TopiLé The Ravleigh-Taylor Mode

[A stable/unstable mode of an inhomogeneous equilibrium]

Waves in inhomogeneous media

In the preceding topic, we treated small amplitude waves of a

homogeneous collisional gas. Since the equilibrium was not dependent on

any spatial coordinate, we found we could have plane wave solutions of

the form
exp[iﬁ . x - iwt] . (1)

In general, if we have an inhomogeneous equilibrium, it is not
possible to assume a plane wave solution since the resulting PDE
obtained from the linearized equations has non-constant coefficients.

For example, if g #+ 0, then equilibrium under gravity demands
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Yp = numg

P = pa(x) ,n=mn(x), T= T (%),

In this case, we may not Fourier analyse in the x coordinate,

although we may still do so in the y and z coordinate. The most general

perturbation may then be written







n = ;(x) exp (ikyy - iwt), etc. (2)
where kz has been set to zero without loss of generality,

In general, each of the five modes of the homogeneous case now
carry over to the inhomogeneous case with each mode possibly being
modified by a term proportional to . Thus, to investigate all the
modes of our inhomogeneous equilibrium, we should solve our linearized
equations all over again but this time with the dependencies (2), and

the new equilibrium condition apo/ax = —n_mg.

However, the effect of g is not dramatic for all .he five modes.
In particular, for practical parameters, g is "small" for sound waves
and its effect on these waves is negligible (from everyday experience,
gravity does mnot impair our hearing it seems). In addition, physical
intuition may lead us to notice that the effect of g on a convective

cell which swirls in the y-z plane is bound to be negligible (i.e. the

mode with k = Ey . Gz # 0). (see picture below)
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However, a convective cell set up in the x—-y plane is likely to be
influenced by g since we are mixing matter around (Bnolax # 0) and thus

changing the gravitational potential energy of the system.
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(see picture)

Likewise, if we create a density spike with a corresponding
temperature hole (entropy mode), then this mode is also likely to be
influenced by gravity because creating a demsity spike corresponds to

trying to float a heavier rod in a lighter fluid.
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Thus, in this section, we shall be primarily interested in the

effect of E on the entropy mode and on the convective cell with Gx £ 0
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(or, more precisely, the convective cell with Exuetx o

-~ [
in the z direction). The i x
modified modes which result 3
~n b_—)
due to the presence of E , tx_lf

are coupled and they are called Rayleigh-Taylor modes. These modes may

be unstable; hence the interest in these modes.




In deriving the equations governing the RT mode, we shall start
with the linearized equations again but this time include g
and n = no(x) with a dependence of the form (2). We shall also make
use of the physical facts we have just intuited - namely,

(i) the convective cell is in the x~y plane and ; . (% X 5) #0,

(1i) p ™ 0 for both the homogeneous convective cell and the
entropy mode.

Fact (ii) was true in the homogeneous case. There is no real
reason why the eigenvector in the inhomogeneous case should also

have ; ¥ 0. But, physical intuition tells us that since the modes we

are examining are not essentially dynamic modes, p » 0 is a

possibility. In any case, we shall self-consistently check any :. priori

assumptions.,

The eigenmode equation for RT modes

{a) Equilibrium x
Fou,
Ix o8
n, o= n (x); T0 = ?o{x) : b4
p =nT , 3n /ox # 0 . in general (3)
o oo o

(b) Linearized equations
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where S0 z (d/dx) &n (p/n'). We notice, in the linearized equatiouns,
the presence of addiLional terms proportional to no', So' and g. These

are from the inhomogeneity and gravity.
To make life simpler, we now use the fact that the main motion is

a '5 X T; which is in the z direction. Therefore, we take the curl of

(4b) and then dot it with z . We get,

+
- au _ -~ . + ~F
mz-(ﬁxnoﬁ)—mz (V x ng),
vhere we have used ¥ x 3?) = 0, Now using'ﬁr X no'ﬁ E ﬁno X u o+ no'e xu R
and ¥V x 'é = (, we obtain
- a:; > 3:51 - e >
u
- —_— — = - . 4d
z [noﬁxat Vnoxat] z » (Vo x g) (4d)

Finally, writing out in components, we get

|m

(n, (uy' - aux/ay) +n 7 uy} = g(3an/3y).
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To make @‘}even more simple, we now use the fact that E = 0, or
—

we surmise this to be the case. '5 only appears in {4c). 5o, E = 0

really corresponds to making the a priori assumption that the term




proportional to ; in {4c) is small compared to any of the other terms in

that equation. Thus, we assume, to be shown self consistenly later on,

that

Py Tn (4d7)
in which case, (4c) reduces to
(3/3t)(a/n,) #3_§ - = o. (4e)
We may now verify that (4a), (4d), and (4e) constitute a system of 3

L) L ~
egquations in the 3 unknowns n, U, and uy.

{c) Fourier Analvsis

We now let
2=n (x) exp (ikyy - iwt), etc. (5)

In this case, 3/3t + - iw, 39/3y » iky, and (4a), (4d), and (4e)

reduce to:

-iwn + u n " +nu-+n ik 0 =0 (6a)
X o0 0 x o Ty y

- im{no(uy - 1kyux) +n uy} = iky gn (6b)

1w7(n/nc) +u So = 0, (6c)

Adding ($fa) to (noly) times (6c), we get
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=S (5, +2—i) = -1k, 5 . 7

We now use the expression (7) for Gy in (6b), and expression (6¢) for n

in the RHS of (6b). This gives us the eigenvalue equation for Gx:

~ 1 ~ 2 ~ El 2 gSO’
n (u =+ ;—{EHPO) u )1” - kog Uy = - ) v o "x

To have any hope of solving this equation, we make the further

assumptions )
u” no’ o' Po—
—_— ) =, = ,u" > u -, (8)
u n P p
o o o

i.e., the perturbed structures are sharper than equilibrium scales.

With this assumption, we have, finally

gs_~
u"—k§u=-k§(gju (9

yu

where v = ;x’ So’ = So’(x), with assumptions (8) and (4d7).

Before solving (9), we note the following:
(i) if u"/u K kz , i.e., the structuring in y is sharper than that in
x (long, thin cells), then we may throw away the u"” term and get

2
w =g So’/Y .

Thus, the frequency of oscillation is real if so’ > 0 and imaginary




(instability) if S;' < 0;

Y - E - - - . I a
(ii) S0 (po /po Yo /no) f the scale size of n  1is very short
compared to the scale size for po {and, for the atmosphere, the scale
size of P, from dpoldx = - n mg may be estimated to be ~ 5 Km.), then

S 7 s = “/n . In that case
o m, / o !

2 -
w g{no /no) ,
and stability is determined by dnoldx with instability if the density
increases as we go up.

The full eigenvalue equation (%) must be solved, however, to get a
mathematically satisfying result for w. {w cannot be a function of x as

we have obtained.)

Solution of the eigenvalue equation {9)

We have assumed that u~ /g >> no'/no, etc. S0 we must have

solutions which are localized, or have Structures, on scales much
shorter than n /n “. Since our "local" analysis earlier gave
o o
2 . - .
us o a SO’, we expect the convection to be maximized where SO is a
maximim.

Consider the following:

Sg "'So)
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Suppose So‘ peaks at a. We then assume that the convection will
localize itself in a region about a and expand So'(x) about a, viz.,

2
SO' (x) = So'(a) + SO"' (x —a)“/2. We mext shift our coordinate system

from x to x — a. Thus if we let s = x — a, we may rewrite {(9) as

2 2
o2 2,2y - (Jely sy, .
(14)

B.Co u =+ 0 as s + % =,
where Y2 =z -gS5 “/v, and I..-2 = -(8 "7/s ")/2.
g - o " - o "o

This is just the familiar Harmonmic oscillatc¢r equation. It is well

known that for

1 2.2
y"+i:(u-x/x°)y=0,y+Oat.te-,

2
- _ =12 (x/x )
Ya = 7o (XIxo) r I T € °
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a«=a = 2n + 1} Re x > 0. (15)

Comparing {14) and (15) , we obtain the relation
4 2 2
(kx ) = = (kL) (m/Yg) ’ (16a)

and (1 + vngwz) = - (2n + 1)/(kx0)2, (165}




2
Re(xo) > 0.

From (16), we have to solve for  and xo in terms of k, Yg’ and n.

The eigenfunction is

-1/2s/x )* -
u=u =g Hn(s/xo). (17)

(16) and (17) have to be compatible with our original assumptions (8)
and (12) and further we must satisfy Re xoz > 0. Assumptions (8), (12)
and (13) translate in to

x << L (18)

o

2
Re X > 0. {18h)
2

To solve (18a) and (18b), we solve (16) for {kxo}". From (16),

- . 2
eliminating w , we have

(xg® + (20 + Dkx )% - w)? = 0

= 20 )% = - @+ 1) £/ D2 4 4Ly .

Now, Re x°2 >0

==5 take + sign only for n = 0,1,2,.000...

- (kxo)z =3/ + sy’ - m(2;+i)
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Farther wvhen kL €< 2n + 1

Gex )% = ()’

'.=-.> x02 = Lz. This violates (18a)

Thus the only allowable possible solutions are for kL >> Zn + 1.

For kL >> 2n + 1,

Gex ) = (kL) (19)
o 12 1
{i_-» 1€ = T << 1, consistent with (18a).

Using (19) in (16b), we get the dispersion relation.

E

@S T (nt1)/ (kD) (20)

2 _ . -1
v Zeg So /Y k <4 X, << L

The stability criterion is
s~ >0
o
or, if p”/p << n"/n,

a “/n < 0.
o' o

Our modes, for kL > 1 and n = 0, look like




n=p A
Xp I @ {j
RY << Xo ¢< L
v

If we had been able to relax the assumpfion xo <L, i.e.,

allowed u/u ~ 1/L, then our full dispersion might have been

w2 = £ -
1+ (2n+1)(kx )
t
with kLSl, xO—.L X{-, ML((h
—_— - 4 ] X
0 W £ e
Ne— :
=

Note: if (kxo) 2<< 2n + 1

Thus the maximum growth rate (in sweeping k”s) is for modes with kL D> 1
and n = O [see {20)]. This rate is m2 2 - Yg?' For kL > 1 and n = 3,
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Is E = 07 - (self consistency check.)
in
We recall that, early (Eg. (4d7)),
A

E. <« a/m.
PD o

Now that we have solved the problem, we

we had assumed

(4d7)

mst check this assumption for

self consistency. To do this, we first search for an equation for
Consider the y component of (4b). This gives:
nm E*-G = - ik P
at 'y y P
~ . hmw ~
But from (7),
G'
D~ —m—
Y k
a
« B . Dmw o~ . DpDW _ X
‘ -
» k2 X k2 X,
Again from (6e),
u .
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~ anme n (22)

.::-...-) P~ - "
N kzn xo

Using (22) in (4d”), we get the condition
2 2
w << (kcs) (xolL)

which reduces, upon using (19) and (20}, to

/2

g << (kcs}z (L/k)?

This 1is easily satisfied.

But

o
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Also, we need P

= o/l » k*ud?

v J
= n* « %% el
= gu? « sgL /()7
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