Topic 4 Some physics of the fluid equations

The ideal fluid equations are:

g—:— +7 . nu =90 {1) (conservation of mass)
d-}
nm =X o= - §p + nf (2) (F = ma)
dt
Edl;- (p/nY) =0 {3) (p¥' = const.)

We will discuss several aspects of the fluid equations in what follows,

1. Esuilibrium

If a gas is in hydrostatic equilibrium,
5 and
then Gzo,alat = 0. In this case, the forces on the RHS of {2) must

balance,i.e.

&>
Vp = nF .

Suppose F o= 0.
-
Then Vp = 0 = there must be No pressure variations in space.
However, since p = nT, we may have the following situation (as in the

cutside of a building in winter as opposed to the inside):
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i.e., T anfax = -n3T/3x.

0f course, this corresponds to a localived Mot spt and the above
equilibrium will decay; the decay will, however, be on a slow time
scale. What do we mean by slow time scale? We mean slow compared to

the hydrodynamic time scale. The hydrodynamic time scale is the time

scale over which imbalances in the RHS of (2) are wiped out. So, for
instance, if there exists a pressure difference between the outside and
inside of buildings, then that difference is wiped out by a blast of air

on a time scale given by

du p 4P
—_— ~ Yp ~ = (— 4
nm ¢ P~ (p ) (4)
where ap/p is the fractional pressure difference.

1f AT = 30°C and An = 0, then Ap/p ~ 1/10.

R du u L
Then, from (4), with FraliadieSiadiac B
we have
T~ Yp/Ap (L/cs).

For L ~ 3m, ¢S ~ 300 m/s, we have 1 ~ 30 millisecs.

m gases
Compare this to the time scale for heat diffusion, which

is Ty~ L2/A2v ~ hours (see appendix #).
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2. fquilibrium with g

hydrpstatic
Considerﬁequilibrium in gravity. y t
Then F = ng , =y ¢ I
32 E . :
y e X

So the pressure profile must be such that pressure decreases as we go

up.

s
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Again, because nT = P, there is a degree of freedom in how we
choose n(y) or T(y). That is, either of the below situations are

acceptable equilibria:
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(I) is probably the usual condition. Even though (II) is acceptable, an
inverted density profile does not stay that way for long because it is
an unstable equilibrium. An unstable equilibrium is analogous to the

ball-on-hill analogy.
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Ball on hill/well analogy

stable cdpvill'brfum vns talele equilibrium

Wwhy is (II) umstable? The answer is that denser fluid is resting on top

of lighter fluid. This situation cannot remain so under perturbations.

A more illuminating answer, based on everyday observation, is that ''hot
air rises'. So "convection currents" will be set up to bring the
heavier, colder air down below. This interchange »f ‘air masses is known
as the "Rayleigh-Taylor" or "Interchange” instability. It is a feature
in atmospherics, stellar equilibria, and plasma equilibria. We shall
deal with this instability in more detail later.

What is the time scale for the RT instability? Since it is driven

by gravity, nm du/dt ~ hmg, du/dt ~ L/tz
= 12 ~g/L g ~ 980 cm/sz.
time scale

If L ~ 3m, then T ';-‘/.3 sec ¢ This,is compatible with experiehce.

3. MNavier Stokes equations

We derived the "ideal" fluid equatioms by simply using f = fg

maxwellian in the moment equations. If we also include f;, then we




2 assomig, of Gurte, we have seld explicitly for -f

obtain the so called "Navier Stokes" equations, In general, for f,,
> +
V.82 6p » 1.e. the off diagonal elements of ? are #0. Also, E #4,

. , . . « R
Using f, in our previocus consistency conditions we can obtain the

following set of transport equations:

M/t + 7 o ng = 0 (1a)
-
nm%::-'l = - $p+n§+ nmy {V(3V-u)+v2 al (2a)
%ng?'r +nT$-:=—§-q (3a)
g =-x?9T
) .
u=tC Av where C , C are
u TS S
€ = Ck sz numerical coefficients

of order unity,

These equations are not "ideal" because they include viscosity and

heat conduction.

4. Physical meaning of pressure and viscosity

#eaning of pressure {particle point of view)

When particles with momentum V. embed themselves or escape from a
fluid element, that element gains or loses wmomentum. We show that if

there is a pressure differential across an element, then that difference

manifests itself in a rate of change of daverage momentum of the

[
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We also show that this force is proportional to .Gp. Consider

/ ¢S. area A

element.

the situation below: -~

« L

Y

Let ¥n = an/9x # 0.

-1 N
Then in a time v ~, particles at the edge a distance ) away enter

or leave the element. Nett momentum gain is then

jp)+ = AX (n1+ nz-n3-na)

<<

>

A -
Since X << L, n;= n, and n,= 0, also n, = n, + |on/ax|L Sin €

-~
- ap), = MWV |an/3x|L ,

1

Since this gain happens on time v , the rate of change of

-
momentum ~ AALmv . lan/3x|v.

This must be equated with mass x acceleration.

" A A‘I: (an/3x)v = nmAi du
- ™eh at

2

Using Av = vth and vth = T/m, we have




du _4dmy o _ 3
nm® dt 'ax T lax!

We have obtained order of magnitude agreement

with omdu/3t = - ¥p .

Meaning of viscosity

Consider the sheared flow situation shown below.
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For this flow, uy will drag on u;, u; on uo,and S0 on. What is the

magnitude of the drag force?

Again, we compute the rate of change of directed momentum of an

element in streamline uj.
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Random motions of particles such as 1 and 2 add momentum to u;.

Random motions 3 and % take away momentum.
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-1
Nett increase in momentum in v

U, u

i
= m (¢ +y -y)
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But u, + 2 Iul’l + 5 u”

- 2
uo=u1-1|u1|+.\/2u1“

- 2
== Ap)+-nml uy

Mass x accel,.= m:n}\2 vul“

du 2

=» _ 1 _ " L1242
T AT v, T L°/A%v .

Note this agrees with the LHS and RHS (last term) of Eq. (2a).

Note: the above type of accounting may also be applied to understan'
thermal conduction.

Final Note

Recall that the fluid equations were obtained by an expansion of

the Boltzmann equation assuming
vt 2> 1, A << L.

For the time scales obtained by us so far, namely

1, ~ L/es , T ~L2/AZv .

H b

we must make sure that (self-consistently)

.....




VT, > 1, VT > 1.,

This is true since

2
vty L/x > 1, vy - L/ » VT, > 1.






