
Physics 762 Homework #4 Spring ’18

Dr. Drake

This assignment is due Thursday March 15.

1. The goal of this assignment is to calculate the curves over which electrons will

form plateaus in the velocity space vz, v⊥ as a result of the whistler instability.

At any given location in this velocity space electrons will resonate with waves

with wavevector k given by the relation

vz = − VAe

kde(1 + k2d2e)
. (1)

where VAe = Ωcede is the electron Alfvén speed. At the same location the

electrons will locally move along a trajectory in which the particle energy in the

frame of the whistler,

H =
1

2

(
v2⊥ + (vz − vp)

2
)

(2)

is a constant. vp = ωk/k is the wave phase speed. The challenge is that the

wave k that the particle resonates with changes as the curve moves in the plane

of vz, v⊥ and therefore so does vp, the expression for H and the local trajectory

in velocity space.

(a) A given level curve starting at some negative vz and v⊥ = 0 can be defined

by the range of k value of the waves that it resonates with. Starting with a

value k0 and going to a very large value of k, what is the range of resonant

values of vz? A different initial k0 will correspond to a different level curve.

Thus, you can directly calculate the range of vz corresponding to this range

of k.

(b) Calculating the values of v⊥ corresponding to the same range of k will

define the trajectory in velocity space. To do this note that at any given

value of vz, v⊥, the infinitesimal change dv2⊥ can be calculated in terms

of dvz at constant H. Do this. From this calculate dv2⊥/dk in terms of

dvz/dk. You can then calculate dvz/dk from Equation (1). Write down

the expression for dv2⊥/dk as an explicit function of k and vz. Normalize

vz, v⊥ and k so there are no free parameters.

(c) Starting with a specified value of k0, numerically integrate the equation

for dv2⊥/dk to a large value of k taking v2⊥ = 0 at k0. The range of vz and
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corresponding v⊥ corresponds to a single curve over which the electron dis-

tribution function f will have constant value once the quasilinear evolution

has ended. Vary k0 to obtain a range of level curves. For simplicity, plot

only the region with vz negative and v⊥ positive. The other quadrants will

be identical since waves with negative vp will also grow in this system and

they will diffuse particles with positive vz.
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