confirm that the final wake geometry solution obtained us-
ing the PC2B algorithm is, indeed, second-order accurate
in both space (ζ) and time (ψ).

Finally, the numerical experiment was repeated for a for-
ward flight case at an advance ratio µ = 0.1 to verify wake
solution convergence. At this advance ratio the mutually
induced effects from the tip vortices generated by each
blade are relatively powerful, and significant wake distor-
tion is to be expected. The calculations were performed for
a four-bladed rotor whose geometry and operating condi-
tions correspond to the experiments of Ref. 24. A forward
shaft tilt angle of −3◦ was used with a rotor thrust coef-
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a) PCC solution
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Fig. 3 Sample results for free-vortex wake calculations using
(a) PCC algorithm, and (b) PC2B algorithm, for a two-bladed
hovering rotor showing axial displacements of the tip vortex
from the reference blade (blade 1)
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Fig. 4 Numerical errors in free-vortex wake solution using
the PC2B algorithm in hover with increasing grid discretiza-
tion. Quadratic decreasing trend indicates a second-order
accuracy
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ficient of CT = 0.008. The top (plan) and side views of
the rotor wake geometry are shown in Fig. 5(a) and 5(b)
for different levels of discretization. Only the geometry for
tip vortex from a reference blade at ψb = 0◦ is shown for
clarity. Notice that only the solution with the coarser dis-
cretization of ∆ψ = ∆ζ = 20◦ shows significant differences
from the other solutions. The solutions corresponding to
∆ψ≤ 10◦ are almost identical. The numerical errors, rela-
tive to the ∆ψ = 2.5◦ solution, exhibit the expected second-
order accuracy, as shown in Fig. 5(c).

Therefore, it can be concluded from these numerical ex-
periments that the PC2B solution is convergent in both
hover and forward flight. It is particularly significant to
note that the strong distortions present in the wake struc-
tures are well-preserved, and not damped-out because of
the artificial numerical dissipation.

Maneuvering Rotors: Change in Collective Pitch

The time-accurate free-wake model based on the PC2B
algorithm was applied to solve for the transient rotor wake
dynamics and rotor flapping response following an elemen-
tary maneuver in the form of a ramp (constant pitch rate)
increase in the collective pitch of the rotor blades.

To initially validate the time-accurate free-wake method-
ology, the response of a three-bladed articulated rotor to
a change collective pitch was examined. This is a classic
problem that was experimentally examined by Carpenter &
Friedovich25 for a full-scale isolated rotor. The rotor blades
had a radius of 5.8 m (19 ft) and a solidity of 0.042. The
rotor was operated at approximately 220 rpm. In the ex-
periments, the collective pitch of the blades was increased
linearly at different constant rates to a maximum pitch of 12
degrees. The blade flapping angles, rotor thrust and mean
rotor inflow were measured in the experiment.

Figure 6 shows the results for the highest ramp rate of
200 degrees per second along with the experimental mea-
surements. Notice that the collective input in the experi-
ments shows some oscillatory overshoot behavior, which
is because of blade torsion. The rotor thrust and flap-
ping show significant initial overshoots compared to their
steady-state values, both of which are attributable to the lag
in the development of the inflow. The relatively slow build-
up of the mean rotor inflow observed in the experiments
has been previously attributed to the apparent mass (i.e., the
non-circulatory or inertial effects) of the fluid surrounding
the rotor disk, although it will be shown later in this article
that this lag is predominantly a circulatory effect.

Dynamic Inflow Equation

Under the assumption of uniform inflow over the rotor
disk, an equation for dynamic (time-dependent) inflow can
be obtained by equating rotor thrust obtained using a blade-
element theory and annular momentum theory – see Ref. 25
for details. The rotor thrust is given by

T = mav̇i +2πR2ρvi

(
vi +

2
3

β̇R

)

-1.5

-1

-0.5

0

0.5

1

1.5

-0.5 0 0.5 1 1.5 2 2.5 3

y/
R

x/R

∆ψ = 20°
∆ψ = 15°
∆ψ = 10°
∆ψ = 5°
∆ψ = 2.5°
Experiments

CT = 0.008, µ=0.10, αs = -3o

a) Top view of tip vortex geometry

-2.5

-2

-1.5

-1

-0.5

0

0.5

-0.5 0 0.5 1 1.5 2 2.5 3

z/
R

x/R

CT = 0.008, µ=0.10, αs = -3o

b) Side view of tip vortex geometry

0.001

0.01

0.1

1

0.01 0.1 1

L 2
-n

or
m

 o
f e

rr
or

 in
 w

ak
e 

ge
om

et
ry

Discretization level, ∆ψ=∆ζ  (rad)

x/R
y/R
z/R
quadratic fit

c) Convergence trend

Fig. 5 The PC2B algorithm applied to free-vortex wake ge-
ometry solution in forward flight: (a) side view of tip vortex
geometry (b) numerical errors with increasing grid discretiza-
tion showing convergence
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=
1
6

NbρcClα Ω2R3

(
θ− 3

2
vi

ΩR
− β̇

Ω

)
(16)

where ma is the apparent mass of a solid circular disk.26

The mav̇i term, therefore, is meant to represent the addi-
tional force on the rotor disk because of the accelerating
inflow. The analogy drawn between a fluid accelerating
through a permeable disk and a solid circular disk accel-
erating in a stagnant fluid is not rigorous. However, pro-
ceeding on this basis the dynamic inflow equation is given
by

mav̇i = 2πR2ρvi

(
vi +

2
3

β̇R

)
(17)

+
1
6

NbρcClα Ω2R3

(
θ− 3

2
vi

ΩR
− β̇

Ω

)

Note that in the above derivation the inflow is assumed to be
uniform over the blade span. Therefore, a simple correction
factor is included to account for non-uniform inflow – see
Ref. 25 for details. This equation is then solved together
with the blade flapping equations of motion.

Comparison with Experiments

The results using this dynamic inflow model are shown
in Fig. 6 along in with the free-vortex wake results. In
this case, the blade flapping dynamics were fully coupled
with the wake solution during every time-step. The tran-
sient free-vortex wake results were obtained using an initial
wake geometry corresponding to a very small thrust coeffi-
cient. The initial mean inflow and coning angle were also
negligibly small. The wake geometry and the blade flap-
ping response were then calculated in a coupled manner by
time-integrating the respective equations.

Figure 6 shows that the rotor thrust response and inflow
build-up is in good agreement with experimental measure-
ments. The transient overshoot in flapping (coning) is
slightly underpredicted because the participation of the tor-
sional blade dynamics, albeit small, have been neglected in
the analysis. The slow build-up of inflow, which is mod-
eled basically as a time-lag in the dynamic inflow theory, is
a result of the transient evolution of the trailed rotor wake.
This time constant (lag) of the dynamic inflow build-up can
be estimated using the linear portion of Eq. 17 in a non-
dimensional form, i.e.,

0.85
�

λi = −1
4

σClα λi

i.e.,
0.85×4

σClα

�

λi = −λi (18)

Now, assuming Clα = 2π/rad the inflow time constant can
be identified as

τ =
0.541

σ
radians =

0.541
2πσ

rotor revolutions (19)

Therefore, for Carpenter & Friedovich’s rotor experiment
the time constant for the unsteady flow development is ap-
proximately two rotor revolutions, which is relatively long.
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deg/sec. Experimental results from Ref. 25

Note that this time-constant is correctly predicted by the
time-accurate wake algorithm, as shown in Fig. 6. Good
correlations were also obtained for other ramp rates exam-
ined in the experiments.

Role of Unsteady Aerodynamic Effects

The apparent mass term that appears in the dynamic in-
flow model described above, appears to suggest unsteady
aerodynamic lift increments. Therefore, the role of the ap-
parent mass terms in this transient rotor response has been
examined. Do do this, the non-circulatory unsteady aero-
dynamic terms corresponding to the apparent mass effects
at each blade-element (e.g., Ref. 18) were included in the
blade lift solution. These results are shown in Fig. 7 for the
200 degree per second ramp rate. Again, notice that these
unsteady aerodynamic effects are found to be much smaller
compared to the overall rotor response. The rotor thrust and
blade flapping overshoots observed in this maneuver are,
therefore, a result mostly of the transients associated with
trailed wake evolution, i.e., a circulatory effect. The de-
velopment of the rotor wake following the collective pitch
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Fig. 8 Effect of coupled blade flapping dynamics on the tran-
sient rotor response

change results in a relatively slow build-up of the inflow in-
duced through the rotor disk, thereby leading to a transient
overshoot in rotor thrust.

Effects of Flap Dynamics

The above results show the influence of the inflow dy-
namics induced by the trailed vortex system alone. For the
teetering rotor in hovering or axial flight there is no blade
flapping because of wake axisymmetry. Typically, blade
flapping dynamics will augment the transient overshoot in
rotor thrust. This is because following an increase in col-
lective there will be a transient overshoot in blade flapping,
which will move the rotor blades further away above the
trailed wake. This results in a further delay in build-up of
rotor inflow and a corresponding larger thrust overshoot.

Figure 8 shows results for a rigid (non-flapping) rotor
and an articulated rotor to bring out the inherent coupling
between the blade flapping motion and the rotor wake dy-
namics. Notice that the articulated rotor shows a substan-
tially higher transient rotor overshoot compared to the tee-
tering rotor. Clearly, the overall response of the rotor to
such inputs is strongly dependent on both the rotor wake
dynamics as well as the blade flapping dynamics.

Another numerical experiment was performed to exam-
ine the relative effects of the inflow dynamics and blade
flapping dynamics. Recall that the dynamic inflow model
showed essentially the same inflow response as the free-
vortex wake model. Therefore, only the relative effects of
dynamic inflow and blade flapping were examined. Fig-
ure 9 shows the build-up of rotor inflow and the thrust
coefficient as a function of time following a step increase in
collective pitch. The rotor geometry is identical to the ex-
periments of Carpenter & Friedovitch,25 but in this case the
rotor was assumed to be gimballed and, therefore, there was
no blade flapping. Notice that the predicted inflow build-up
is nearly the same using both the dynamic inflow and the
free-wake models. The rotor thrust, however, is substan-
tially overpredicted with the dynamic inflow model. This
suggests that the dynamic inflow theory is limited in ap-
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Fig. 9 The relative effect of blade flapping dynamics in tran-
sient rotor response (a) blade flapping angle, (b) rotor thrust
following a ramp increase in rotor collective pitch.

plication to specific rotor configurations, unless empirical
corrections to the dynamic inflow coefficients are used.

Figure 10 shows the results for the Carpenter &
Friedovitch rotor obtained using the dynamic inflow the-
ory along with results obtained by eliminating the inflow
dynamics. In this case, following a simple blade ele-
ment/momentum theory (i.e., ignoring the time-dependent
terms in Eq. 17), the inflow is proportional to the collec-
tive pitch input. The blade flapping results, as shown in
Fig. 10(a), bring out the importance of inflow dynamics in
the blade flapping motion. Clearly, the results obtained by
ignoring time-varying rotor inflow significantly underpre-
dict the blade flapping. However, it is interesting to note
that the overshoot in the thrust with a constant inflow is the
same as that obtained using dynamic inflow. Therefore, the
blade flapping dynamics certainly plays a dominant in tran-
sient rotor response. However, there is an increased lag in
thrust overshoot, which is correctly modeled with the dy-
namic inflow models.
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Fig. 10 The relative effect of wake/inflow dynamics in tran-
sient rotor response (a) blade flapping angle, (b) rotor thrust
following a ramp increase in rotor collective pitch.

Frequency Response: Oscillatory Collective Pitch Inputs

The dynamic response of the rotor wake to a step or ramp
change in the collective pitch can be idealized a combina-
tion of responses to a series of inputs at several different
frequencies. In this section, the behavior of the wake-
induced rotor inflow over a range of excitation frequencies
is examined. This behavior has been experimentally ex-
amined in the past to provide some empirical insights into
the formulation of dynamic inflow models. The rotor wake
dynamic response at low and intermediate range of fre-
quencies below the rotational frequency is also of particular
interest from the perspective of helicopter flight dynamics
and handling qualities.

The experimental results presented in this section are
from the work of Ellenrieder & Brinson.27 In these ex-
periments, a small-scale, four-bladed rotor with rectangular
planform, untwisted blades was used. The rotor radius was
0.77 m, the chord was 0.06 m, and the rotor was operated
at a nominal rotational speed of 1200 rpm (125.66 rads−1).
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The rotor blades were mounted on a hub without any blade
flapping or lag hinges, resulting in a very stiff rotor with
an equivalent flapping hinge offset of e = 25%R. The mea-
sured non-dimensional flapping frequency of the rotor, νβ,
was found to be 1.22, with a control phase lag angle of 55◦

in hover. The rotor was operated at a nominal thrust of
280 N or at a thrust coefficient of 0.013. The blade pitch
inputs for both collective and cyclic excitations consisted
of root pitch changes of 1.5◦ in magnitude.

The collective pitch excitation was accomplished by
changing the pitch settings of all four blades exactly in
phase. The inflow time-history showed a small initial tran-
sient, after which the predominant response was found to
be at the excitation frequency. A frequency analysis was
then performed on the time-history to find the amplitude
and phase of the inflow response. These inflow frequency
responses are shown in Fig. 11 as a function of the exci-
tation frequency and at three representive radial locations
at (a) r/R = 0.41, (b) r/R = 0.57, and (c) r/R = 0.73, re-
spectively. The free vortex wake results are shown as solid
lines while the corresponding experimental measurements
of Ellenrieder & Brinson27 are shown with open symbols.

An interesting feature of these results is the relatively
flat gain slope observed at low frequencies, followed by
a decrease in gain at half the rotational frequency, and
a subsequent gain recovery near the natural frequency of
blade flapping (1.22Ω). The present time-accurate free-
vortex wake methodology predicts these features correctly.
The magnitude of the gains, however, is somewhat under-
predicted at low frequencies and overpredicted at higher
frequencies. The discrepancies may be because of several
reasons, including the fact that experimental measurements
were not made at the rotor plane but at a small distance be-
low to avoid risk of sensor contact with the rotor. However,
the overall agreement between predictions and experiments
is good. In particular, the phase angles of the inflow re-
sponse are predicted well by the present free-wake analy-
sis. The low phase lag at frequencies lower than the blade
flapping natural frequency is an interesting result. Most
commonly used dynamic inflow models use empirical val-
ues to model this behavior, whereas the present analysis
predicts the behavior from first principles.

Figure 12 shows the gain of the dynamic inflow response
along the span of the blade in response to a collective
pitch excitation. Clearly, the frequency response shows
significant variations with both excitation frequency and
the radial location. For low excitation frequencies, the in-
flow response is nominally constant over the blade span.
However, as the excitation frequency increases, the inflow
response becomes concentrated near the tip region at about
r/R = 0.8. This trend is also observed in the experiments
of Ref. 27. This is an interesting observation because the
maximum inflow response approximately corresponds to
the spanwise location of the maximum in blade lift.

The corresponding phase of the inflow response along
the blade span is shown in Fig. 13. At low frequencies, the
inflow is essentially in phase with the collective pitch exci-

tation. As the excitation frequency is increased, the phase
lag increases over the inboard portion of the blades. This
trend is observed in the experiments and is well modeled
by the free-vortex wake analysis. Ellenrieder & Brinson
have postulated that the increasing phase lag over the in-
board sections of the blade is suggestive of the fact that
the trailing vorticity from the blade tips is the most dom-
inant flow structure. This observation is confirmed by the
present analysis. The good agreement with experimental
measurements confirms the inherent assumption that the
blade tip vortices are the most dominant flow structure in
a rotor wake and dominates both the steady-state and the
dynamics of the rotor inflow response.

Conclusions
A time-accurate free-vortex wake algorithm has been de-

veloped for the calculation of rotor wake dynamics under
transient conditions. The choice of the algorithm was based
on stability considerations to ensure solution convergence.
It was shown that because the governing equations of the
rotor wake are highly nonlinear, a linear stability analysis
alone is insufficient to guarantee a convergent algorithm.
The proposed time-integration algorithm was shown to be
convergent with grid refinement and solution convergence
was demonstrated with a clean second-order accuracy. The
transient rotor response following a ramp increase in ro-
tor collective pitch, as well as the response to oscillatory
collective pitch inputs, showed good agreement with exper-
imental measurements. The conclusions drawn from this
study are summarized as follows:

1. Two second-order accurate algorithms (the PCC and
PC2B algorithms) were examined for stability and
convergence. Both the algorithms were shown to be
stable based on a linearized analysis. However, the
PCC algorithm (which is based on central differences)
must be considered unstable in the sense that it results
in growth of numerical errors with time. The PC2B
algorithm (which is based on 2nd-order backward dif-
ferences) contains some inherent dissipation, which
effectively restricts the growth of such numerical er-
rors and is the method of choice.

2. The PC2B algorithm was shown to exhibit solution
convergence with a clean second-order accuracy. For
finer discretizations, such as with an azimuthal step
size of 5◦ or smaller, the solution was shown to be
grid-independent. This confirms that the PC2B algo-
rithm is stable, consistent and convergent. This makes
the algorithm suitable for the numerical modeling of
time-accurate rotor wake dynamics.

3. The time-accurate wake model was shown to give
good predictions of the rotor response following a
ramp increase in rotor collective pitch. The rotor re-
sponse in this case was found to be dominated by the
dynamic evolution of the trailed wake (tip vortex) sys-
tem and not the unsteady effects associated with the
shed wake or apparent mass (flow inertia effects).
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Fig. 11 Magnitude and phase of the inflow frequency response to cyclic excitation of collective pitch. Solid symbols are experi-
mental measurements of Ref. 27 while solid lines are free-vortex wake predictions.
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Fig. 12 Radial variation in the gain of dynamic inflow response for different frequencies. Solid symbols are experimental
measurements of Ref. 27 while solid lines are free-vortex wake predictions.
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Fig. 13 Radial variation in the phase of dynamic inflow response for different frequencies. Solid symbols are experimental
measurements of Ref. 27 while solid lines are free-vortex wake predictions.
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4. The methodology was applied to solve for the dy-
namic rotor response to oscillatory collective pitch
inputs. An interesting feature of the results was the
relatively flat gain slope observed at low frequencies,
followed by a decrease in gain at half the rotational
frequency and a subsequent gain recovery near the
natural frequency of blade flapping. The predicted
results for the inflow gain and phase at all excitation
frequencies were found to be in good agreement with
the corresponding experimental measurements.
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