Bounded Energy States in
Homogeneous Turbulent Shear
Flow—An Alternative View

The equilibrium structure of homogeneous turbulent shear flow is investigated from
a theoretical standpoint. Existing turbulence models, in apparent agreement with
physical and numerical experiments, predict an unbounded exponential time growth
of the turbulent kinetic energy and dissipation rate; only the anisotropy tensor and
turbulent time scale reach a structural equilibrium. It is shown that if a residual
vortex stretching term is maintained in the dissipation rate transport equation, then
there can exist equilibrium solutions, with bounded energy states, where the tur-
bulence production is balanced by its dissipation. lllustrative calculations are pre-
sented for a k — e model modified to account for net vortex stretching. The calculations
indicate an initial exponential time growth of the turbulent kinetic energy and
dissipation rate for elapsed times that are as large as those considered in any of the
previously conducted physical or numerical experiments on homogeneous shear flow.
However, vortex stretching eventually takes over and forces a production-equals-
dissipation equilibrium with bounded energy states. The plausibility of this result
is further supported by independent calculations of isotropic turbulence which show
that when this vortex streiching effect is accounted for, a much more complete
Dphysical description of isotropic decay is obtained. It is thus argued that the inclusion
of vortex stretching as an identifiable process may have greater significance in
turbulence modeling than has previously been thought and that the generally accepted
structural equilibrium for homogeneous shear flow, with unbounded energy growth,
could be in need of re-examination.
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1 Introduction

Homogeneous turbulent shear flow has been the subject of
a variety of experimental, computational, and theoretical stud-
ies during the past four decades. The popularity of this flow
lies in the fact that it accounts for an important physical ef-
fect—the alteration of the turbulence structure by shear—in a
simplified setting unencumbered by such complications as rigid
boundaries and mean turbulent diffusion. Von Karman (1937)
first proposed the problem of homogeneous shear flow which
gave rise to some mathematical studies during the 1950’s (c.f.
Townsend, 1956 and Hinze, 1975 for a review). It is a difficult
flow to simulate experimentally and the first tangible sugges-
tion for its generation was put forth by Corrsin (1963). The
first successful experimental realization of homogeneous shear
flow in the laboratory was achieved by Rose (1966) and was
then followed by a series of landmark experiments by Cham-
pagne et al. (1970), Harris et al. (1977) and Tavoularis and
Corrsin (1981). More recently, Tavoularis and Karnik (1989)
and Rohr et al. (1988) performed more exhaustive measure-
ments of homogeneous shear flow shedding new light on its
basic structure.

With the dramatic increase in computer capacity achieved
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by the late 1970’s, direct numerical simulations of homoge-
neous turbulent flows became possible. Rogallo (1981) was the
first to conduct a direct simulation of homogeneous shear flow;
the results that he obtained were well within the range of the
experiments of Tavoularis and Corrsin (1981). Subsequently,
Bardina et al. (1983) performed a coarse-grid large-eddy sim-
ulation of homogeneous shear flow and Rogers et al. (1986)
conducted fine-grid 128 x 128 x 128 direct simulations which
further clarified its structure.

The early experiments of Rose (1966) and Champagne et al.
(1970), which were conducted for relatively weak shear rates
and small elapsed times, seemed to indicate that the Reynolds
stresses—and, hence, the turbulent kinetic energy—asymp-
toted to equilibrium values. This asymptotic state is consistent
with the production-equals-dissipation equilibrium that had

' been hypothesized by Townsend (1956) several years earlier.

However, the integral length scales were still growing mono-
tonically at the end of the Rose (1966) and Champagne et al.
(1970) experiments suggesting the strong possibility that, an
asymptotic state had not yet been reached. Subsequent physical
experiments (Tavoularis and Corrsin, 1981; Tavoularis and
Karnik, 1989; and Rohr et al., 1988) and direct numerical
simulations (Rogallo, 1981; Bardina et al., 1983; and Rogers
et al., 1986), conducted for stronger shear rates and larger
elapsed times, confirmed this. These physical and numerical
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experiments, along with alternative theoretical analyses (see
Rogallo, 1981 and Tavoularis, 1985), have led to the following
widely accepted physical picture of homogeneous shear flow:

(1) the turbulent kinetic energy & and dissipation rate e grow
exponentially in time at the same rate,

(2) the anisotropy tensor b;; and the dimensionless turbulent
time scale Sk/e reach equilibrium values that are relatively
independent of the initial conditions and the shear rate S.

It should be noted that Speziale and MacGiolla Mhuiris
(1989) have recently shown that virtually all of the commonly
used two-equation turbulence models and second-order clo-
sures are consistent with this hypothetical picture of homo-
geneous shear flow.

An alternative physical picture of homogeneous shear flow
is presented in this paper which is consistent with the previously
conducted physical and numerical experiments, yet at the same
time excludes the occurrence of unbounded energy growth. In
particular, it will be shown that when the effect of vortex
stretching is maintained in the dissipation rate transport equa-
tion, a production-equals-dissipation equilibrium results in
which the turbulent kinetic energy and dissipation rate even-
tually asymptote to bounded values. Illustrative calculations
are presented for a k— e model suitably modified to account
for vortex stretching. Consistent with physical and numerical
experiments, these calculations indicate an exponential time
growth of the turbulent kinetic energy and dissipation rate for
St < 30. This is the largest elapsed time considered in any of
these previous experimental studies. However, for St > 30,
vortex stretching eventually takes over causing the system to
saturate and attain an equilibrium structure with bounded ki-
netic energy and dissipation. In the sections to follow, a de-
tailed case is made to establish that this alternative equilibrium
structure of homogeneous shear flow is a serious possibility
that could have important implications for turbulence mod-
eling at high Reynolds numbers.

2 Theoretical Background

We will consider the incompressible and isothermal turbulent
flow of a viscous fluid. The governing field equations are the
Navier-Stokes and continuity equations given by
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where v; is the velocity vector, P is the modified pressure and
v is the kinematic viscosity of the fluid. As in the usual treat-
ments of turbulence, the velocity and pressure will be decom-
posed into ensemble mean and fluctuating parts, respectively:

vi=T;+u; P=P+p. ?)

For homogeneous shear flow, the mean velocity-gradient
tensor takes the form

0S50
dvu;
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In direct numerical simulations of homogeneous shear flow,
an initially isotropic turbulence is subjected to the constant
shear rate S and its time evolution is then computed. In lab-
oratory experiments, an initially decaying isotropic turbulence,
created downstream of a grid, is subjected to a uniform shear
rate as it evolves spatially. The two problems are related, in
an approximate sense, by the Galilean transformation

x=xp+ Ut ’)

where U, is a characteristic mean velocity that is typicélly taken
to be the centerline mean velocity of the uniform shear [hence,
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dimensionless time St = S(x — x¢)/U.]. For the remainder of
this paper, we will only consider the temporally evolving ver-
sion of homogeneous shear flow, since it is the only version
of this problem that is exactly homogeneous.

In any homogeneous turbulent flow, the exact transport

1
equations for the turbulence kinetic energy k = Eu_,u_, and
.. . au,- au,'
dissipation rate ¢ = » — — take the form (Tennekes and
. axj 6.Xj
Lumley, 1972) '
k=@ —¢ (6)
.6 :(pES+(PEV— q)e (7)
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are, respectively, the production of turbulent kinetic energy,
the production of dissipation by mean strains, the production
of dissipation by vortex stretching, and the destruction of
dissipation. In (8)-(9), r; = wa; is the Reynolds stress tensor
and o = V X u is the fluctuating vorticity vector. At this
stage, we introduce the anisotropy tensor by defined as

2
<T,'j—§ k6,j>

2k

which will be useful in the analysis to follow.
If we non-dimensionalize the turbulent kinetic energy, dis-
sipation rate, and time as follows:
k . e .

k'=—, "=—, t*=81,
kg €0

b= (10)

where k; and ¢; denote initial values, then the exact transport
Eq. (6) for k can be rewritten in the dimensionless form

. €
K*=2(—=—1]byk*

((P ) 12 11
since @ = — 7,5 in homogeneous shear flow. It should be noted
that the ratio of production to dissipation ® /e can be related
to by, through the identity

@
= ‘—2b12 EIS
€ €

(12)
Consequently, if any two of the quantities ®/¢, by, and Sk/e
are known, the remaining one can be computed using (12).
Furthermore, since for homogeneous shear flow ® /e¢> 0 and
Sk/e > 0, it follows from (12) that b;; < 0. Physical and
numerical experiments have tended to indicate that b;, and
Sk/e reach equilibrium values that are relatively independent
of the initial conditions. More specifically, these experiments
suggest the resulits

Sk @®
(T) =6.0, (b1)e= —0.15, <—> =1.8
€

(13)

"where (+). is the equilibrium value obtained in the limit as

t—oo. From (11) and (13) it follows that for ¢*>> 1,

k* ~exp(\t*) 14)
where the growth rate A is given by
>\=2[ <§> - 1] (b1)w=~0.13. as)

Equations (13) and (14) then imply that for ¥ >> 1
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Fig. 1 Experimental data on homogeneous shear flow measured by
Tavoularis and Corrsin (1981) and Tavoularis and Karnik (1989) (as com-
piled by Rohr et al. (1988)).
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Fig. 2 Time evolution of the normalized vortex stretching in homoge-
neous shear fiow obtained from the direct numerical simulation (case
C128U) of Rogers (1990).

e* ~exp(\t’) (16)

since, if k grows exponentially and Sk/e equilibrates, then ¢
must grow exponentially at the same rate. This constitutes an
alternate derivation of the Tavoularis (1985) asymptotic law
of exponential growth in shear flow. The wealth of experi-
mental data on homogeneous shear flow collected over the
past two decades appears to be in agreement with this hypo-
thetical physical picture. This is evidenced by Fig. 1 containing
several sets of measured k data versus nondimensional time
that was recently compiled by Rohr et al. (1988).

The occurrence of this structural equilibrium at large times—
with an unbounded exponential time growth of k& and e—has
a number of implications for the higher-order correlations in
the dissipation rate transport Eq. (7) which will now be ex-
amined. When non-dimensionalized, (7) takes the form
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where R,= k?/ve is the turbulence Reynolds number. In deriv-
ing (17), use has been made of the fact that ¢ = vow; since
the turbulence is homogeneous. According to the Schwarz
inequality, the first of the three correlations

ou; aw,- 6wi
— Wiw; 7 Vo T
Wiy ~ axj axj an
RS 3/2y —_—
o (@xer) S wpan
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appearing in (17) will be bounded for all time. In addition,
direct numerical simulations of Rogers (1990) for homoge-
neous shear flow, as shown in Fig. 2, indicate that the second
of these correlations (which is proportional to the velocity
derivative skewness Sy in an isotropic turbulence) asymptotes
fairly quickly to an apparent equilibrium value of 0.1. Hence,
assuming the equilibration of /Sk, it follows that in order to
recover the exponential growth law (16) for #* >> 1, we must
have the third of these correlations behave as

9u; O
v 0x; 0x;
= ——*=C, VR,+0(), (18)
S wrwy
where the coefficient C, must assume the precise value
au,-
Wiw;
dx; €
C,=|—=5 -1 - 19
xan” <Sk)m @

o

The general R, dependence indicated by (18) is consistent
with traditionally accepted Kolmogorov scaling laws for the
case of homogeneous turbulence. However, the validity of (19)
in homogeneous shear flow is debatable. Direct numerical sim-
ulations of homogeneous shear flow by Rogers (1990) are not
conclusive concerning the validity of (18) or (19). Furthermore,
it may be argued that it is unlikely that the effect of vortex
stretching would be exactly counterbalanced by the leading
order part of a viscous term in an unstable high Reynolds
number turbulent flow with an exponentially growing turbulent
kinetic energy; one might expect vortex stretching to play an
independent role in such a shear instability. The ultimate equi-
librium state that a homogeneous turbulent flow achieves is
determined by how the fundamental imbalance between vortex
stretching and the mean production and viscous destruction
terms is resolved (this imbalance arises since only the vortex
stretching term depends explicitly on R;). Consequently, to
externally impose a balance, such as that implied by (18) and
(19)-rather than to allow the balance to arise naturally from
the equations of motion - runs the risk of yielding spurious
equilibrium states. For the case of isotropic turbulence dis-
cussed later, it will be shown that at high turbulence Reynolds
numbers an imbalance between vortex stretching and viscous
dissipation drives the flow toward a k ~ ¢~ ! power law decay.
If vortex stretching is neglected, however, this physical feature
is lost and the exponent of the power law decay becomes
completely arbitrary.

An examination of (17) suggests that there are two alternative
equilibrium states for homogeneous shear flow apart from
(13)-(14). These are:

(1) an alternative structural equilibrium where (¢/Sk). = 0,
or

(2) a production-equals-dissipation equilibrium with bounded
energy states (i.e., with k,, < o and e, < ™).

The first of these cases has been shown by Speziale and
MacGiolla Mhuiris (1989) to be primarily associated with so-
lutions for k and e that undergo an algebraic growth with time

(i.e., for St >> 1, k~1*, e~ where & > B). Such solutions,

however, are largely unstable within the context of Reynolds
stress transport models (Speziale and MacGiolla Mhuiris, 1989).
Furthermore, at the end of all of the previously conducted
physical and numerical experiments on homogeneous shear
flow, ¢/Sk either appeared to equilibrate to a non-zero value
or continued to grow - results that are not suggestive of an
equilibrium state where (¢/Sk). = 0. Hence, we conclude that
this alternative equilibrium structure is not a strong possibility.

The second possibility—namely, the production-equals-dis-
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sipation equilibrium— superficially appears to contradict the
physical and numerical experiments indicating that the tur-
bulent kinetic energy and dissipation rate are still growing
exponentially at the end of the experiments (i.e., for elapsed
times St as large as 28). However, a production- equals dissi-
pation equilibrium wherein

Po=¢€x
=®.,. +@®

20)
@1

(with bounded values for ko, €w, and Rs) is not inconsistent
with either the ensemble averaged or mean spectral form of
the Navier-Stokes equations (Hinze, 1975). In the following
sections, it will be shown that the inclusion of vortex stretching
effects in the dissipation rate transport equation leads to the
occurrence of this production-equals-dissipation equilibrium
(with an early exponential time growth of k and e for St <
30). Furthermore, when such effects are included in the de-
scription of isotropic turbulence, a more complete physical
description results.

®

€on €S0 € Voo

3 The Dissipation Rate Transport Equatlon With Vor-
tex Stretching

Batchelor and Townsend (1947) have shown that the tran-
sient behavior of the enstrophy w® = @g; in isotropic turbu-
lence is governed by the equation

do* 7 14

= Sp—
NN

% 3
ax
Sx= =

G}

. . 0 )
is the skewness of the probability density function of 6_1; defined

e pe— )
dt 315

G
3 —
o 2 (22)

where

23

with a negative sign to make it a positive quantity. In (22), Ry
= Ums My is the turbulence Reynolds number based on the
Taylor microscale and G is a function defined by

G=N [, 24

Here, u.y, is the root-mean-square of a velocity fluctuation
component #, A is the Taylor microscale derived from the two
point longitudinal velocity correlation function f(r), and f%
is the fourth derivative of f(r) evaluated at r = 0. The first
term on the right-hand side of (22) accounts for the effect of
vortex stretching and is positive definite while the second term
is always negative and leads to the destruction of enstrophy.

Equation (22) may be converted into a transport equation
for ¢ through use of the identity

€ =0, (25)
which is valid for any homogeneous turbulence. Since the

defining equation for the microscale may be conveniently writ-
ten as

, 10k

W=7, (26)
it follows that (22) can be converted to the equation
7 SK 1/2 7 62 (27)

€= — == G .

315 /v 15 k

Once values are obtained for Sk and G, (27) may be solved
together with the kinetic energy equation
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k=—¢

yielding a solution for isotropic decay.
Batchelor and Townsend (1947) showed. that if G has the
form

(28)

G= E+ ! RS
7 2 ARKs
then the solution of (27)-(28) is compatible with their exper-
imental data indi¢ating a power law decay of the kinetic energy,
with an exponent of approximately one, for the case of mod-
erately large values of R,. More precisely, the substitution of
(29) into (27) yields the equation

(29)

(30)

which, when combined with (28), gives rise to the exact solution

eof\ 7!
=ky {1+
k 0<+k0>

for isotropic decay (i.e., a power law decay where £ ~ h,
Apart from the specific value of the numerical coefficient on
the right-hand side of (30), which is more commonly set to a
value ranging from 1.83-1.92 to reflect more recent decay data
(Comte-Bellot and Corrsin, 1971) suggesting that k~¢~
k~1t'2, the form of (30) has served as a cornerstone for the
standard modeled e transport equation that is widely used in
turbulence models.

In view of the identity Ry = ~/20/3 R;’?, it is easily estab-
lished that (29) is formally equivalent to the relation (18) in-
troduced earlier in the case of homogeneous shear flow. As
before, the choice of G given by (29) forces the vortex stretching
term in (27) to be exactly subsumed by the action of the de-
struction of enstrophy term. While this step, as has been noted
above, guarantees compatibility with isotropic decay data, it
is also tantamount to imposing an equilbrium state on the flow
rather than letting the equations of motion dictate the nature
of the equilibrium. In this regard, it may be noted than (29)
effectively excludes from consideration a family of exact self-
similar solutions for isotropic decay depending explicitly on
the distinction between vortex stretching and dissipation (see
Sedov, 1944 and Bernard, 1985).

Another example of the breakdown of Eq. (29) arises in the
limit of zero viscosity where the destruction of enstrophy term
vanishes while the vortex stretching term does not. In fact, the
survival of the vortex stretching term in the limit of zero vis-
cosity is crucial for the prediction of enstrophy blow-up—a
widely accepted property of solutions of the Euler equation
(see Lesieur, 1990). This can be seen by setting » equal to zero
in (22) which yields the equation

di’__7
dt 315

where S is the zero-viscosity skewness. For constant S >
0, (31) predicts that the enstrophy blows up at the critical time.

6V15 1

7(00 S( 0)

where w3 is the initial enstrophy. Although the Eddy-Damped

o’ Sﬁ?) (31

le=

. Quasi-Normal Markovian (EDQNM) model supports this re-

sult, a finite-time enstrophy blow-up has not been seen in direct
numerical simulations of the Euler equation (see Lesieur, 1990
and Pumir and Siggia, 1990). This means that either SO is a
very small constant or a monotonically decreasing function of
time (in the former case the enstrophy would blow-up at ¢,
>> wy'! whereas in the latter case it would just grow mono-
tonically without bound as ¢ — o). While this issue has not
been fully resolved, one thing is clear: S is not identically
zero. If S = 0, then (31) yields the erroneous prediction
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w* = constant

which is not supported by direct numerical simulations or
theoretical analyses of the Euler equation (these indicate that
the enstrophy grows dramatically due to vortex stretching).
The standard modeled dissipation rate Eq. (30) reduces to
du?
dt
in the limit of zero viscosity and, hence, incorrectly predicts
(in agreement with the S = 0 case) that the enstrophy is
conserved. '

We will now present an alternative model for the destruction
of enstrophy term which maintains the effect of vortex stretch-
ing. The consequence of this model for both isotropic decay
and homogeneous shear flow will be considered in turn. Con-
sistent with the classical Kolmogorov scaling laws embodied
in (18), we will set

aw,- aw,-
20— —
6xj axj _

Wi

(32)

Coy VR+C.,

To

where 7o = k/e is the turbulent time scale and C,, and Co,
are dimensionless constants. Since,

B B
ax; 8x‘=l G €
Wi Wy 15 k
it follows that (32) is equivalent to the Batchelor and Townsend
result (29) if CwI = 7 S¢/3V15 and C,, = 2. The choice of
Co, =17 Sx/3+/15 represents the external imposition of an

equilibrium structure on the turbulence where there is no net
vortex stretching. In contrast to this approach, we will allow
for small departures from equilibrium for which

(33)

7
C, =—7== Sx— 34)
173 ,-——1 5 Kk— M
where 7 is a small parameter. In addition, we will consider
small departures from the O(1) term in the Batchelor and
Townsend (1947) Eq. (29) by taking

Cy=2-1 (35)

where 7, is also a small parameter. Equation (29) is recovered
in the limit as 5, and %, go to zero. A direct substitution of
(32) - (35) into (27) yields the modeled transport equation

: 7 Gy 3/2 ¢
——— 2 £ (36
NG 2k )

where Ce, = 3V159,/7 and C,, = 2 — ;. The coefficient
C., is related to the zero viscosity skewness by

limC,, =S¥ 37

r—0

and therefore (36), unlike the Batchelor and Townsend formula
(30), can accommodate the limit of zero viscosity. Equation
(36) is of the same general mathematical form as the e-transport
equation for self-preserving isotropic turbulence (see Speziale
and Bernard, 1991). Thus there is a direct relation between the
vortex stretching models proposed herein and the theory of
self-preservation.

It will now be demonstrated that (36) gives a much more
complete picture of isotropic turbulence than does the more
commonly used e-transport equation obtained in the limit as
Ce,—0. We will consider a small imbalance in the vortex
stretching of the order of 1 percent, i.e., we will set C, =
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Fig.3 Comparison of solutions forisotropic decay: k — emodel

with vortex stretching; --- standard k— ¢ model. (a) Time evolution of
the turbuient kinetic energy for R, = 300, and (b) time evolution of the

turbulent dissipation rate for R, = 300.

0.01. Consistent with the commonly used modeled e-transport
equation we set C., = 1.90. For initial turbulence Reynolds
numbers that are not extremely large, (36) has solutions that
are almost identical to the standard model. This is illustrated
in Figs. 3(a)-(b) showing the time evolution of the turbulent
kinetic energy k* = k/k, and turbulent dissipation rate ¢* =¢/
g for an initial turbulence Reynolds number R,, = 300. The
differences between the new model and the standard model
are negligible; both indicate a power law decay where k~ ¢~ !,
The importance of including the vortex stretching term be-
comes evident in the case of extremely large values of R, where
there is a substantial difference between the two models. In
Figs. 4(a)-(b) the early time evolution of the turbulent kinetic
energy and dissipation rate are shown for an initial turbulence
Reynolds number R,, = 10%. Unlike the standard model, the
new model (36) with vortex stretching predicts a dramatic rise
in the dissipation rate (and hence the enstrophy) and a pre-
cipitous drop in the turbulent kinetic energy that is highly
reminiscent of the prelude to enstrophy blow-up predicted by
the EDQNM model. This point is made particularly clear by
Fig. 4(c) showing the time evolution of the enstrophy for a
range of increasing values of R, This result bears a strong
resemblance to Fig. V1-4 given by Lesieur (1990).
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Fig.4 Comparison of solutions forisotropic decay: k- emodel
with vortex stretching; --- standard k— ¢ model. (a) Time evolution of
the turbulent kinetic energy for R,a = 10% (b) time evolution of the

turbulent dissipation rate for R,a = 105 and (c) time evolution of the
enstrophy for a variety of R, .

The long time behavior of the solution for R, = 10%is shown
in Fig. 5. It is seen that after sufficiently large elapsed times
(approximately 5-10 eddy turnover times), the turbulence be-
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Fig. 5 Long time evoiution of the turbulent kinetic energy in isotropic
turbulence for R, = 10°, k— ¢ model with vortex stretching
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Fig. 6 Long time evolution of the turbulent kinetic energy in isotropic
turbulence predicted by the k — ¢ model with vortex stretching for R, =

107, (a) C,=3, (b) C .= 5,and (c} CFz 7.( model; --- k~ 17 ").

gins to approach a power law decay where k ~ i~ The
duration of the early time transient, for a given initial tur-
bulence Reynolds number R,, >> 1, can be shown to become
smaller with increasing values of C,,. For C, > 2, it is a simple
matter to show that equation (36) has the simple fixed point
2
C. -2
—2 . (38)

7
—C.
315 2

This solution can be shown to correspond to a £~ ' power law
decay for the turbulent kinetic energy. Calculations are shown
in Fig. 6 pertaining to three different values of C,, > 2 (C,,
= 3, 5 and 7) for an initial turbulence Reynolds number R, =
107. 1t is clear that after an initial transient, the flow rapidly
approaches an asymptotic solution where & ~ t~!. This means
that, in fact, the equilibrium exponent of the decay law can

R, =

-]

"never be less than one, since for C,, < 2, the asymptotic

solution is of the form k ~ ¢~ ©&~Y, Furthermore, these re-

sults establish that for an isotropic turbulence to be close to
equilibrium when R, is extremely large, we must have C,, >

2, otherwise the initial transient will be of a duration longer
than an eddy turnover time (i.e., the flow will be significantly
far from equilibrium).

For small R, it is well known that the turbulent kinetic energy
undergoes a power law decay with an exponent substantially
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greater than 1 — a condition that can be achieved by choosing
C, < 2. The implication is that G, is, in general, a function

of the turbulence Reynolds number — a fact which has long
been known to be the case. In summary, it may be stated that
the e-transport Eq. (36) with vortex stretching predicts the
following physical picture of 1sotrop1c turbulence (see Speziale
and Bernard, 1991):

(@) A power law decay where k~¢t# (with 8 = 1/ (Ce,

1) > 1) for intermediate to low turbulence Reynolds numbers,
(b) for extremely high turbulence Reynolds numbers, an

initial transient where there is a tendency toward enstrophy

blow-up followed by a k~¢~' power law decay, and

(¢) a finite-time enstrophy blow-up in the limit of zero vis-
cosity.

This is a much more complete physical description of iso-
tropic turbulence than that obtained from the commonly used
e-transport model without vortex stetching which, for all initial
conditions, predicts a power law decay where k~¢~ /€™ b,

As far as anisotropic homogeneous turbulent flows are con-
cerned, (36) can be generalized to the form

S O S
ES+3\/—7 5221

is the production of dissipation by mean strains

(39)

where @
given by (8). In order to achieve closure, a model for @ is

needed. For simple homogeneously strained turbulent flows,
it can be assumed that

F &0 40)

which, after invoking elementary dimensional analysis, yields
the model

€ 7 CE3 3/2 _c 6_2

W5 xf 2K

is a dimensionless constant. The model for ®. in

é:qu 41)

where C,

(40) has been used in the & — e model of turbulence as well as
in more complex second-order closures. Its success is largely
tied to the fact that it constitutes a good approximation for
plane shear flows (see Rogers et al., 1986 and Speziale and
MacGiolla Mhuiris, 1989) — the type of flow being considered
in this study. For practical calculations, C,, can be taken to

be 1.45 (a value obtained from equilibrium shear flows). In
the next section, we will apply this model to homogeneous
shear flow with C, =145 C, = 1.90and C, = 0.0L.

4 TIllustrative Calculations for Homogeneous Shear
Flow

In order to illustrate the effect of vortex stretching on ho-
mogeneous shear flow, we will present the results of calcula-
tions with a k£ — ¢ model for which the Reynolds stress tensor
is modeled by

2 K (9, 9y,
=Zko—C,— (4
ey T <6xj+6x,~>’

where C, = 0.09 is a dimensionless constant. While the k—¢
model is somewhat simplistic since it is based on an eddy
viscosity, it was recently shown by Speziale and MacGiolla
Mhuiris (1989) that this model is topologically equivalent to
the more complex second-order closure models for homoge-
neous shear flow (the deficiencies in the & — e model only be-
come pronounced when there are combinations of shear and
rotation or multi-dimensional strains). Hence, (42) will suffice
to illustrate the qualitative changes induced when the effect of
vortex stretching on the dissipation rate is accounted for. Equa-

42
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tion (42) will be solved in conjunction with Egs. (6) and (41).
The standard k — e model is recovered in the limit as C,— 0.

For homogeneous shear flow, the kK —¢ model with vortex
stretching yields the transport equations

k:cﬂgsz—e (43)
and
c, 2 2
—C,ChS =20, C (44)

WisNy Pk

which are obtained by substituting (4) into (6), (41) and (42).
For all nonzero values of C63 it is a simple matter to show

that the solution to (43) and (44) converges to an equilibrium
state, with bounded energies. The equilibrium values may be
found by setting the right-hand sides of (43)-(44) to zero,
yielding the results

53_1.3_5 _______._( Ccl).z_ % (45)
k() 49 C§3 RtO €0
and
w 135 Cp(C )2
E_.._S _._._;___2 2 S Sko (46)
€o 49 C63 Rto €0

These relations clearly indicate that k./k, and e./e; have a
dependence so that the standard k—e model prediction

of an unbounded growth of £ and e is easily recovered in the
limit as C, —0.

Using (45) and (46) the following additional equilibrium
values are also obtained for this £ — e model with vortex stretch-

ing:
and
135 (C,,— Cq)z‘ 49)

LT ch

These results differ from the values of (Sk/€)e =
vVa/C,, (-uv/k)e = VaC,, and R, = oo obtained from the
standard k£ —e model where o = (CE - D/AC,-1) =
Consistent with the conventional view of homogeneous shear
flow, Sk/e and —uv/k achieve equilibrium values that are
independent of the initial conditions. The mechanism by which
the presence of the vortex stretching term has the effect of
creating bounded long time solutions lies in its enhancement
of the growth rate of ¢. Evidently, this increase in the growth
rate of e is accompanied by a simultaneous reduction in the
production of k, thus forcing a production-equals-dissipation
equilibrium. In alternative terms, vortex stretching—which be-
comes more pronounced at high turbulence Reynolds numbers
since it scales as \/— R,—eventually causes homogeneous shear
flow to undergo a saturation to an equilibrium state with
bounded component energies (the values of which are set by
the shear rate, the viscosity and the initial conditions).

We will now show that the kK — ¢ model with vortex stretching
yields temporal evolutions of the turbulence fields for St <
30 that are in good qualitative agreement with previously con-
ducted physical and numerical experiments. When nondimen-
sionalized, (43)-(44) take the form
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St
Fig. 7(b)

Fig. 7 Comparison of the model predictions with the large-eddy sim-
ulations of Bardina, et al. (1983) for homogeneous shear flow: o k* from
large eddy simulation; k* obtained from k — e model with vortex
stretching; —-- k* obtained from the standard k — ¢ model. (8) Short time
solution, and (b) long time solution.

Sk k*z € *

k* =C, i 50
e € Sko ¢ (50)
3 *2
* Sko € €
=C,C, +-——- C.,——+VR 2-C.,— —
“ K 15 O Sk o€ 2 Sko k°
(51)
where again we have C, = 0.09, C,, = 1.45, C52 = 1.90 and

C., = 0.01 (the standard k—e model is obtained by setting

C63 = (). The initial conditions, which correspond to an iso- -

tropic turbulence, are taken to be €/Sky = 0.296 and R,, =

300. These are the approximate initial conditions of the large-
eddy simulations of Bardina et al. (1983) which will allow us
to make some direct comparisons between the model and the
simulations.

Figures 7(a) and 8(a) display the short time solutions for £*
and ¢* compared to the large eddy simulation data. The so-
lutions with vortex stretching are seen to display short term

36 / Vol. 114, MARGCH 1992

Fig. 8(b)

Fig. 8 Comparison of the model predictions with the large-eddy sim-
ulations of Bardina, et al. (1983) for homogeneous shear flow: o ¢* from
large eddy simulation; ¢ obtained from k — e model with vortex
stretching; --- ¢* obtained from the standard k~ ¢ model. (a) Short time
solution, and (b) long time solution,

exponential growth in a manner very similar to that in the
standard & — e closure. The effect of the vortex stretching term
is to reduce the growth rate of k* and €*, though initially there
is a slight increase in the magnitude of ¢*. A view of these
solutions over a much longer time interval, as displayed in
Figs. 7(b) and 8(b), reveals the dramatic effect that the vortex
stretching term ultimately has on the long term growth of k*
and €*. It is seen that with the vortex stretching effect included,
the initial exponential growth rates are eventually suppressed,
so that by St = 40, k* and ¢* asymptote to bounded equilibrium
values.

Figures 9 and 10 show the short and long time behavior of
the dimensionless ratios Sk/e and — uv/k for the solutions ob-
tained both with and without vortex stretching. The curves in
Figs. 9(a) and 10(a) give the impression that an equilibrium
state for these quantities may have been achieved by the time
St = 10. However, the long time solutions in Figs. 9(b) and
10(b) reveal that, in the case where vortex stretching effects
are included, only a local maximum is reached — further de-
velopments must occur before a true equilibrium is achieved.
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Fig. 3 Comparison of the model predictions for Sk/e: k—¢
model with vortex stretching; --- standard k-« model. (a) Short time

solution, and (b) long time solution.

This suggests that the apparent convergence ot quantities such
as Sk/e seen in numerical and experimental studies, may not
signify that a final equilibrium state has resulted (i.e., it may
only be a local maximum). The behavior of Sk/¢ shown in
Fig. 9(b) with vortex stretching present is remarkably consistent
from a qualitative standpoint with the direct simulations of
Rogers et al. (1986) shown in Fig. 11 (i.e., the tails in Sk/e as
time increases in the computations of Rogers et al., 1986 could
indicate that an equilibrium state has not been reached).
Figure 12 provides a plot of the long time behavior of the
computed turbulence Reynolds number. It achieves an equi-
librium value of approximately 5600, which is more than eigh-
teen times its initial value. The most significant effect of the
vortex stretching term on k* and €*, as seen in Figs. 7(b) and
8(b), occurs for R, > 4000. This confirms the belief that vortex
stretching is mostly a phenomenon associated with high tur-
bulence Reynolds numbers. Some indication of the sensitivity
of the computed solutions to the imbalance in the vortex
stretching as characterized by C, is shown in Fig. 13. This

contains the time evolution of k* for a range of values of
C.,; as expected, ko increases with decreasing values of C,.

Figure 14 shows the effect on k* of a change in the initial
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Fig. 10 Comparison of the model predictions for — uvik: k—¢
model with vortex stretching; --- standard k— ¢ model. (a) Short time
solution, and (b) long time solution.

10
w
.
2 v
w0y
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St
Fig. 11 Time evolution of Skie taken from the direct numerical simu-

lations of Rogers et al. (1986) on homogeneous shear flow.

values of e¢/Sk. As would be expected on physical grounds, an
increase in the dimensionless shear rate leads to a higher equi-
librium value for the turbulent kinetic energy.
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Fig. 12 Time evolution of the turbulence Reynolds number R, predicted
by the k— ¢ model with vortex stretching.
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Fig. 13 Sensitivity of the model predictions for the turbulent kinetic
energy to C_: (a) C., = 0.0133, (b) Céa = 0.0%; (¢) CE3 = 0.0066; (d) Cé3 =
0.005, and (¢} C., = 0.0033.

5 Conclusions

An alternative view concerning the equilibrium structure of
homogeneous turbulent shear flow has been presented based
on maintaining the effect of vortex stretching. It was shown
that the presence of just a small net vortex stretching term in
the dissipation rate equation can ultimately drive the flow to
a production-equals-dissipation equilibrium with bounded en-
ergy states. For elapsed times St < 30—which includes the
largest values of St considered in any of the previously con-
ducted physical or numerical experiments—the introduction
of this small unbalanced vortex stretching term into the stand-
ard modeled dissipation rate transport equation still yields an
exponentially growing turbulent kinetic energy and dissipation.
However, since this vortex stretching term scales as \/E, it
eventually becomes dominant, causing a saturation of the sys-
tem to a production-equals-dissipation equilibrium with
bounded turbulent kinetic energy and dissipation. Although
this alternative physical picture of homogeneous shear flow is
contrary to the commonly accepted asymptotic laws—for which
an unbounded exponential time growth of & and e is postu-
lated—it is a real possibility that should be seriously considered
in the future. The plausibility of these results were supported
by independent calculations of isotropic turbulence which dem-
onstrated that the inclusion of this vortex stretching effect
yields a much more complete physical description. In fact, the
calculations suggested that a k~¢"' power law decay is the
equilibrium state toward which a high-Reynolds-number iso-
tropic turbulence is driven in order to resolve the O(RY?)
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Fig. 14 Sensitivity of the model predictions for the turbulent kinetic
energy 10 e/ Sko: (a) e/ Sky = 3.0; (b) e/ Sky = 0.6, and () o/ Sk, = 0.296.

imbalance between vortex stretching and viscous diffusion. As
alluded to earlier, the results obtained in this study—for iso-
tropic decay as well as for homogeneous shear flow—are qual-
itatively the same as those obtained from the theory of self-
preservation (see Speziale and Bernard, 1991).

New physical and numerical experiments on homogeneous
shear flow, for larger elapsed times S¢, could shed more light
on the issue. The recent experiments of Tavoularis and Karnik
(1989), which were conducted up to S¢t=28, did show some
tendency of the integral length scales to level off—a feature
which, if more solidly established, would be supportive of the
existence of a production-equals-dissipation equilibrium.
However, even if the integral length scales do grow without
bound—and this is a distinct possibility since the flow field is
infinite—it is still possible for the kinetic energy and dissipation
rate to equilibrate to bounded values (it should be remembered
that the integral length scales grow without bound in isotropic
decay).

Finally, some comments should be made concerning the
implications of the results of this paper for turbulence mod-
eling. Since all of the commonly used two-equation models
and second-order closures based on the turbulent dissipation
rate equation neglect this vortex stretching effect, they predict
an unbounded exponential time growth of & and e in homo-
geneous shear flow, This type of behavior has been shown to
cause problems in the calculation of certain inhomogeneous
turbulent flows. The singularity in plane stagnation point tur-
bulent flow represents a prime example (Speziale, 1989). Hence,
the alteration of turbulence models to yield a production-equals-
dissipation equilibrium in homogeneous shear flow via vortex
stretching could make their behavior more robust in other
turbulent flows without compromising their ability to predict
results consistent with physical and numerical experiments on
homogeneous turbulence. Whether or not homogeneous shear
flow actually saturates to a production-equals-dissipation equi-
librium remains an open question that will probably only be
resolved by a rigorous mathematical proof based on an ap-
propriate energy norm. For the meantime, however, the results
of this study appear to establish the need to re-examine this
issue.
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