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Residues; Complex integration

1. Find the residues of the following functions

(a) [2 points] (z2 + 1)−2 at z = ±i;

(b) [2 points] (z2 + z3)−1 at z = 0 and z = −1;

(c) [2 points] cos z/(z − π/2)2 at z = π/2;

(d) [2 points] ln(1 + 3z)/z3 at z = 0;

(e) [2 points] eizt/(iz + a2) at z = ia2 (where a and t are some positive constants).

2. Calculate the following integrals using the residue theorem.

(a) [3 points]

I1 =

∞∫
0

dx

(1 + x2)2
;

(b) [3 points]

I2 =
∮
S1

dz

z − a
,

where a = 1/2 and S1 is a circle of radius R = 1 (i.e., |z| = 1). Consider both
orientations of the contour.

(c) [3 points] The same integral as above but with a = 2.

3. The Green’s function of the one-dimensional diffusion equation is defined by(
D ∂2

∂x2
− ∂

∂t

)
G(x− x′, t− t′) = δ(x− x′)δ(t− t′), (1)

where D is the diffusion coefficient. Find the solution of this equation [i.e., the explicit
form of the Green’s function G(x, t)] using the following steps (in your solution you
can just set x′ = 0 and t′ = 0):
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(a) [5 points] Introduce the Fourier transform of the Green’s function as follows

G̃(q, ω) =

∞∫
−∞

∞∫
−∞

dxdt

(2π)2
G(x, t)e−iqx−iωt (2)

and find the equation for G̃(q, ω) by Fourier transforming Eq. (1).

(b) [1 point] Solve the corresponding algebraic equation and obtain the function
G̃(q, ω) explicitly. The Green’s function in real space-time can be found by cal-
culating the inverse Fourier transform of G̃(q, ω).

(c) [5 points] First, calculate the inverse Fourier transform with respect to the fre-
quency, ω, i.e.

G̃(q, t) =

∞∫
−∞

dωG(q, ω)eiωt. (3)

To evaluate this integral, you must use the contour integration method.

(d) [5 points] Finally, calculate the inverse Fourier transform with respect to the
“wave-vector,” q, and obtain the result.

Note, that the obtained Green’s function describes random walk of a particle in one
dimension. Namely, G(x, t) is the probability of finding the particle in point x at the
moment of time t, provided that initially the particle was in the origin, i.e., x(t = 0) =
0.


