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Portfolio Models Ill: Long Portfolios with a Safe Investmen t

We now consider investors who will not hold a short position in any asset.
Such an investor will not borrow to invest in a risky asset, so the safe invest-
ment is the only risky-free asset that we need to consider. We will suppose
that o(c(umx) > 0 and that o{s(11mpn) < 0, which is a common situation.
We will use the capital allocation line construction to obtain the efficient
long frontier for long portfolios that might include the safe investment.

Efficient Long Frontier.  The tangent line to the curve o = o(u) at the
point (o mx, tmx) Will intersect the p-axis at = nm Where

B U|f(,umx)
Uff(,umx)
We will consider the cases pg; > nmyx and pg; < nmy Separately.

Tmx — HEmx




For the case when u; > nmy We will make the additional assumption that
pe; < pmx- Then the efficient long frontier is simply given by

Hmx — g
per(0) = pg + —% S for o € [0, omx] -

Tmx
Our additional assumption states that there is at least one risky asset that
has a return rate mean greater than the return rate for the safe investment.
This is usually the case. If it is not, the formula for 11 -(o) can be modified
by appealing to the capital allocation line construction.

Remark. Notice that 1 +(o) given above is increasing over o € [0, ony].
When u.; = pmyx the capital allocation line construction would produce
an expression for p (o) that is constant, but might be defined over an
interval larger than [0, o]. When ug, > pmy the capital allocation line
construction would produce an expression for u¢(o) that is decreasing
over an interval larger than [0, o m«l-



For the case when ug; < nmy there is a frontier portfolio (o, i;) such
that the capital allocation between it and (O, n;) lies above the efficient
long frontier. This means that ug > u; and

M — :usi
st — Hgj
Because o,:(1+) is an increasing, continuous function over [p;, me] with
image [0, omx], it has an increasing, continuous inverse function o ¢ L)

over [o., omx] With image [uc., pmx]. The efficient long frontier is then
given by

ost < oyr(p) forevery u € [pmn, pmxl -

pei + st — Psi foro € [0, 0],

Because o(p) can be expressed as a list function, you can also express
o 1(5) as a list function. We illustrate this below for the case £, > 0.



Suppose that f,,,, > 0 and set zi; = pmy- Then o(1) has the form

H— Emy,

Vasy,

2
U|f(#) — a?k(,u) = \lffn%vk + ( > for p € [ﬁkaﬁk+1] 3

where oy, , fmy,, and Vas, are the frontier parameters associated with
the vector m,, and matrix V}, that determined o (M) in the k" step of our

iterative construction of oc(x). In partlczﬂlar Umvo = Omv: Fmvgy = Hmvs
and v,5, = Vg becausemy = mand Vg = V.

Then al;l (o) has the form

—1 2 2 _

where 7, = o+(f,.) and Opi1 = alf(ﬁk_H).



Finally, we must find the tangency portfolio (o, pct). The tangent line to
the long frontier at the point (&, , i, ) intercepts the p-axis at . = 7, where

_ 2 2
_ 0|f(ﬂk) . Vas,omvy
Me = M — =~ = Hmv, — = :
U|f(ﬂk) Hi — Emv,
These intercepts satisfy 77, < M1 < Mmx when 1z, < Pra1 < Mmx: If
we set 77, = —oo then for every u; < nmyx there is a unique j such that

M < Hei <Mjgq-
For this value of ;7 we have the tangancy parameters

14 ( Vasjffmvj )2.
|

,Umvj o :u’5'

2
. Hmvj — Hg;j .
Vst — Vas; 1+ b o » Ost = Imy;
\ asj mvj \



Therefore when p.; < nmy the efficient long frontier is given by

7

:uef(0-> — < :umvj + VaSj\/O-2 o O-I’%V‘7 for o S Ustaﬁj—l—l] )
 Hmv, + z/ask\/a2 — Ur%vk foro € [og,0r4+1] and k > ;.

Efficient Long Frontier Portfolios. Recall that the distibutions associated
with the efficient long frontier portfolios without the safe investment are

given over [umy, tmx] By

Pr41— H 5 BT o o
fie(u) = —F £y, + A fy1 forp e [y, ],

P41 — Mg Fp41 — Mg

where 115 = pmy, fo = fmy, While £, is the nodal portfolio distribution
associated with gz, forany k > 1.



The return rate mean and distribution for the safe tangency portolio are

2 2
Hst = HPmy; + ’ —,
mv; o :U’S|
Fit1 — st Hst — Hj =
for = fir(ugp) = 2 F, 4 - L F
j+1 T H Hiy1 = Hy
The distribution of risky assets for any efficient long frontier portfolio is
(7 f. for o € [0, 0],
Ost
fipq — Her(0) (0) = Het <
j+1 ef Hef Hst _
fe(o)={" _ fo +—=———=>1;11 foro € [og,7;44],
Hj+1 “s(t ) i1~ Hst
Prg1 — Her\0) o (o) — g = o
e —Ef, 41 foro e [oh,op41],
(M1 T Mg M1 — Hg

where k£ > 5 In the last case.



Remark. If we had also added a credit line to the portolio then we would
have needed to find the credit tangency portfolio and added the appropriate
capital allocation line to the efficient long frontier. Typically there are two
kinds of credit lines an investor might consider. One available from your
broker usually requires that some of your risky assets be held as collateral.
One downside of using this kind of credit line is that when the market goes
down then your broker can force you either to add assets to your collateral
or to sell assets in a low market to pay off your loan. Another kind of credit
line might use real estate as collateral. Of course, if the price of real estate
falls then you again might be forced to sell assets in a low market to pay
off your loan. For investors who hold short positions in risky assets, these
risks are hedged because they also make money when markets go down.
Investors who hold only long positions in risky assets and use a credit line
can find themselves highly exposed to large losses in a market downturn.
It is not a wise position to take — yet many do in a bubble.



General Portfolio with Two Risky Assets. Recall the portfolio of two risky
assets with mean vector m and covarience matrix V given by

m— ™1 ’ VvV — (V11 vi2)
mo V12 V22
Here we will assume that m1 < mo, so that yuy,n = m1 and pumyx = mo.
The long frontier associated with just these two risky assets is given by

V3s

2
o(p) = Jgr%v + (H Hmv) for u € [my,m5],

where the frontier parameters are

2 2
. V11022 — V{5 . (mp —m1q)
Omv — 3 Vas — 3
v11 + V22 — 20192 v11 + V22 — 20192

_ (vo2 —wv12)my + (v11 — v12)m2
v11 + v22 — 2v12

Hmv



The minimum volatility portfolio is

P 1 V22 — V12
mv — :
v11 + voo — 2vq1o \V11 — V12

We will assume that vio < w11 and vip < wop, so that f,,, > 0 and
nmy = £1om € [m1, mo]. The efficient long frontier associated with just

these two risky assets is then given by (o,¢(x), 1) where p € [pmy, mo].
We now show how this is modified by the inclusion of a safe investment.

The parameters associated with the construction of o (1) are

Ho = Mmy > Bl = Pmx = m2,
00 = Omv 01 = O0mx — 02 = /2D
The p-intercept of the tangent line through (omx, tmx) = (o2, mo) is
- 2 2
_ U|f(ﬂmx) _ Vas 0o  _ UppMM]l — VoM
NMmx — Hmx — m2 — — :

| [— - 2
U|f(me) m2 — Umyv Uop — V19



We will present the two cases that arise in order of increasing complexity:
Mmx < Mg @nd pg; < Nmx.

When nqy < ug; the efficient long frontier is determined by

m2 — 'LLSi
02
When pg; < nmy the tangency portfolio parameters are given by

2 2
Vst:vaJ1+ (va MSi) 3 Ust:UmV\ 1"‘( Yas Imv > :

Vas Omv Hmv — Hgj

o foro € [0,05].

per(o) = s +

and the efficient long frontier is determined by

fei + Vsr O foro € [0, 0],

Pmy T Vas\/ff2 — oy foro e fog,02].

:uef(o') — {



Simple Portfolio with Three Risky Assets. Recall the portfolio of three
risky assets with mean vector m and covarience matrix V given by

mq m — d 1 r r
m=|mo| = m : V=s?|r 1 r
ms3 m —+ d r r 1

The efficient long frontier associated with just these three risky assets is
given by (o (), u) where i € [m, m + d] and

( _ _ 2
3\/122T+12r(“ dm) for € [m,m + 2d],
oe(p) = 4 T N2
1+r  1—rfp—m-—5d 5
\SJ > + > ( i 2) for u € [m + 5d,m + d].

We now show how this is modified by the inclusion of a safe investment.



In the construction of o,-(1) we found that

o = m, i = m + 2d,

B 1+ 2r 54 4r
0 — S , 1 — S ,
3 9

The frontier parameters for Jfo(“) were

. 1+ 2r .
Umvo — S 3 ) vao — m,

while those for o, (n) were

S|

1+

Omy, = S

N

1
’ /"LmV1:m+§d7

fio = pimx = m + d,

0o = Omx — S




Because

2
1y Pt for u € [m,m + 2d],

> | u—m—5d

0|f(#)0ff(u) — S

, forp € [m+3d,m+d],

we can see that the u-intercepts of the tangent lines through the points
(01, 11) and (G5, fiy) = (0mxs mx) are respectively

B o) 5 54 4r 14 2r
nlz'ul_al’f(_):m+§d_3—3rd:m_ 1—rd’
IF WK1
U|f(,um><) 1 r
Nx = Mmx — =m-+d— d=m — d.
e e Uff(ﬂmx) 1—r 1—r

We will present the three cases that arise in order of increasing complexity:
Mmx < Bei 1 < Mg < NMmxs and g < 74



When nqyx < ug; the efficient long frontier is determined by

HFmx — Hgj

Omx

o foro € [0,0mxl -

per(o) = psj +

When 7, < u; < the tangency portfolio parameters are given by
M > Mg < TImx g

2 2
By, — Mg Vas, O
Vet = 1/351J 14 ( mv1 SI> oo = Umv1J 1+ ( as; Ymvy ) ,

Vasl Umvl ,umvl — Hg;j

and the efficient long frontier is determined by

'LLSi _I_ VStO- for o S [07 Ust] )

2 2
:Uval + Vasl \/O' o Umvl for o € [Usta Umx] .

Nef(a) — {



When p; < 7, the tangency portfolio parameters are given by

2 2
M — Hg; Vasg @
Vst = ’/aSoJ 1+ ( Mvo S|> L o = UmVO\l 14 ( asp “Mvg ) ’

Vasg Imvg Hmvg — Hgj

and the efficient long frontier is determined by

(

i + Vst O for o € [0, 0],

,uef(a) = vao + VaSo\/O-2 o O-I’%VO for o € :Ustaal] )

2 2 —
val‘l"/asl\/a — Oy, foro € [og, omyl.

\

Remark. The above formulas for p (o) can be made more explicit by

replacing omyy, Hmvgr Yasgr Omvyr Bmvy Yas;r Omx: Hmx, and o with
their explicit expressions in terms of m, d, s and r.



Exercise. Consider the following groups of assets:

(a) Google, Microsoft, Exxon-Mobil, UPS, GE, and Ford stock in 2009;
(b) Google, Microsoft, Exxon-Mobil, UPS, GE, and Ford stock in 2007,
(c) S&P 500 and Russell 1000 and 2000 index funds in 2009;
(d) S&P 500 and Russell 1000 and 2000 index funds in 2007.

Add plots of the associated efficient long frontiers to the graphs that you

produced for the last exercise. Comment on any relationships you see
between the objects plotted on each graph.

Exercise. Find f; on the efficient long frontier for the six asset groupings

in the preceding exercise. Compare f ., for the analogous groupings in
2007 and 20009.



