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The reduced distribution function formalism of diffusion-influenced bimolecular reactions is
generalized to incorporate a quantum-mechanical gating mode in the description. An analytical
expression for the reaction rate coefficient is obtained in the Laplace transform domain for a general
initial condition. For a simple reaction model, the time-dependent reaction rate coefficient and the
product yield are calculated numerically for two representative initial conditions. Dependence of the
rate coefficient and the product branching ratio on various reaction parameters is discussed.
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I. INTRODUCTION k12
B,;=B,. 1.2
When the inherent reaction step proceeds very rapidly ko1

upon the contact of reactant molecules, the diffusive encoun-

ter rate can influence the overall reaction rate. A theory foromy one of the two species, s, can react withA, and
the kinetics of diffusion-influenced reactions was first formu—k12 andk,; are the rate constants for the closing and opening
lated by Smoluch_owsIE?.Smce then the theory has been re- of the gate. For this stochastically gated diffusion-influenced
fined and generalized in many aspettse.g., refined mod-  reaction, Szabet al?2 obtained an analytical expression for
elings of the reaction event by the radiation boundaryhe steady-state reaction rate coefficient. Kim anc’f.een-
conditiorf or by the reaction sink functiofirigorous formu-  sjgered the same model using the reduced distribution func-
lations of the rate theory based on hierarchical kinetic equagjgn, (RDF) formalism and obtained the time-dependent reac-
tions governing the evolution of reactant molecule distribu-jon rate coefficient in the Laplace transform domain, which
tion functions!™**inclusion of the effects due to long-range requces to Szabet al’s result in the steady-state limit. Re-
intermolecular force$ and solvent-mediated hydrodynamic cently, zhou and SzaBbreinvestigated the kinetics of the
interactions,>*“consideration of orientation-dependent reac-stochastically gated reaction in the pseudo-first-order case
.. ~19 . X i X !
tivity of reactant moleculeS;™**and so on. and found that the kinetics varies depending on whether the
Another extension of the theory that has attracted muchyeficient speciege.g., a proteinor the excess speciés.g., a
attention is to include the effect of structural fluctuation i”ligana) is gated. It appears that the reaction goes slower in
reactant molecules that may dynamically modulate their inthe case of gated protein than in the case of gated ligand.
trinsic reactivity->~*°In enzyme—substrate reactions, for ex- erezhkovskiiet al2® ascribed the slowdown of the reaction
ample, the enzyme molecule may have side chains that caflocess in the gated protein case to the correlation between
change the binding site accessibility. Motions of such sidgpe gating coordinates.
chains constitute gating modewhich opensand closesthe Lee and Karplu¥ extended the formulation of gated
binding site of substrate molecules. diffusion-influenced reaction to the case involving a continu-
A simple model for such gated diffusion-influenced re- 55 gating coordinate. It was assumed that the motion along
actions was first proposed by McCammon and Nortff.  the gating coordinate is diffusive and that the reaction chan-
They C(_)nS|dered a bimolecular reaction between moleculegg is open only at some highly localized section of the co-
of speciesA andB: ordinate. Such a reaction model may be appropriate for
A+B—P, (1.2 enzyme—substrate r.eactions involving a pacman-like en-
zyme,; for example, in enzymes such as lysozyme, a loose

where B molecules have a fluctuating reactivity due to thedamped vibrational mode may open and close the active site
gating dynamics of an internal mode. For simplicity, it was .|of; 27

assumed that the fluctuations in the reactivityafolecules In this article, we propose another variant of the gated
can be described as a two-state process and that the switgh, ction model. We consider a case where the transition be-
ing on and off of the reactl_vlty can be described by a time-,een the two stateB; andB, in Eq. (1.2) is a nondissipa-
dependent function(t), which azlgernat_e_s between wo val- e quantum process. For example, the reactivity o a
ues, 0 and 1. Later, Szatm al™ modified the model by sjecule can be modulated if it undergoes a rapid intramo-
assuming that the dynamics of the gate between the WRcyjar charge transfer process. In such a case the transition
states can be described by the first-order rate equation betweenB, and B, states needs to be described by the
guantum-Liouville equation with an appropriate Hamiltonian
dAuthor to whom correspondence should be addressed. for the quantum gating mode.
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This article is organized as follows. In Sec. Il, a set ofbetween the two states is governed by a quantum-Liouville
reaction kinetic equations is derived by using the RDFequation. The Hamiltonian governing the quantum-
formalisnt? that is generalized to incorporate the quantum-mechanical evolution of the internal states d& anolecule is
mechanically gated dynamics. In Sec. lll, an analytical ex-assumed to be given by a simple two-state model Hamil-
pression for the time-dependent reaction rate coefficient isonian, which has a 2 matrix representation in the basis
obtained in the Laplace transform domain for a general ini{|1),]2)},
tial condition. In Sec. IV, the rate expressions are simplified
for a simple reaction model. In some limiting cases, explicit (

analytical expressions for the rate coefficient are obtained in = €1 A) (2.2)
the time domain. In Sec. V two representative initial condi- A* &)’
tions are considered. In the first cade molecules are as-
sumed to be distributed in equilibrium with equal popula-wheree; ande, are the energies of the diabatic states, And
tions in theB; and B, states, and théd molecules are is the coupling matrix element between the two diabatic
sensitized suddenly at time zero. In the second dBsepl-  states. The superscrifit denotes a complex conjugate. An
ecules are produced at time zero exclusively inBhestate  appropriate form oA can be chosen for the specific problem
(e.g., by photoexcitation and then evolve reversibly be- under consideration. For instance, if the two-state model re-
tween theB; andB, states and react witA molecules. For fers to intramolecular proton transfer, the coupling matrix
these initial conditions formal expressions for the productelement may depend on the internuclear distance between
yields are obtained in the pseudo-first-order case. In Sec. VHonor and acceptor moieties in tBemolecule. However, if
we evaluate the rate coefficient and the product yield numeriwe consider a transition between two electronic states, the
cally and investigate their dependence on various reactionoupling constant will be given by the product of the transi-
parameters. tion dipole moment and the external electric field within the
electric dipole approximation.

Suppose that there aN A molecules andN§ B mol-
II. DERIVATION OF KINETIC EQUATIONS ecules in solution at time zero. We label tAeand B mol-
ecules by the indices and j, where 1sisN2 and 1=<]j

We consider the reaction scheme 0
<Ng. In order to represent the quantum states & mol-

ecule or a pair oA— B molecules we use the bagi4),|2)}.
11)\  diftusion 1)\ =P, Since it is impossible to have exact information on the initial
A+B| | | —— A--B| | , (2.1)  conditions of all reactant molecules, we have to rely on a
[2) |2)) —P, probabilistic description for the status of a reactant molecule
at a later timet. We first introduce the one-particle probabil-
whereP; andP, are the products of the reaction Afmol- ity density function, Pa(ra.t); Pa(ra.t)dra gives the

ecules withB molecules in the quantum statgs and |2), probability that the moleculd; has not reacted until time
respectively. The two states ofBamolecule,|1) and|2), are  and is located within a volume elemetit, atr,. The time
the diabatic states, and the quantum-mechanical evolutiovolution equation oP, is given by*?%2°

0
NB

d
2 Para ) =LaPa(ra,) — 21 f drg Tr o Sas(ra.re).Pag (fa.fe )]+ 2.3

Here the first term on the right hand sitRHS) of Eq.(2.3)  particle probability distribution matrixPp g (ra.rg.t) in-
represents the change Bf, due to thermal motion oA;. In  stead of the two-particle probability density function,
this work we assume that all the nonreactive thermal evolu-

tion operators are given by the Smoluchowski operators. For Pie (ra,rg,t) Px% (Ta.rg.t)
example,L, is given byL,=D,V?, with D, denoting the P g (ra.rg,t)= o1 vy . (2.9
diffusion constant of théd molecule, when the potential of : PAiBj(rA’rB’t) PAiBj(rA’rB’t)

mean force is negligible. The second term of the RHS de-
notes the change due to reactionAfwith any of B mol-
ecules located atgy at timet. Since we need to take account
of the internal quantum states of tBemolecule as well as
the classical configurational variables in treating the pair cor
relation betweerA andB molecules, we introduce the two-

The diagonal eIemenPR?Bj(rA,rB,t) (n=1,2) represents
the probability density thad; andB; molecules are found at
r, andrg at timet, with the quantum state d8; given by
[n). The off-diagonal matrix elements represent the coher-
ence between the two statds and|2) in the statistical mix-
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ture describing the probabilistic state of the—B; pair. The 5
reaction sink matrixSg(ra,rg) is given by® 29 5 Pe,(rs )

:LBPBj(rB )= % [HaPBj(rB D]
Sas(ra.fe) =S1(ra.re)|1)(1[+Sy(ra.rg)2)(2], (2.5

N0

A
_E dra A Sas(ra.rs), Pas, (ra,re,t)]+. (2.6
where S, (ra,rg) represents the rate of reaction between an =1
A molecule ar 4 and aB molecule atrg whose internal state  The first term on the RHS describes the change due to the
is given by[n). In Eq. (2.3 Tr denotes the trace operation, thermal motion ofB;. The second term represents the
and [ ], denotes the anticommutator defined p%,B].  change due to the quantum-mechanical transitio obe-
=AB +BA. tween two internal states under the governing Hamiltonian in
SinceB molecules undergo quantum-mechanical evolu-£q, (2.2). [ ] denotes the commutator defined Pj,B]
tion between two states in addition to the thermal evolution=AB —BA. The third term describes the change due to the
and chemical reaction, evolution equation for the oneseaction ofB; with any of A molecules located at .
particle probability distribution matrixPg (rg,t) for the The two- particle probability distribution matrix
moleculeB; is written as PAiBj(rA,rB ,t) evolves according to

i 1
= Pag(ra. 8,0 =LagPas (Fa.re.t) = 7 [H.Pag (ra.rs,1) ] = 5 [Sas(ra.le).Pagp,(Fa.fe. U]+

NB
_E fdrB Tr 5 [Sas(ra.r )PBk(A)(ert|rA ]+PAB(rAvrBat)
k#]
NA
_Z fdrA Tr 3 [Sas(ra.B), Pas (rArt|rB)]+PAB(rAyert) (2.7

I#l

The first term on the RHS represents the change due to ther- N3
mal diffusive motion of theA;—B; pair; L g is the govern- > TrPg.(rg,t)=[B]. (2.9
ing Smoluchowski operator. The second term represents the =1

change of PAij(rA,rB,t) caused by the quantum-
mechanical evolution in the internal state Bf. The third
term represents the change due to reaction betweandB;

Then we can also define the pair correlation maprix(r,t)
betweenA andB molecules by

via the two channels described in E8.1). The fourth term NS N3

takes account of the competitive reaction events’betv#een E 2 Pag (Fa.le,t)=[Al[Blpas(Ire—ralb);

and any of theB molecules other thaB; . Pg (a)(rg tra) vl

denotes the conditional probability distribution matrix for the o

moleculeB, given thatA; is atr, at timet. The fifth term B , .

has similar meaning. In these last two terms, we have intro- kzl Pea)(Te:tra) =[Blpas(Irg—ral.t); (2.10
duced dynamic superposition approximatfor$°to trun- k]

cate the hierarchical structure of the evolution equations for o
many-particle probability density functions. Thereby we Na ) ,
have obtained a closed set of evolution equations as given by 241 Pas)(Ta tlre)=[Alpas(Ira—ral.t).
Egs.(2.3), (2.6), and(2.7). 1 #i

In the absence of any external field that makes the reac-
tion system nonuniform, the following relations hold be-
tween the number densities, denotedAa$ and[B], and the
one-patrticle probability density functions:

We can obtain the rate equations {&] and[B] from
Egs.(2.3) and(2.6) by summing them over the indicésand

j, respectively, and carrying out the trace operation on the
equation resulting from Ed2.6):

0
Na

d d
;1 Pa(ra,t)=[A], (2.9 gt [Al= 57 [Bl= —ke(D[AI[B]. (2.11)
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The bimolecular reaction rate coefficiek(t) is defined by d i
o1 PTD=Lo(np(r )= & [H.p(r.1)]

ke(t) = J dr Tr 3 [Saa(r) pas(rD ] =ka(D) +k(1), )
(212 —5[S(n.p(rn].. (2.1

kn(t)=f dr Sy(r)py(r,t) (n=1 or 2), (2.13
where r=|rg—r|, and pn(r.t) is defined by p,(r,ty . REACTION RATE COEFFICIENT IN THE LAPLACE

=(n|pag(r,t)|n). It measures the relative population Bf DOMAIN

molecules in the quantum stdte) at a distance from the For an easier algebraic manipulation, it is convenient to

origin where anA molecule is located. We have assumed,yite the pair correlation matrip(r,t) in the form of a col-

that the reaction sink depends only on the relative separatiofy vector as

of A andB molecules.

Evolution equation for the pair correlation matrix

pag(r,t) can be obtained by summing E@.7) over indices (1)) =[p11(r, 1), 021 1), p11 1), pa(r,)]7. (3.0

i andj,

9 : The superscripT on a vector or a matrix quantity represents

&{[A][B]p(r,t)}=[A][B]LO(r)p(r,t) the transpose operatiofp(r,t))) corresponds to a state
vector in the Liouville space with the basis set
{112)),]22)),|12)),|21))}. We use the double angle bracket

i
—[AI[Blz [H.p(r,1)] notations to denote vectors in the Liouville spateThe
Liouville space vectotij)) corresponds to the Hilbert space
—[Al[BI5[S(r),p(r, )], operator|i)(j|. In terms of the Liouville space language Eq.

(2.16 can be written as
—ke()([A]+[BDIAI[Blp(r,t). (2.14

We have used Eq$2.10 and(2.12 defining the pair corre- P
lation matrix and the rate coefficient. We have dropped the E|p(r,t)))z,,,,%o(r)|p(r,t)))—i‘7//1p(r,t)>>

subscriptAB from p,g and S, to simplify notations, and

have replaced the two-particle Smoluchowski operéatgs —Z()p(r,0)), (3.2
with a contracted form im space:
where
L g 2 g J au(r) -
olr)= Fr (r) x| (2.19 )
o . , Fo(r)=Lo(1).7, (33
Here d(r) denotes the relative diffusion coefficient, which
depends on if the hydrodynamic interaction betweénand 0 0 —aA¥ A
B molecules is included, and(r) is the potential of mean 11 0 0 A* —A
force. B=1/kgT with the Boltzmann constarig and the J7/=% CA A e—e o |’ (3.4
absolute temperatufe. By using Eq.(2.11) we can simplify 1ot
Eq. (2.14 to get A* —A* 0 e e
|
Si(r) 0 0 0
0 Syr) 0 0
A(r)= , 3.
D= 0 0 sn+sm)] 0 (39
0 0 0 7 [Su(r)+S,(r)]

and.7 is the identity operator in the Liouville space. We usewhere|k:(t))) is the reaction rate coefficient vector defined
the bold script letters to represent operat@nstheir matrix by
representationsacting on a state vector in the Liouville

space. The reaction rate coefficient given by Egsl2 and _ _
(2.13 is re-expressed as |kf(t)>>_f dr Z(1)p(r.H)). (3.7
Ke(t) =kq(t) +ko(t) =((1ks(t))) +{(22ks(t))), (3.6) The formal solution of Eq(3.2) can be written as
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lp(r,t))y=exd t Ze(r)]|p(r,0))) where the'first term on the RHS is the initial rate coefficient
vector defined by

t
= 7% 10 - dT Tf/j/
eng A ptr 00) - | o7 70 kb= [ ar(r)9(n) o). (3.16

and the rate kernels in the second and third terms are defined
by

X7 (r)exd (t—1)Zo(r)]|p(r,0)))

—ifOth exd rZe(1)] 7" | )
|)\(t)>>:j dr.f(r)J dro Zr(r,t[re).7(ro)g(ro)| ag)),

xexil (t=7) Zo(r)][p(r,0))), (38 (3.1
where the full evolution operato¥(r) is defined by
: " Lo A
and in writing the second equality in E(R.8) we have used (3.18
the following operator identity? We assume that the reaction occurs wiieand B mol-
ecules are brought into contact at the separatiom=ofr.
elM+n)— otM - fth e M+N)Ng(t=7M (3.10 Then the reaction sink matrix may be modeled by using the
0 delta function:
We assume that the reactant molecules are distributed in or—o)
equilibrium at time zero, S =g F, (3.19
lp(r,0))=9(r)|ao)), (3.1)  where the intrinsic reactivity matrix#’ is defined by
where g(r)[=e #Y("] is the equilibrium pair correlation k, 0 0 O
betweenA and B molecules anday)) is the initial state
. - . 0 x, 0 O
vector representing the quantum state of the statistical mix- g — _ (3.20
ture of A-B pairs. In writing Eq.(3.11) we have assumed 0 0 « O
implicitly that the potentials of mean force betwekrandB 0 0 0 «

molecules are the same irrespective of the quantum state of L

B. This assumption is a reasonable one if the overall molecu®? and«; are the intrinsic bimolecular rate constants for the
lar geometries oB are similar in the two states. Singér) reaction of A molecules withB molecules in the quantum
is the equilibrium pair correlation function, we have states|1) and|2), respectively, and = (x;+ x2)/2.

_ Laplace transformation of Eq3.15 with Egs.(3.16—
Lo(r)g(r)=0, and Eq.3.8) reduces to (3.19 gives
t ~ -
lp(r,0)))=1p(r,0)) - fodf exgd ()17 (r)p(r,0))) ki(2)))=9(0)z" *H[.T— G(0,2l0) 7
—i M) T )| o)), (3.21)

t
—|fod7ex;{r%F(r)]%ﬂp(r,O)». 312 with the Laplace-transformed quantity denoted Hg)

=[>dt f(t)e 2. .Z-(2) is related to the full propagator
We then introduce the propagator matrices o ® (2) propag

matrix:
o i o(r—ro) - ~
Ze(rtiro=extZe(n] = 7 B o= dro yire Zelo.dro). (3.22
; . 8(r=ry) wherey(r)=g(r)/g(o). Applying the operator identity in
Z(rtro)=exgt(ZLo(r)—i#] Az (314  Eq. (3.10 to Egs. (3.13 and (3.14, we can relate the

0 reaction-free propagator matrix to the full propagator matrix

The full propagator matrixs((r,t|ry) gives the probability as
for an A-B pair to move from the spatial separatiofto r
over a time interval ot under the full dynamic influence
arising from thermal diffusive motion, quantum transition, t

and chemical reaction. On the other hand, aaction-free —f drCe(r,t—7/0) 7S (0,7ry), (3.23
propagator matrixs(r,t|ry) refers to an evolution without 0

the chemical reaction. With Eqé3.12—(3.14) we can recast which in the Laplace domain becomes

the expression for the reaction rate coefficient vector in the
form

Gr(r,tlro)=<(r,t|ro)

Ge(r,Zre)=S(r,2ro)— Cr(r,2)0) T G (0,21 y).

(3.29

Ike(1)))=|Ko)) — ftdr|)\(r))>—i Jtdﬂ (7)), (3.19 From Eq.(3.21), after expressing the full propagator ma-
0 0 trix in terms of the reaction-free propagator matrix by using
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Eq. (3.24), we obtain a general but still formal expression for 0O 0 0 O
the reaction rate coefficient vector in the Laplace domain, 00 0
ki(2))=g(0)z L HLT+ % (2. 7] o= AT A 0w 0| (3:30
X[ T—=i.6(2) 7 | ag)), (3.25 0 00 -
where where the unitary transformation matri® is given by
> 1 p q* q
.,//Z(Z)EJ drg y(ro) “(o,2|ry), (3.26 - = - -
0 0 0 1/2 \/Z 2 2
% (2)=%(0.70). (3.29 1 p q
Once we get an analytical expression or numerical values of ) E B \E 2 2
the reaction-free propagator matrik(r,z|r,) for a specific Se= 1+ 2 : (3.3)
reaction model, we can evaluate the time-dependent reaction 0 a _r 9
rate coefficientk;(t) by inverse Laplace transformation of V2 2 2(1+p)
Eq. (3.29 into the time domain. q* q*2 14p
Expressions fors(z) and.#(z) can be obtained as 0o — -
follows. Since %y(r) and 77" commute with each other we v2  2(1+p) 2
have with the molecular parameters defined by
. _ _O(r=ryg) e+ 2
A tro) =exTi( Fo(r) =1 77)] = e Ve 2 4al” (332
=exp( —i Z't)Gy(r,t|ry), (3.29 €1— €
where Gy(r,t|rg) is the Smoluchowski propagator defined = hw ' (3.33
by 2A
S(r—ryg) e (3.39

Go(r,t|rg)=e'tol®

Tam? (329
0 The transition frequency defined in Eq(3.32) is known as
We can obtain the expression for exp@7't) by diagonal- the Rabi frequency. Since we have diagonalizedZ#éma-

izing the 7" matrix trix, we can obtain an explicit expression of exp@/'1),

exp —i W) =2 exp(— i W pt). 22+

|p(1)|? 1-|g(t)|? q* sin(wt/i2)p(t) g sin(wt/2)$*(t)
1-[a(t) | p(1)]? —q* sin(wt/i2)¢(t) —q sin(wt/2)$* (1)
| gsinet2é(t)  —q sin(wt/2)¢(t) — B(1)2 @ sinfwt/2) |’ (3.39
g* sin(wt/2)¢*(t) —g* sin(wt/2)$*(t) q*? sin(wt/2) — p(1)*?

where ¢(t)=p sin(wt/2)+i cost/2).

Since the matrix elements of exp(7/'t) are expressed by the linear combinations oé1'*t, ande'®!, we can easily
obtain from Eq.(3.28 the Laplace transform of the reaction-free propagator ma#fifs,,z|r o), that is expressed in terms of
Go(r,z|rg), Go(r,z+iwl|ry), and Go(r,z—iw|ry). Then the matrix #(z) is calculated from Eq(3.26), and in turn the
reaction rate coefficient from Eg@3.25.

The initial state ofA-B pairs in Eq.(3.1]) is considered to be an incoherent superposition of the basis states so that

lag))=(11,1,,0,0)7, (3.39

wherel; andl, are the probabilities th& molecules are in the statgls and|2), respectively, at=0 and thus have the range
0=<l,,l,=<1 with I;+1,=1. For this general initial condition, we can obtain the analytical expressions for the reaction rate
coefficients in the Laplace domain from E®.25 after carrying out quite lengthy but straightforward matrix manipulations:

Kknd(0) (1+ kmGo)D1+ (In— ) (1+ kuGo)[(1— C)D 1+ CDg]+ C[(ky— Km)/(26) (D5~ Dy)
2z (1+ Kléo)(l"‘ KZéO)D1+ Cl(ky— K2)2/(4K_)]60(D2_ Dj)

kn(z) =
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(n=1 or 2; if n=1m=2; else if n=2m=1), (3.39

9(0) (k+ K1#5G0)D1+[(11=15) (k1= k5)/2][(1— C)Dy+CDg]+ C[( k1~ k2)%/(4K)](D,—Dy)

ki(2)= - - e . 639
(14 k1Go) (14 k3Go) D1+ Cl (k1= K2)“/(4K)]Go(D,—Dy)
|
where éo(r,2|ro)
D,=(1+xG,)(1+xG_), 3.3
1=(1+ G )( «G_) (3.39 _ 1 1 —VzZID|r—rg| _ o= VZID(r+rg—20)
D,= % (1+kGo)(1+xG, )+ % (1+xGo)(1+«G_), 7ol 2v2/D
(3.40 .
_ " A VZD(r+rg—20)
— —= ~ + e 0 for r,ro=0),
Da= 1 (1+%Go)(1+xG,)(1+iwM_) 1+042/D ] ( 0=0)
+1(1+%6g)(1+ %6 )(1—iwM.). (3.4 (4.9

We have used the following abbreviated notations for theWhere kp=4moD. When r=ro=c the Smoluchowski

Smoluchowski propagators, propagatoiGo(r,Z|r) reduces to

~ - . - 1
Go=Go(.Z0), (3.42 Go=Go(0,2|0)= ———— (4.6
. 0=Colc7 ko(1+tp2)'
G.=Gy(o,zxiw|o), (3.43
- - ] wherety = o?/D measures the timescale of relative diffusion
andM, andM _ are defined by betweenA andB molecules. We can also obtain analytical
R ) expressions foM .. given in Eq.(3.44),
Mizf droy(ro)Gi(U,Ziiwho). (344)
l\7h=fdr ro)G o,ZFriw|rg)=——, 4.
We have also defined the coupling const@nas - 0 ¥(ro)Gol "o Z*lw 4D
Cc=|ql?, (3.45  sincey(rg)=1forr=o.
. We can easily confirm that when the two quantum states
which has the range of 9C<1. of B are not coupled to each othéhat is,C=0), the reac-

tion rate coefficients given by Eq€3.37) and (3.38 reduce
to the well known results for the diffusion-influenced reac-
IV. SIMPLE MODEL CASES tion between simple hard spheres with the Collins—Kimball
boundary conditiof,
An analytical expression for the Smoluchowski propaga-

tor Go(r,z|ro) can be obtained for the following reaction keC(z)=1,k3(2), (4.8
model. The potential of mean force betwe&rand B mol- - 0 =0
ecules,U(r), is assumed to be given by ki~ (2)=11ki(2) +12k5(2), (4.9
u(r) o for O<r<o @1 where
ry= .
0 for r=c —
The hydrodynamic interaction is neglected so that the rela- k2(2): a =~ ko1 ¥ Vo2 . (410
+
tive diffusion coefficient is simply given by the sum of self- Z(1+Kk,Gg)  Z[ kpt+kp(1l+Vip2)]
diffusion coefficients ofA andB molecules: The superscript ZC denotes the “zero coupling” case. The
_ _ Laplace domain expressions for the rate coefficients in Egs.
=Dp+Dg=D. . o . .
d(r)=Da*Dg=D 4.2 (4.8) and (4.9) are easily inverted to the time dom&if°
Then with the boundary conditions, ZCren 1 10
ki~ (1) =1,kn(t), (4.11
d AU(r)) -
D|—+g8 () G(r,z|rg) =0 4.3 KZS(t)=1.K° I.k° 4.1
ar ar a0 ' () =11k (t) +15k5(), (4.12
r=o
- where
lim Gy(r,z|ro) =0, (4.9
Hw KO(t)= K[ 0 it erto VT . (413
= — ex er . .
we can readily obtaiit A kntKp kp R R
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Heretg is the reaction timescale during which the reactionand k‘i(z) are given by the same expression as #q10
rate coefficients decrease significantly toward the steadywith «, replaced byx. . The superscript LF denotes the

state values, and is defined by “large frequency” case. Equation®.19 and(4.20 can be
K 2 inverted to the time domain. Except for very short times, that
—t.|—D2 is, fort>w ! we have
tr=tp Kot o (4.14
Rate coefficient expressions in the time domain are also a" a"
available in the case when the two intrinsic rate constants are  Kf; (t)— Z ( )ko(t)+ K2 (1)], (4.23
equal to each othdihat is, k1= k,= k). We have
A ~ 1 [p| (I:=1) (k1= ko)
ER/, 1 1O _ LRy —(Z M2 a7ve 7el 0
ky (2) =1,k (2) +(ClA) (1) ki (U={5+7 Py K3 (t)
10 ; KO(5_i N _ o0
X[k (Z+Iw)+k (Z Iw) 2k (Z)], (415) (E_M(Il_IZ)(Kl_KZ))kO (t) (4 24)
ER(2)=k(2). (4.16 2 2 kel )T

The superscript ER denotes the “equal reactivity” case.The structure of Eq(4.24 reveals that when the Rabi fre-
k°(2) is given by the same expression as E410 with x,  duency becomes very large, the two reaction cha_nnels be-
replaced byk. Equationg4.15 and(4.16) are easily inverted fweenA andB molecules are completely mixed to give two

to give the time-dependent reaction rate coefficients, new apparent reaction channels characterized by two rate
constantsi, andk_. Whene; = ¢, so thatp=0, the reac-
k5RO =Ko(O[1,— C(l =) siP(wt/2)], (4.17  tion rate coefficients in Eq$4.23 and(4.24 become inde-

endent of the initial conditions and are given b
KER() =KO(t). (4.18 P g y

In this equal reactivity case we notice that the reaction rate L Kn \—
coefficient for each state d8 oscillates in time with the Ky (t):(K n )ko(t), (4.29
. . - . 1T K2

amplitude that is proportional to the coupling constant and
the difference in the initial populations in the two states. On .
the other hand, the total reaction rate coefficient given by Eq. ki (t)=k°(t) (for t>w"1), (4.26
(4.18 does not show an oscillatory behavior. In the reaction
with an A molecule it dose not matter whether tBemol-
ecule is in the statgl) or in the statg2) since the intrinsic
rate constants are the same in the two states. Howevey, if
and «, differ from each other, the overall rate coefficient
k:(t) will also show an oscillatory behavior.

When the quantum-mechanical transitions between the
two internal states oB occur very fast, we can also obtain |, 1\ pepRESENTATIVE INITIAL CONDITIONS
analytical expressions for the reaction rate coefficients in the
time domain. In the large-frequency limit such that-z and ~ A. Symmetric initial condition
t;, the reaction rate coefficient in the Laplace domain in
Eqs.(3.37)—(3.4]) becomes

Wherew(t) is given by the same expression as &410
with «,, replaced byx.

Consider a reaction system wheBemolecules are dis-
tributed in equilibrium. We assume that the two diabatic

R a"
k-F(z)= En kO (z)+ k° (2)], (4.19 molecules are sensitized on a suddery., by photoexcita-
n 4
tion) and start to react witB molecules. Then the appropri-
() M —1,) (kg — K2)>k°( ) ate initial condition is
2 | k1= Ko
N E_MM ). (420 )y =(1/2,1/2,0,0"=1(|11)) +]22))). 5.
2 2 |1 K2l
where ] ) ]
The superscrip8 represents a quantity relevant to this sym-
_—+|IO||K1_K2| (4.21 metric initial condition.
Kem K= 2 ’ ' Since e;=¢,, we haveC=1. We also haveZ|a}

>0, which says that quantum-mechanical evolution between
[ |p|* ~ Km 1 )lpl= Kn™ Km (4.22 the two stateq§l) and |2) is stationary. By substituting,
P _|;< | m) P | [ ' =1,=1/2 andC=1 into Egs.(3.37) and(3.38, we obtain
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o Ky (1+ knGo)D1+[(kn— k) (26) 1(D,—D1)

kn(2)=— = = = , (5.2
2Z (1+ k1Go)(1+ k,Go) D1+ [ (k1= k2)/(4k)]Go(D,—Dy)

&fs(z):E (ﬂKleéo)Dﬁ'[(Kl_K2)2/(4K_)](D2_D1) 5.3

Z (14 k1Go)(1+ k3Go) D1 +[ (K1~ k2)% (4k)]Go(Dp— D)’

g(o) has been set to one. s Pi(t)
The usual experimental observables would be the time Xit)= Ao

profiles of the concentrations of reaction produétgt) and

P,(t), formed by the reaction oh molecules withB mol- _ t S B jtl S

ecules in the stateld) and |2), respectively, rather than the Ce Odtl i(ty)expg —Ce o dtki(t2) |, (5.6

time-dependent reaction rate coefficients. The rate of forma-

tion of each product is given by XS(t) = P(t)
2 AO
dP,(1) t S ty S
qi ~Ka(OIAIB], (5.9 :chodtl k>(t;)ex —cho dtk(tp) |. (5.7)
dP,(t) B. Asymmetric initial condition
dt =ko(DLAILB] 5.5 We now consider a reaction system in whiBhmol-

ecules are produced at time zero exclusively in the dfate

In the symmetric initial condition case under consideration, it€.g., by photoexcitation The B molecules then evolve
is expected that the concentration of reactivamolecules quantum-mechanically between two staf#s and |2), and

created at time zero is much smaller than thatBofnol-  react withA molecules. An appropriate initial condition for
ecules. In this pseudo-first-order case the concentratidh of this kind of experimental situation is
molecules maintains a constant valdg during the course

8 9 |a2))=(1,0,0,0T=|11)). (5.8

of reaction, and when the reaction has gone to completion

the total concentration of the produdthat is, the sum of The superscripf represents a quantity relevant to this asym-
P4(t) andP,(t)] will reach the initial concentration of reac- metric initial condition. Unlike the symmetric initial condi-
tive A molecules, denoted a&,. The rate equations, Egs. tion case, the gquantum-mechanical evolution between the
(2.11, (5.4, and(5.5), are then easily integrated to give the two states oB is no longer stationary. By substitutihg= 1
product yieldsX$(t) and X5(t), andl,=0 into Egs.(3.37) and(3.39, we obtain

KA(z)= Ky (14 k2Go)[(2—C)Dy+CD3]+ C[ (K1~ 1)/(2K)](D,—Dy)
2z (1"“Kléo)(1+Kzéo)D1+C[(K1_K2)2/(4K—)]éo(D2_D1) ,

1 (5.9

cu Cky  (1+k1Go)(D1—Dg)+[(ko— k1)/(26)](D,—D;)
Kh(2)= - - —— , (5.10
2z (14 k1G0)(1+ kG)D 1+ Cl (k11— Kk2)/(4Kk)[Go(D,—Dy)

~ _ l (k+ Kleéo)D1+[(K1_ Kk2)12][(1=C)D 1+ CD3]+C[(x1— k2)?/(4k)](D2—Dy)

kf'(2) - - s — (5.1
z (14 k1Go)(1+ k2Go) D1+ C[ (k1= k2)“/(4K) ]Go(D,—D1)

When there is no coupling between the two states, th&tis(, the reaction rate via the second quantum state vanishes; that
is, ky(t)=0 in Eq. (5.10.

In the asymmetric initial condition case, we would usually have the situation WiBgr&[ A]=C,. Then the product
yields, X{(t) andX5(t), are given by
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equal to unity as the two diabatic states are degenerate. In
Fig. 1 we investigate the effects of changing the Rabi fre-

guency. The intrinsic rate constants are set to be different in
t k! the two reaction channels; =10kp andx,=kp . When the
= K7 - f kP ) : 1o =D 2= D g
CAfodtl l(tl)exr{ Ca 0 dtz kr(ta) |, inverse of the Rabi frequency is comparable to the diffusion
(5.12 time scale ptp=10), we can observe a wiggling behavior
' of the rate coefficient at short times. However, when the Rabi
P,(t) frequency becomes large{; = 100) we can hardly observe
Bo such wiggling in the rate coefficients. Probably the more
. . important point may be that as the Rabi frequency increases,
chf dt, k’z*(tl)exp< _CAJ ldtz k?(tz)), (5.13 the rate c.oefficienkl(t) for the more reactive state becomes
0 0 larger whilek,(t) for the less reactive state becomes smaller.
whereBy is the initial concentration of reactivé molecules. Accordingly, as Fig. tb) shows, the relative product yield
In both symmetric and asymmetric initial condition X1(t) OverXy(t) gets larger for the case with the larger Rabi

cases, we define the total product yied¢t) by the sum of frequency. This result can be explained qualitatively as fol-
the product yields via two reaction channels, lows. As time goes by, the reaction rate coefficients decrease

as the pair correlation function betweé&nand B molecules

X5(t)=

—vwS(A A . . .
XSA () =X (1) + X5M(D). (5.14  gets depleted as the short distance. This depletion occurs to a
larger extent foB molecules in the more reactive state; that
VI. NUMERICAL RESULTS AND DISCUSSION is P]_]_(r,t)<p22(r,t)- However, quantum-mechanicaj transi-

In this section we present the results of numerical calculions between the two internal statesBbfead to a net popu-
lations of the time-dependent reaction rate coefficients antfition transfer from the less reactive state to the more reac-
product yields. We use the inverse Laplace transformatiofive state. This population transfer is facilitated with the
subroutine “INLAP” in IMSL®* to calculate the time- increase in Rabi frequency. Henceasncreasesk;(t) gets
dependent reaction rate coefficients. To calculate the produédrger by taking offk,(t) and so does the relative product
yields we integrate the rate equations in E(s11), (5.4),  Yield X;(t) over X,(t). Also, the overall rate coefficient
and (5.5 by using the fourth-order Runge—Kutta K(t) increases with the Rabi frequency. The decreaggin
integrator®® All the results are obtained for the simple casedue to internal transitions & molecules has the same mag-
with hard-sphere potential of mean force and negligible hyhitude as the increase ip;;. Hencek¢(t), given by the

drodynamic interaction. weighted averagd xqp11(0,t) + kopo(0,t)], gets larger
Figures 1 and 2 show the results obtained for the symwith the increase o sincex;> k.
metric initial condition case. The coupling consté&his set Figure 2 shows the effects of disparity in the intrinsic

(b)
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FIG. 1. Effects of the Rabi frequency on the time dependende)ahe reaction rate coefficients afig) the product yields in the symmetric initial condition
case. The coupling consta@t is set equal to unity, and the intrinsic rate constantsrgre 10kp and x,=kp . The concentration oB molecules is¢pg
_4_ 3~ _

=3m0°Cg=0.1.
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The dashed curves for the intermediate case witk 18kp

and «x,= 2kp, lie between the above two limiting cases. Here
it should be noted that the overall reaction rate gets larger as
the difference in the intrinsic rate constants becomes smaller.

Figures 3 to 6 show the results obtained for the asym-
metric initial condition case. The coupling const&htmay
now have any value between 0 and 1, sirge €, in gen-
eral.

Figure 3 displays the effects of the magnitude of the
coupling constant on the time dependence of the reaction rate
coefficients and the product yields. The solid curves repre-
sent the results for the case wiih=1 and the dashed curves
for the case withC=0.3. Values of other parameters used
are:wtp=2, k;=10kp, andk,=Kkp. At t=0, all the reac-

25

K1:Kkp=10:10:1
........ Ky kp=18:2:1

20 B\ Laa - KiK6kp=20:0:1

15 [ k)

1.0 [~

05

reaction rate coefficient, k()/kp,
T

0.0 [~ tive B molecules are in the staté). As the B molecules
N R B T IO I S R make transitions back and forth between the two sthtes
00 05 10 15 20 25 30 and|2), the reaction rate coefficient oscillates with the Rabi
time, #/¢y, frequency. The oscillation amplitude gets larger by increas-

ing the coupling constant. Sinog, is larger thank,, with
FIG. 2. Effects of the disparity in intrinsic reactivities on the time depen- thea increase in the oscillation amplitude the overall rate co-

dence of the reaction rate coefficients in the symmetric initial condition fficient t I d the total duct vield
case. The sum of the intrinsic rate constants are fixed at the valukgfizo ~ SHICIENT getS smaller and the total proauct yield goes up

all cases. Values of other parameters ae=1, wtp=5, and ¢g more slowly.

= 270%Cg=0.1. When theB molecules are populated exclusively in the
state|1) at t=0 and «, is ten times as large ag,, the
product yield via the first reaction chann#l(t), is greater

reactivities in the symmetric initial condition case. The sumthan that of the second reaction chann€l(t), for all time

of two intrinsic rate constantss; and k,, are kept at the regions even whe@=1. However, wherx, is ten times as

constant value of 2§, . The coupling constar@ is set equal large ask,, the situation becomes more complicated as

to unity, andwtp=5. Whenk;=x,=10ky, we havek,(t) shown in Fig. 4. With the exception that the relative magni-

=k,(t) andk;(t)=2k,(t), as displayed by the solid curves. tude ofk; to «, is reversed, other parameters are the same as

On the other hand, whenc;=20kp and «,=0, k;(t) in Fig. 3. Again, the reaction rate coefficients oscillate with

=k, (1), andk,(t) =0 as displayed by the dot-dashed curves.the Rabi frequency and the oscillation amplitude gets larger

5
- c=1 1.0 [
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FIG. 3. Effects of the coupling constant on the time dependende)dhe reaction rate coefficients arid) the product yields in the asymmetric initial
condition case. The intrinsic rate constants are=10k, and k,=kp, and the Rabi frequency i®ty=2. The concentration oA molecules is¢a

= %770'3CA: 0.1.
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FIG. 4. Effects of the coupling constant on the time dependende)dhe reaction rate coefficients aril) the product yields in the asymmetric initial
condition case. The same parameter values as in Fig. 3 are used exceqt=thatand x,=10kp, .

with stronger coupling. However, in contrast with the caselarger thanX,(t) for all time regions. On the other hand,
depicted in Fig. 3, the overall rate coefficient gets larger withwhen C=1, the relative product yield is governed by the
the increase in the magnitude of the coupling constant, sinciitial condition only at short timest(tp=<1), and eventu-

a larger fraction oB molecules can make transitions to the ally X,(t) gets larger tharX,(t) asB molecules move into
more reactive|2) state. As for the relative product yield, the more reactivé2) state.

X;(t) may become smaller thaX,(t) as the coupling be- Figure 5 shows the effects of the Rabi frequency on the
tween the two internal states & becomes stronger. As product yields in the asymmetric initial condition case. We
shown in Fig. 4b), whenC= 0.3 the relative product yield is take C=1, k;=10kp, and x,=kp in Fig. 5a), and «;
dominated by the asymmetric initial conditiod§i(t) is  =kp andx,=10kp in Fig. 5b). When the Rabi frequency is

— =1
1.0 10 . b / Q)
0.8 08F T e
< <
N N [
= =
< 06 < 06 [
L L
> i~ B
3] 31
5 04 304
e gt
a, a,
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FIG. 5. Effects of the Rabi frequency on the product yields in the asymmetric initial condition case. The intrinsic rate conskartd@kg andx,=kp in
(a), andk;=kp and k,= 10k, in (b). Values of other parameters ate=1, andg,= %770’3CA:0.1.
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FIG. 6. Effects of the disparity in the intrinsic reactivities on the total product yield in the asymmetric initial condition case. The sum of the intrinsic rate
constants are fixed at the value ofk}0in all casesC=1 in (a) andC=0.5 in (b). Values of other parameters used arigy=3 and p,= ;‘WBCA: 0.1.

small (wtp=1), we can observe a wiggling behavior of the characterized by the staircaselike increase due to alternation
product yield. However, when the Rabi frequency becomedetween the reactive and nonreactive stateB.ofowever,
large (wtp=100) the product vyields increase ratherwhen the coupling between the two states has an intermedi-
smoothly. Wherk,> «, as in Fig. %a) the product yield for ate value, as in Fig.(6), the total product yield for the case
the more reactive channil (t) is always larger than that for with «,=0 just slightly falls behind that for the equal reac-
the less reactive channl(t) for all times, irrespective of tivity case. But the total product yield for the case with
the Rabi frequency. However, for the case with<k, asin =0 increases much more slowly.
Fig. 5(b) the product yield for the more reactive channel
X,(t) may be smaller than that for the less reactive channe|
X1(t) at short times due to the initial condition effect. This iseV”' CONCLUDING REMARKS
more obvious for the case with small Comparing the prod- In this article we have formulated a theory of quantum-
uct yields for the asymmetric initial condition case in Fig. 5 mechanically gated diffusion-influenced bimolecular reac-
with those for the symmetric initial condition case in Fig. 1, tions by generalizing the reduced distribution function for-
we note that for the large frequency casetg=100) X4(t) malism. The quantum gating mode has been treated within
in Fig. 1(b), X4(t) in Fig. 5@, andX,(t) in Fig. 5b) coin-  the two-state model. We neglect the dissipation effect arising
cide with each other fot>w 1. Similarly, X,(t) in Fig.  from the coupling between the gating mode and the sur-
1(b), X5(t) in Fig. 5(a), andX4(t) in Fig. 5b) coincide with  rounding medium.
each other. The reason for this coincidence is that for the Analytical expressions for the time-dependent reaction
large frequency case the reaction rate coefficients becomate coefficients have been obtained in the Laplace transform
independent of the initial condition ip=0 (that is, when domain for a general initial condition. Various effects of the
C=1), as given by Eq(4.25. The product yields for reac- quantum-mechanical gating mode on the reaction kinetics
tion channels with the same intrinsic rate constant coinciddave been investigated by calculating the time-dependent
with each other fot>w 1. rate coefficients and the product yields in the pseudo-first-
Finally, we investigate the effects of the disparity in the order cases for two representative initial conditions. In the
intrinsic reactivities on the total product yield in the asym- symmetric initial condition case it has been shown that the
metric initial condition case in Fig. 6. The sum of two intrin- overall reaction rate increases with the Rabi frequency, but
sic rate constants¢; and «,, are kept at the constant value decreases as the difference between the intrinsic rate con-
of 10kp. When the coupling constant has the maximumstants of the two internal states gets larger. In the asymmetric
value of unity the total product yield increases most rapidlyinitial condition case the results vary depending on whether
in the case withk; =k, as shown in Fig. @). When either the initially populated internal state is more reactive or not.
of the two internal states @ is nonreactivethat is, when When the coupling constant and the Rabi frequency, which
either k; or «, is zerg, the total product yields increase measure the coupling strength between the two internal
more slowly than for the equal reactivity case, and can betates, are small the relative product yields from different
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