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Abstract

We relate properties of an anisotropic continuum model of a two-dimensional vicinal surface to those of a model
with fluctuating and interacting steps. We show that analysis of the fluctuations of an individual step in the array
provides information about the length scale on which the surface has reached equilibrium and can be used to estimate
fundamental step parameters from locally equilibrated surfaces. Monte Carlo simulations of a stable vicinal surface
using the terrace—step—kink model agree with the theoretical predictions. We further apply this analysis to steps on
an unstable surface during reconstruction-induced faceting and show that it can be used to determine whether the
faceting process is in the nucleation or spinodal decomposition regime. © 1999 Elsevier Science B.V. All rights reserved.

Keywords.: Capillary waves; Faceting; Fluctuation; Step; Surface kinetics; Surface thermodynamics; Vicinal surface

1. Introduction

Steps play an essential role in determining the
structure of crystal surfaces at low temperatures
and in many surface kinetic processes. Thus the
evolution of surface morphology has often been
characterized in terms of models describing the
motion of individual steps [1,2]. Direct imaging
techniques, such as scanning tunneling microscopy
(STM), reflection electron microscopy (REM ) and
low-energy electron microscopy (LEEM), allow
us to observe individual step configurations and
determine their motion quantitatively.

Important theoretical insight has arisen from a
capillary wave analysis [3,4] of the fluctuations of
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steps on vicinal surfaces combined with exact
solutions of the free-fermion model [5-10]. In
particular, Yamamoto and coworkers [9,11,12]
studied the mean-squared fluctuation width of an
individual step on a vicinal surface and showed
that it exhibits an asymptotic logarithmic behavior,
in contrast to the linear behavior of a single
isolated step (see below for precise definitions).
They pointed out that a key macroscopic parame-
ter in the step model, the step interaction strength,
could in principle be determined by fitting experi-
mental data to the predicted logarithmic form.
Indeed, this and other fundamental parameters in
the step model, such as the step stiffness and the
step mobility, have been estimated from experimen-
tal data on the mean-square step displacements
[5-9], and the distribution of terrace widths
[13,14].
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However, well-equilibrated surface step config-
urations are needed to obtain accurate parameter
values from the terrace width distribution and
mean-square step displacements, while we are often
interested in the properties of surfaces under
dynamical conditions where the surface structure
has reached local equilibrium but the long wave-
length modes may not have completely relaxed. In
this paper, we show that it is still possible to
determine accurate parameter values in many such
cases by analyzing how the Fourier modes of the
fluctuations of an individual step on the vicinal
surface differ from those of a single isolated step.
This provides a sensitive probe of the effects of
step—step interactions on a variety of different
length scales. Our approach yields an estimate of
the length scale on which a real surface has reached
equilibrium and can be used to determine the basic
step parameters.

In the following sections, we first analyze the
equilibrium fluctuations of an individual step on a
uniform stable vicinal surface [9,11,12]. By com-
paring this to the fluctuations of a single isolated
step, we develop a method for subtracting the
effects of step—step interactions from the wave-
length dependence of the fluctuation modes of the
step. This allows us to determine the interaction
strength and other parameters. Monte Carlo simu-
lations using the terrace—step—kink (TSK) model
confirm the accuracy of these predictions. We then
apply this same analysis to the steps on an unstable
vicinal surface undergoing reconstruction-driven
faceting and show that it can determine whether
the surface is in the nucleation or spinodal decom-
position regime.

2. Capillary waves and energetic parameters for the
step Hamiltonian

On an atomic scale, the fluctuations of indivi-
dual steps are controlled by the microscopic energy
cost to form kinks. In the following we operate on
a coarse grained mesoscopic scale, where atomic
scale fluctuations like kinks cannot be resolved.
The individual surface steps are treated as the
fundamental objects of interest and mass transport
between them is explicitly considered. In this model

a step can be pictured as a continuous fluctuating
line or string with an effective line tension or step
stiffness, f, that tends to keep the step straight.
The energy of small long wavelength distortions
of a single isolated fluctuating step can be simply
written as:

1 (.
H= 5 Jﬂ[ﬁyX(y)]2 dy (1)

where the y-direction is set to the step-edge direc-
tion and x(y) represents the configuration of the
step. We refer to this quadratic Hamiltonian as a
capillary wave model in analogy to the capillary
wave model of the liquid—vapor interface [3,4]. It
can be diagonalized by a Fourier transform:
H=31BX, ¢*|x,)* in terms of the capillary modes,
xqz(l/\/%)jé x(y)e ¥ dy. From the equiparti-
tion theorem, the equilibrium second moment of
the Gaussian random variables, {x,x,»> is given
by:

XXy =(KTIBG) oy~ (2)

Using this, it is easy to show that the basic
correlation function describing the mean-squared
step wandering in the x-direction as a function of
the distance y from a given step position:

G'(»)={[x(») —x(0)1*> (3)

increases /inearly with y. Indeed, as the step length
L, goes to infinity, we have the well-known
result’:

G'(y)=kTIyI/B. (4)
Let us now consider the analogous quantity:
G, (1) ={[x,(») —x,(0)]> (5)

describing the wandering of a particular step n on
a vicinal surface with N, steps [9,11,12]. As
N,— o0, this function becomes independent of n
and will be denoted as G(y), since all steps are

! See appendix B of Ref. [15] for the finite size effect and see
Ref. [16] for a more general discussion of fluctuating interfaces
in different dimensions.
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equivalent?. For small y, and in the absence of
very strong direct step—step interactions, the step
fluctuations are dominantly controlled by the step
stiffness alone. Thus G(y) is linear in y, just like
the G'(y) of the isolated step. However, the isolated
step approximation must certainly fail to describe
the wandering of the given step on a vicinal surface
when G(y) becomes of the order of the average
terrace width, or equivalently, when y approaches
the collision length I, defined as the distance y
along the average step direction such that G'(y) is
equal to the half width of the average terrace, w/2
[5]:

_h
lc(w)=4kT we. (6)

Roughly speaking, a step collides with its
neighbors® at y-positions separated by intervals of
length ..

If the neighboring steps were fixed in place [17],
a step that wanders to the neighboring step posi-
tion must retreat after a collision to avoid over-
hangs, and the mean-square step displacement
would be bounded by the distance between the
two neighboring fixed steps. A given step on a real
2D vicinal surface where all steps can fluctuate
also tends to rebound after a collision, but now
the neighboring step is ‘pushed’ in the opposite
direction, providing more space for the original
step to wander. Moreover, there exist in-phase
modes where the step and many of its neighbors
move in the same direction. However, an increas-
ingly large number of neighboring steps are
required to move in-phase when G(y) becomes
much larger than w. This causes the mean-square
step displacement, G(y), to change from linear

2In some cases there could exist strong impurities, pinning
centers, or other perturbations that could create complicated
corrugations normal to the average step direction that might
not relax over the course of a typical experiment. In such cases
this assumption of step equivalence would break down and our
method (as well as the other approaches) could yield inaccu-
rate results.

3 This definition of collision length holds when there are only
entropic repulsions. In general, the effective collision length
would depend on direct step—step interactions as well as the
terrace width and strong step—step repulsions would reduce the
collision length.

behavior at short distances to logarithmic behavior
at large length scales [9,11,12].

To see this, let us consider a continuum theory
for a 2D vicinal surface with fluctuating steps.
Experiments on vicinal surfaces are usually carried
out at temperatures well below the roughening
temperature of the (low-index) flat surface.
However, since the vicinal surface has a non-zero
macroscopic slope, it is generally rough, with a
differentiable free energy as a function of orienta-
tion [18,19]. In such a rough phase, the free energy
cost for small distortions of long wavelength from
the uniform state with step spacing w, can be
written as:

1
H= > 2 [7e(waq)? +7y(ayq,) M, 1 (7)
q
in terms of Fourier components of the deviations:
”n(J’)Exn(J/)_Wa” (8)
from the uniform state:
1

S % i(gxwan + 4,30

U, = ——= u e M@Walt T Vi) 9
"= VNN, n; 2z (Vi) %)
Here y, =ka, is the y-coordinate of the kth segment
of length a, of the step* and N,=L /a,. Eq. (7)
introduces two ‘elastic constants’ or surface stiff-
nesses controlling the energetics of surface distor-
tions: §,, describing the resistance of the step array
to bending, and 7,, describing the resistance of the
surface to changes in the average step spacing.
This quadratic model is appropriate only for sur-
faces with a small slope (lqu,|<«1). For perturb-
ations where the small slope approximation breaks
down, see Refs. [20-22].

It is easy to determine the relationship between
the surface stiffnesses, 7, and 7, and the usual
energetic parameters in step models, the step stiff-
ness f and the step interaction parameter g by
considering two limiting cases of Eq. (7). First,
we obtain the relationship between §, and g by

4 One could use a continuum Fourier transform (FT) in y-
direction,  x,=[1/VN,L,]%, [ dyu,(y)e @""*a»  which
would give additional powers of N /L, in quantities defined in
terms of Fourier components. We choose a discrete FT both in
x- and y-directions to avoid the confusion of Fourier compo-
nents having different dimensions depending on the direction.
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considering a limit where the second term in Eq.
(7) is negligible. If we allow only ¢, =0 modes, i.e.
if u,=u, 00,0, Eq. (7) reduces to a quasi-1D
model Hamiltonian describing straight steps, and
the relationship between . and g can easily be
obtained. Using the standard quasi-1D step model
with pairwise interacting steps [17,23,24], the free
energy difference between a non-uniform and a
uniform vicinal system for small distortions
u,=x,—w,n from the average step spacing w, is
given by:

h3 h3
H—Hy=L,Y g _8
n (un+1 —Uu, +Wa)2 (WZ)
3gha
x 74}; Z 2[1 _Cos(qxwa)“uqx,olz
Wa qx
3gha
x W4 g Z (waa)zluqx,0|2 (10)
a dx

for small ¢, and |u,_,|. Here L, is the length of
each (straight) step, H, is the energy of the uniform
vicinal surface, and / is the step height. Comparing
this result to Eq. (7) when g, is set to zero, we
find the desired relation:

7. =6ga,h®/w;. (11)

Similarly, the relationship between §, and B can
be obtained from a limit in which the second term
of Eq. (7) is dominant. Since 7, decreases as 1/w#
, the first term of Eq. (7) can be ignored in the
limit w,— o0 and Eq. (7) reduces to:

1 1 N
H=— Z ?y(ayqy)2|uq|2 == Z J('\;yay)(ayu)z dy
2 Gty P —

(12)

In this limit, the system becomes an array of N,
independent steps whose fluctuations are controlled
by the step stiffness, f. From Eq. (1), therefore,
we have:

7y =Play. (13)

Strictly speaking, there will be additional contribu-
tions to §, at finite w, arising from step interactions,
since the normal distance between steps also
changes as a result of the distortion. However, in

most cases, these corrections are extremely small
[22] and we will ignore them here.

The asymptotic behavior of G(y) in Eq. (5) can
now be calculated straightforwardly from Eq. (7).
For large y, we find the well-known result [9,10,19]:

1 L o
G(y)=—— Uy g, Y€ —1) (e —1
) NN, %qu< gtar ) ) )

NkTwaay jd . 2[1—cos(g,»)]
L imiG+aa /i

4ny
kT

~— In(y/a,)+const. (14)
™y

for large y where 7=V7,7, is the (geometric)
mean surface stiffness and 7= V7, /7, measures the
anisotropy in the surface stiffnesses. Most vicinal
surfaces have 1«1, since §, depends mainly on the
step stiffness f§, while §, arises mainly from the
step—step repulsions, which are relatively weak for
typical step spacing. This is consistent with our
neglect of the corrections to §, arising from step
repulsions.

Combining this asymptotic large distance beha-
vior with the short distance behavior discussed
earlier, we thus expect the mean square step wan-
dering, G(y) to increase linearly for small y but
change to logarithmic behavior for large y:

C(T)y for y«l,

G(y)~ 15
O {CZ(T)log(y) for y>1.. (13)

By measuring the coefficients, C{(T)) and C,(T),
from step configurations one can in principle
obtain the step stiffness f(T') and the step inter-
action parameter g(7) from Egs. (4), (11) and
(14):

B(T)=kT/C(T)  g(T)=7.wi/6=7>wi/(67,)

:1[ kT T[CI(T)}@ (16)
6m? | Cy(T)/a? a,

Indeed, the step stiffness f(T') of several different
systems has been determined from the measure-
ment of Cy(T) [6]. However, since log(y) is a very
slowly varying function, to obtain its coefficient
C,(T) accurately one needs the equilibrium con-
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figurations of a large sample, and the equilibration
time is often very long. There have been a couple
of attempts to measure the coefficient of the loga-
rithmic divergence of the step position correlation
function [25,26], but it is not clear if the samples
reached equilibrium on sufficiently large scales for
the analysis to be valid. The distribution of terrace
widths on a vicinal surface has also been used to
estimate the step interaction parameter [6,14], and
recently Einstein and Pierre-Louis [27] have devel-
oped improved theoretical expressions that can in
principle provide accurate results even for weak
elastic interactions, but again a large area of
equilibrium configurations is needed for the analy-
sis to be valid.

3. Fluctuation modes of an individual step on a
vicinal surface

We now show that g as well as f§ can be obtained
by considering the capillary modes of an individual
step in the step array and observing the deviation
from the prediction of an isolated non-interacting
step as a function of the wave vector. Since the
capillary mode analysis provides the wavelength
dependence of the step—step interaction strength
as described below, this method has the advantage
of telling the length scale on which a real surface
has reached equilibrium in the y (step) direction
and may be applied to a surface that has reached
only local equilibrium.

Let u,,, be the capillary mode of the nth step
at a particular wave vector g, related by Fourier
transform to Eq. (8):

1 )
Upg =—7= ), Uy, € DV, (17)

Then, from Eq. (9) we have:

1 .
Uy, = 7N Z Uy g, eldxWal (18)

s dx

and the second moment of the capillary mode at

this particular wave vector is given by:
qu = <u"’qyu"’ 4y >

— H A a.
=N; ! Z Z <uqx,qyuq;sqy>el(qx+q e

dx dx
/W,
w,kT R .. e
~ [7(Waq)” +7,(ayq,)°] " dq,
2n/L,
kT mij
R — arctan . (19)
n'}/ayqy ayqy

As is the case for G(y), C, is independent of the
step index n since all steps are equivalent.
Approximating arctan(x) by x for x«1 and by
n(244/nx) ! for x> 1, it is easy to show that:

kT
Ty(ayqy)?
kT
2ja,q, +(4/7*)7,(a,q,)?

for a,q, >mni

for a,q, <mi.

(20)

It is instructive to relate these results for the
fluctuations of an individual step on a vicinal
surface to those of a single isolated step as
described by a capillary wave Hamiltonian with
modified parameter values that take account in
some effective way of the presence of the other
steps. For our purposes here it is convenient to
view Eq. (19) as arising from the fluctuations of a
single step with a wave-vector dependent ‘equivalent
line stiffness’ ﬁe(qy), which incorporates the effects
of step repulsions:

1 ~
H= 5 Z ﬁe(qy)Qﬂuqy'Z (21)

where:

i kT y i\ ]!
Be(q,)= 55 ~ —— | arctan{ ——
quay% a,gy ayqy

(22)

7 for a,q, >mij
z{ ) Vy o vy ’~7 (23)
29/(ayq,)+(4/n%)p, for a,q, <mi.
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With this choice of f3., the isolated step correlation
function C, will equal that of a step in the array,
Eq. (19). As expected, for an isolated step where
=V7./7, goes to zero (w—0), B.(q) becomes
the g-independent bare step stiffness 7,. Note that
the equivalent line stiffness, f.(q) diverges as 1/q
for long wavelength fluctuations. This increasing
stiffness causes the mean square step wandering in
this equivalent 1D system to diverge logarithmi-
cally rather than linearly as it would for a 1D
system in zero field and constant stiffness.

To get 7, and 7, (or equivalently § and #) from
experimental data or numerical results, it is advan-
tageous to measure the function a(g,)=1/
(a,q,C,,). When this is plotted versus g,, one can
easily deduce J, and 7, from the slope and (extrapo-
lated) y-intercept:

ny nf \ ]!
o(gy)~ — | arctan (24)
kT a,q,
274 ¢ "
E-F%ayqy or a,q, <Ti]
~ (25)
U2 a,q for a,q, > mij.
kT yiy yy

To test the above prediction, we performed MC
simulations on a TSK model and measured «(q,)
for a uniform stable vicinal surface. We used a
‘restricted” model [28] in which step-kinks larger
than one are prohibited, i.e. E(0)=0, E(1)=¢,,
and E(n>2)=oo0. The relationship between the
microscopic parameters in the TSK model and
those of the mesoscopic step model is well under-
stood. The step stiffness, § or 7, can be exactly
calculated from the diffusivity of the step [5] and
is given by 7, =kT(1+3e"*")/(a,a,). When there
is no direct energetic interaction between steps,
such as elastic or magnetic dipole interactions, it
is well known that the reduced surface stiffness
J=mkT/w?[19]. Since the anisotropy of the surface
stiffness, # is equal to V{./7,=7/7,, we have
= (2na,a, w2)/(2 +e7).

In Fig. 1, we plot Aa(g,)=u (g,) —oo(g,) versus
q, for four different values of w,. Here o, is the «
of an isolated step (w,=o0). The mean surface

10 p—r—r—er—r—r—r——r

3 W=6 o

08F  w=10 .=

06} \

A
o4t \ 3
\ ok

i 3 01 2.5 4 5
02 \\I\ S L .

0(a) — ()
por
(9

0.1 0.2 q 0.3 0.4 0.5

Fig. 1. Aa(q)=a(q)—oy(q) versus q. Data points are from MC
simulations on a lattice with 32 steps. Each step is 128 units
long and periodic boundary conditions are used. The kink
energy €, = 1. Cases with average terrace width w, =6, 8, 10 and
12 for wave vectors from ¢=2n/L,=2n/128~0.05 to
g=10(2n/L,)~0.49 are shown. Solid lines are predictions from
Eq. (24). In the inset, a(g) is plotted against g. The thin dashed
line represents the case of an isolated step (w, = o0 ). Predictions
of the asymptotic behavior from Eq. (25) are shown in the
w, =6 case with a thick dotted line.

stiffness 7 is given by kTy,/2 where y, is the
extrapolated y-intercept. In the inset, o(g,) itself?,
whose slope at large ¢, can be used to estimate J,
, 1s plotted against ¢, and compared with Egs.
(24) and (25). Here we set the kink energy €, =1
and consider the case where there are only entropic
repulsions between steps. The data points were
obtained from MC simulations on a system with
32 steps. Each step is 128 units long and periodic
boundary conditions are imposed. Cases with
average terrace widths w,=6, 8, 10 and 12 are

5 a(q) is drawn after the effect of discreteness of a TSK model
has been taken into account. Even for a pure 1D system, the
quadratic line tension term of the continuum model does not
well describe the short wavelength (of order atomic size) fluctu-
ations of a discrete system (1D SOS model or an isolated step
in a TSK model) and a(g) deviates from the linear behavior of
FD25Eq. (25) for large wave vectors. These deviations are
expected to be essentially unchanged for steps on a vicinal sur-
face and hence are estimated using the 1D SOS system and
taken into account in the plot.
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shown. The collision lengths I, =( /4kT)w2 ~6w?
are around 21, 38, 59 and 85 respectively. All data
are averaged over 21> MC sweeps after 2'2 equilib-
rium sweeps, where a MC sweep consists of NN,
attempts to move step segments chosen at random.
For long wavelength capillary waves, ¢ <q.=n/l.,
deviations from the behavior of an isolated step
are clearly noticeable (e.g. for g<¢.~0.15 in the
w,=6 case) and these deviations are consistent
with the predictions of Eq. (24).

If a surface has reached only local equilibrium
but our assumption of the equivalence of all steps
in the array remains valid, then information on
the capillary modes of an individual step provides
an accurate way to estimate the step parameters.
To illustrate this, we carried out MC simulations
of the above TSK model and measured the mean
square step wandering G( y), the distribution P(w)
of terrace widths w [6,14], and the amplitudes of
the capillary modes in a surface whose long wave-
length fluctuation modes have not completely
relaxed. We started from a special non-equilibrium
initial configuration, an array of straight steps with
uniform spacing, and examined how these quanti-
ties approach the predicted equilibrium values.
The system has 32 steps (N,=32). Each step is
128 units long (N,=32) and w,=6. G(y), P(w),
and the deviations of the capillary waves from
those of the isolated step Aa are measured and
averaged at five different time intervals;
At;=27-28 At,=28-2° A1;=2°-2'°, Ar,=210-211,
and At;=2'"1-212 MC sweeps.

Fig. 2a shows G(y) versus y for Aty, ..., Ats.
We can roughly determine the length scale on
which local equilibrium is obtained for a given
time interval and see that it increases with time as
expected. G(y) of the last interval, the thin solid
line, seems to reach the equilibrium value but the
system is too small to extract the step—step inter-
action strength. From Eq. (14), we have:

G(y)=Co+C, log(y) (26)

for large y, with C; =w?/n* [19]. The thick dark
line is an attempted fit with Eq. (26). We have
tried to choose C, such that Eq. (26) coincides
with the measured G(y) for large y but the fit is
very poor. In other words, the system is too small
to find the coefficients C, and C; from the measure-

(M)
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Fig. 2. The mean square step wandering G(y), the distribution
P(w) of terrace widths w, and the deviation of the capillary
waves from those of the isolated step Ax are measured from
MC simulations of a TSK model at five different time intervals,
Aty, ..., Ats.

ment of G(y). To get step—step interactions from
G(y), we need a much bigger system, whose equili-
bration time is correspondingly much longer.

Fig. 2b shows the terrace width distribution
P(w). The thick dark line is the theoretical predic-
tion of the equilibrium distribution [14]. P(w) in
the last interval, the thin solid line, approaches the
equilibrium distribution and nearly coincides with
the theoretical prediction. However, it is difficult
to tell in advance whether the distribution for a
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given time interval and more general step inter-
actions is an equilibrium one or not. For example,
P(w) of the first interval (the long dashed line)
could be (mis)interpreted as an equilibrium distri-
bution of a system with an additional repulsive
energetic interaction between steps, since such
step—step repulsions would make the width of the
equilibrium distribution narrower.

Fig. 2c shows Aa of the capillary waves. Again
the thick dark line is the theoretical prediction of
an equilibrium system. For the long wavelength
[say, g<4(2m/128)~0.19] modes, only the meas-
urement from the last interval coincides with the
prediction. However, we can tell which wavelength
modes are equilibrated for a given time interval.
For all five intervals considered here, the short
wavelength [say, ¢>6(21/128)~0.29] modes are
equilibrated and coincide with the theoretical
prediction.

4. Autocorrelations of the capillary waves and
kinetic parameters for step motion

The effects of step—step interactions on the
equilibrium fluctuations of capillary modes should
also be considered when one tries to deduce the
kinetic parameters from the autocorrelation func-
tion of a capillary mode. Since step motion results
from adsorption or emission of atoms at the step
edge, the temporal fluctuations in their motion can
provide information on the kinetics of adatom
movement. Indeed, using a Langevin formalism,
Bartelt et al. [7] showed how one can deduce mass-
transport modes and kinetic parameters from the
autocorrelation function of an isolated step. A
possible modification of the autocorrelation func-
tion due to step—step interactions was considered
by Einstein and Khare [29] using a rigid wall
approximation [17]. Here, we use the same
Langevin analysis but examine how the presence
of neighboring fluctuating steps in a step array
change the wave vector dependence of the autocor-
relation function of a particular step on the vici-
nal surface.

In a linear kinetics approximation, the net mass
flux between two regions is proportional to the
product of the chemical potential difference and

the linear kinetic coefficient of the mass-transport
mode between them. The local step chemical
potential u,(y) of the nth step at coarse grained
position y is defined as the change in free energy
per atom for adding atoms® to the step at position

[x.(»).)]:
SOH

0x,(»)

where Q is the area occupied by an atom and
H({x,(y)}) is the free energy functional for step
configurations, {x,(»)}. Now the equation of step
motion (in the linear kinetic theory) can be written
as:

1 (y) =€ (27)

dx, ()= f dy’ D125 (] () — ()]

=1 J0
(28)

where D[x,(»);x,(»")] is an adatom exchange
coefficient matrix. Note that Eq. (28), which pro-
vides the velocity of a step in terms of the step
configurations only, is obtained by integrating out
the role of adatoms on the terrace. Formally, this
can be done by solving the diffusion equation on
a terrace with the boundary conditions set by the
step configurations to obtain the terrace chemical
potential profile. If we further integrate out the
possible configurations of all other steps for a
given configuration of the step n, Eq. (28) reduces
to:

@IX(y)=J ’ dy" Dy[x(3);x(P)[p(y) — ()]

0
(29)

where we drop the subscript # from x, and g, (all
steps are equivalent). Here, u(y) is a functional of
a single step configuration and is formally defined
by u(y)=Q0H,[ x(y)]/0x(y) where H, is the effec-
tive 1D Hamiltonian obtained by integrating out
the possible configurations of all other steps. In

6 Following Ihle et al. [30] and Khare et al. [31], we consider
a vicinal surface in which the terrace behind (left) a step is
higher than the terrace in front of (right) the step and the local
step position x,(y) increases when an atom is attached to the
step.
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general, both the adatom exchange coefficient
matrix, D;, and the effective step chemical poten-
tial, u( y), depend on the interactions and are very
difficult to calculate. Nevertheless, Eq. (29) can be
diagonalized by considering the capillary modes
of step motion in many cases [31]. For the analysis
of capillary wave motion of steps, it is often
convenient to consider Fourier components of the
chemical potential, defined by’:

1
/’tqz\/fy

If the free energy functional can be represented in
terms of capillary modes of step fluctuations,
u,=(1/VLy)[ x(y)e " dy, then p, is easily
obtained. We have p, =0, H(u,) from Eqs. (27)
and (30) where u} is the complex conjugate of
u,. For example, p, for an isolated step, uj, is
given by 1 =0Qf¢*u, since we have H'(u,)=
Y, 1 fg*lu,l* from Eq. (1). In general, for small
u,l, the step Hamiltonian can be written as:

H=Y e,lu,]? (31)
q

ju(y)e“” dy. (30)

in Fourier space for some appropriately chosen
€, and p, is then given by:

U, = —280¢,u,. (32)

As will be shown below, €, can be determined
from the amplitude of the capillary modes, C, of
Eq. (19). The general form of the adatom exchange
coefficient matrix D is not known but in many
physically plausible cases, it reduces to a particu-
larly simple form that allows Eq. (29) to be written
in Fourier space [31] as:

—L (33)

with an appropriate choice of I';. For example,
Eq. (33) is valid for detachment/attachment lim-
ited mass transport with I', =I"{*+I""" and for
step-edge diffusion limited mass transport with
I',=TI"¢* where I'*." is the step mobility associated
with the adatom exchange between step and ter-
races and I™ is that associated with the adatom

7 Hereafter, we drop the subscript y and denote ¢, as ¢.

hopping along the step edge. In the surface diffu-
sion limited mass transport case, the standard
result for an isolated step [32] is often used to
describe fluctuations with wavelength smaller than
the average terrace width w,. Then Eq. (33) holds
with I',~D|q| where Dy is the surface diffusion
constant [32].

In any case, whenever Eq. (33) holds, the
Langevin equation of motion can be written as:

1
atuq(t)=—;uq(t)+Cq(t) (34)

q

where 1, =kT/2¢,I’, is the relaxation time and the
thermal noise {, satisfies the fluctuation—dissipa-
tion theorem. The relaxation time 7, can be
obtained by considering the temporal correlations
of step-edge fluctuations [33]:

Cy(1)=<uy()uy(0)) =C,(0)e ™" (35)

where C,(0)=1I,t1,=kT/2e, is the equilibrium
second moment of the capillary mode. By compar-
ing this prefactor with Eq. (19), we have:

T Tayq

€g=——""—"—+. 36
) arctan(nij/a,q) (36)

Note that in the limit that n7j/a,q goes to zero,
i.e. when |g| is much larger than 1//, (which is
always the case for an isolated step where
1/I,=0), €, becomes % fig? and the relaxation time,
t,=kT)2e ,I, is proportional to |¢|~% |g|~* and
lgi~* for the detachment/attachment, surface
diffusion and step-edge diffusion limited mass
transport cases respectively, as emphasized by
Bartelt et al. [7].

However, for a step on a vicinal surface, the
relaxation time:

kT kT arctan(nij/a,q) 1
T = P
! 2, I, m Ja,q I

q

(37)

does not reduce to a simple power of ¢ even for
the limiting cases of mass transport where Eq. (33)
is valid and the noise amplitude itself satisfies
I'y~q". In general, the effects of step—step inter-
actions on €, must be taken into account when
one deduces the kinetic coefficient, I, from the
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measurement of the relaxation time 7, through the
autocorrelation function of capillary wave modes.

The role of step—step repulsions on capillary
wave modes had been previously considered by
Einstein and Khare [29]. They considered the
displacement of a single step while all other steps
remain in their average position (rigid wall approx-
imation [17]) and calculated the leading correction
to the step chemical potential. Under this approxi-
mation, the displacement of a step, Ax, gives rise
to the free energy change 7.(Ax)? and the local
step chemical potential becomes pu(x)= ﬁ@ﬁx—
29.x, or in terms of Fourier components,
,uq=equq=(ﬂ~q2+2)7x)uq. This rigid wall approxi-
mation is quite accurate for short wavelength
fluctuations. Indeed, if we expand Eq. (19) for
a,q>mij, we see that the first order correction of
€, from the isolated step value is constant as
predicted by the rigid wall approximation.
However, this correction to the relaxation time,
7, is always numerically very small for short wave-
length fluctuations.

On the other hand, the rigid wall assumption is
not very accurate for long wavelength capillary
modes; here the corrections due to step—step inter-
actions are significant. For step fluctuations with
q <1/, the neighboring steps also tend to fluctuate
in phase with the original step to reduce the elastic
energy in x-direction and C,(¢) of Eq. (35) is quite
different from the predictions of the rigid wall
approximation. Fig. 3 shows autocorrelations of
capillary wave modes, C,(¢) measured from a series
of MC simulations of the same TSK model used
to determine the equilibrium «(g) in Fig. 1.
Metropolis dynamics with a random selection of
a step segment for an MC trial movement is used.
This dynamic corresponds to the case of
attachment/detachment limited mass transport. In
Fig. 3a, C,(¢) for two different values of wave
vectors, ¢; =2(2mn)/L, and ¢,=4(2r)/L, are shown
in a semi-log plot for systems with two different
average terrace widths, w,=6 and 8. In all cases,
data are well fitted with straight lines, indicating
an exponential decay of autocorrelations as pre-
dicted by Eq. (35). In Fig. 3b, the rescaled autocor-
relation, 2¢,C,(1)/kT is plotted against the rescaled
time #/t,. All data collapse onto one curve when
we use €, and 7, given by Egs. (36) and (37).

Deviations from a single curve are quite noticeable
if we rescale the data using ¢, and 7, from either
the isolated step approximation or the rigid wall
approximation.

5. Capillary wave modes of a step on an unstable
surface

In this section, we apply the capillary wave
analysis to steps on a metastable or unstable surface
undergoing faceting and show that it can be used
to provide a quantitative indication of whether the
faceting proceeds by nucleation or by spinodal
decomposition [34,35].

An unstable vicinal surface prepared with a
single macroscopic orientation will facet into
nearby surfaces with stable orientations [36]. For
some vicinal surfaces, attractive interactions
between the neighboring steps seem to be responsi-
ble for the phase separation [37,38]. Recent theo-
retical work [38—40] showed that a short-ranged
attraction between steps can cause a vicinal surface
to be unstable even when there are long-ranged
repulsive interactions. When the discreteness of
the lattice is taken into account, the two competing
interactions make steps coalesce into bunches of n
steps [40]. A uniform surface can also be made
unstable by a sudden change in temperature or
chemical composition. For example, a Si(111)
surface uniformly vicinal to [211] direction is stable
above the 7 x7 reconstruction temperature, Ty,
but becomes unstable below Ty, and facets into
reconstructed step-free (111) terraces, and more
sharply inclined, unreconstructed step-bunched
regions. This reconstruction driven faceting,
observed in experiments [35], can be understood
by assuming that the free energy of fully recon-
structed surface, f, has a lower energy on flat
surface (f2=/%—¢,) but effectively a higher step
creation energy (.= f,+¢€,) than that of the unre-
constructed surface, f,. This leads to an effective
short-ranged attractive interaction between steps
[41]. Fig. 4a shows two free energy curves, f, for
an unreconstructed surface and f, for a recon-
structed surface, given by [17,42]:

Jur(®) =10+ Burs +&urs’ (38)
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Fig. 3. Autocorrelations of capillary wave modes. Data are from the same MC simulations as in Fig. 1. (a) C,(¢) versus t.
Autocorrelations for two different wave vectors, ¢; =2(2n)/L, and ¢,=4(2n)/L, are shown in a semi-log plot for w,=6 and 8. (b)
2¢,C(t)/kT versus t/t, with €, and 7, given by Egs. (36) and (37).
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Fig. 4. (a) Free energies for an unreconstructed surface f, and a reconstructed surface f; versus slope s. The critical slope, s., and the
slope of the surface at the step bunches, sy, are given by s.=¢,/e; and s, =(€,/2g)">. (b) A free energy curve is shown that takes
account of a distribution of terrace widths. The free-fermion model is used to get the distribution for a given average slope s. The
spinodal points, s are (numerically) identified by the inflection points of the curve. (c) The phase boundary (solid line) between two
equilibrium states, the uniform coexistence state (white region) and the phase separated state (shaded region) are given by
s=sp(€;). The spinodal lines (dotted lines) are obtained by connecting the spinodal points calculated for several different values of
€.. Two spinodal lines separate the spinodal decomposition regime (hatched with vertical lines) from the nucleation regime. (d)
B.(¢q) of the systems quenched to four different points in the two-phase region, A, B, C, and D in (c). In cases A and D, f.(¢) is
larger than §, while it is smaller than 7§, at long wavelengths in cases B and C.

where s is the slope of the vicinal surface from the an isolated step and the step—step interaction
low-index flat surface and f°, f and g have the parameter [43]. For simplicity, we assume the same
usual meaning of surface free energy per unit area g for both surfaces and set g,=g,=g. The two

of flat surface, unit length step creation energy for curves cross each other at the critical slope
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s.=¢€,/€s and f, is smaller than f, only for s<s..
The lower envelope of the thick curve is the true
equilibrium free energy that describes the final
phase separated state of the system. It predicts the
phase separation of any vicinal surface with slope
s<sp=(€,/2¢)'° to a flat facet (s=0) and the step-
bunched surface with slope s,

To describe the kinetics of phase separation in
a linear kinetics approach, one needs to consider
the (quasi-equilibrium) free energy of the initial
state in the process of the phase separation. The
thick curve in Fig. 4a, given by f(s)=f.(s)—
(1—s/s,)e,0(s—s,), represents the free energy of a
hypothetical system in which all terraces are com-
pletely reconstructed [unreconstructed] when the
average slope s is less [greater] than s, [35,44]. If
this combined curve accurately represented the
free energy of the system that was quenched into
the phase separation regime, faceting would always
occur through nucleation since the free energy
curve loses its local convexity only at s, [45].

It has been speculated that the breakdown of
the local convexity, needed for spinodal decompo-
sition [34,35,46,47] may come from a coupling
between the kinetics of reconstruction and of step
motion [35]. However, a limit that may better
describe experiment is when the two kinetic pro-
cesses are effectively uncoupled, because reconstruc-
tion occurs on sufficiently wide terraces much
faster than the typical time scale for step motion.
If we take the limit of infinitely fast reconstruction
kinetics, we arrive at the simple two-state critical
width model [44,48], in which each terrace is either
reconstructed or unreconstructed, depending on
whether its local width is larger than w,. This
minimal model has several limitations when
applied to the faceting dynamics of real materials,
as mentioned in Ref. [44]. However, it allows us
to illustrate very simply how to construct a kinetic
phase diagram analytically for a given model and
to show how the analysis of the step capillary
waves, considered in Section 3, can be used to
distinguish between the two kinetic regimes.

We first show that by taking into account the
distribution of terrace widths for given average
slope, s [45], we can arrive at an initial free energy
curve with a smoothly varying concave region even
for this two-state critical width model, as shown

in Fig. 4b. Fig. 4c gives a kinetic phase diagram
for the critical width model. To obtain this dia-
gram, we first calculated the relative number of
terraces whose width is larger than w, and their
relative area, for given average slope s and critical
width w,=¢,/e,, using the predicted terrace width
distribution from the free-fermion model [14,23].
In accord with the critical width model, we assume
that reconstruction takes place instantly on all
terraces wider than w,, and take account of the
resulting free energy change to determine the spon-
taneous free energy, f(s), of the initial quenched
uniform vicinal surface with average slope, s. The
smooth thick line curve in Fig. 4b shows this
modified free energy, f(s) for a particular value of
€,/€.. Then the spinodal points, s, are (numerically)
identified by the inflection points of the curve. The
spinodal lines, the dotted lines in the phase dia-
gram of Fig. 4c, are obtained by connecting the
above spinodal points calculated for several
different value of €, (we used the same ¢, for all
cases). The uniform coexistence state (white
region) and the phase separated state (shaded
region) are separated by a phase boundary (solid
line) given by s=us,(€,) =(€,/2g)"3, since the uni-
form vicinal surface (with 1 x 1 surface structure)
has the lowest free energy for s>s, as can be seen
in Fig. 4a and b. Two spinodal lines (dotted lines)
in the shaded region separate the spinodal decom-
position regime (hatched with vertical lines) from
the nucleation regime.

A series of MC simulations of the TSK model
(using the critical width model to describe recon-
struction) were performed. The equivalent line
stiffness, f(¢) of Eq. (22) was measured to analyze
the effects of the neighboring steps on the fluctua-
tions of a given step on a surface undergoing the
faceting process. On a stable surface, step—step
repulsions from the neighboring steps inhibit the
fluctuation of the given step and cause f.(q) always
to be larger than the step stiffness, 7, which is the
B.(q) for an isolated step. When the system is
quenched to the nucleation regime, the surface is
metastable, and hence we expect the presence of
neighboring steps will still increase f,(¢). On the
other hand, in the spinodal regime, where the
uniform step configuration is unstable to sponta-
neous decomposition everywhere, we expect that
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the step should fluctuate more than an isolated
step and hence that f§.(q) would become smaller
than 7,.

Fig. 4d shows f.(g) of systems that were
quenched from above Ty, to four different points
in the low-temperature two-phase region. Two, A
and D, are in the nucleation regime and the other
two, B and C, are in the spinodal decomposition
regime. We first prepared a configuration above
Tre Without any reconstruction on the terraces
(e,=€,=0). As in Section 2, the step kink energy
for the high temperature configurations was set to
€,=1, in units of the temperature of the system.
We then turned on the reconstruction using four
different values of ¢, as indicated in Fig. 4c. We
use the same value of ¢, that we assumed for the
calculation of the phase diagram. The same value
of €, is also used in all four cases®. Note that the
phase diagram of Fig. 4c is independent of the
kink energy since the distribution of terrace widths
in the free-fermion model does not depend on
it [14].

Equivalent line stiffnesses, f.(¢) shown in
Fig. 4d, are obtained from the first few hundred
MC configurations just after the quench, averaging
over millions of independent MC runs with
different initial step configurations. The step stiff-
ness, 7,, which is equal to Bq) of the isolated
step, is also shown for comparison. For cases A
and D, f.(¢) is larger than 7, and the increments
are more significant at long wavelengths, indicating
that the steps are on a (meta)stable surface. On
the other hand, for cases B and C, f.(¢) at long
wavelengths is smaller than j,, indicating the large
fluctuations in the step configurations characteris-
tic of steps on an unstable surface. [ The increase
of f.(¢) at short wavelengths in case B is due to
the steps in step bunches®, which already formed
in the initial few hundred MCS.] These results
indicate that points A and D are in the nucleation
regime while B and C are in the spinodal decompo-
sition regime, which is consistent with the predic-

8 We could also use different values of the kink energies but
this changes the collision length, /,, and somewhat complicates
the analysis.

° For fully faceted surface, most steps are in the step bunches
and f.(¢) becomes the f.(¢) of the stable uniform surface with
5= Sp.

tions of the phase diagram in Fig. 4c. To construct
a detailed kinetic phase diagram for faceting of
real surfaces, we should consider more realistic
models for the surface properties. However, we
believe the qualitative picture of the phase diagram
constructed here is valid for most reconstruction-
driven faceting systems.

In summary, we have shown that the capillary
wave analysis of fluctuations of an individual step,
both on stable and unstable surfaces, can provide
important information about the surface structure
and dynamics, and in many cases determine the
length scale on which the surface has reached
equilibrium. We believe that the analysis presented
in this paper can be applied to real step images of
the surface and can be an efficient way to obtain
accurate values for the key parameters in the
description of faceting dynamics.
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