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The differential equation (8) is of second order and so must have a
second solution with a second arbitrary constant. (The sine and cosine
constitute the two solutions for the simple harmonic motion equation.)

This solution cannot be obtained by the power series method outlined

above, since a general study of differential equations would show that at
least one of the two independent solutions of (8) must have a singularity
at r = 0. There are several methods for obtaining this second solution,
all too detailed to be included here, and several different forms for the
solution. One form for the second sotution (any of which may be called
Bessel functions of second kind, order zero) casily found in tables is

Zo?vﬂm_: Awmv.so?vlr Wﬁlﬂvag\mv‘sé ;TW.TW.T...IN;v. (12).

2

The constant In y = 0.5772. .. is Euler’s constant. In general, then,

™ 7 om=1  (m)? my

R = Co(Tr) + CoN(T7) (13)

is the solution to (8), with
Z = Cysinh (Tz) 4+ C, cosh Gamv (14)
as the corresponding form for the solution to (7). It should be noted from

(12) that Ny(Tr), the second solution to R, becomes infinite at r — 0, so

it cannot be present in any problem for which r = 0 is included in the
region over which the solution applies.

2. If T®is negative, let T® = —+* or T = jz, where 7 is real, and (8) may
be writtén &R 1dR
— 4t = — R =0,
dr*  rdr i (13)

The series (10) is still a solution, and T in (10) may be replaced by jr.
Stnce all powers of the series are even, imaginaries disappear, and a new
series is obtained which is real and also convergent. That is,

. msp@Em
g gﬂ_+3+@\ ,+
QCV 5 o T ey + (16)
Values of Jijr) may be calculated for various values of ¢ from such a
series; these are also tabulated in the references. The defined function is
denoted f4(r) in miany of the references. Thus a solution to (15)is

R = ClJy(frr) = CI(+r). (17)

There must also be a second solution in this case, and, since it is ysually
not taken simply as Ny(j7r), the choice of this will be discussed in a later
article (3.26). One of the forms for the second solution in this case is
denoted Ky(rr), so that the general solution to (15) may be written

R = Cily(zr) + CiKo(rr). (18)
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The second solution K, becomes infinite at r = 0 just as does &, and so
will not be required in the simple examples immediately following which
include the axis r = 0 in the range over which the solution is to apply.
The solution to the z equation (7) when 72 = —2is

Z = Cysintz + Cjcos 72, (19)

Summarizing, either of the following forms satisfies Laplace’s equation
in the two cylindrical coordinates r and z:

B(r, 2) = [C1Jo(Tr} + CoNo(Tr)][Cysinh Tz + C,cosh Tz]  (20)
D(r, 2) = [Cilfrr) + CoKy(tA]ICy sin 7z - C cos 72]. 21)
As was the case with the rectangular harmonics, the two forms are not
really different since (20) includes (21} if T'is allowed to become imaginary,
but the two separate ways of writing the solution are useful, as will be

demonstrated infollowingexamples. Thecase withno assumed symmetries
is discussed in Art. 3.26.

Problem

3.25 Demonstrate that the series (10} does satisfy the differential equation (8).

3.26 Bessel Functions

In Axt. 3.25 an example of a Bessel Function was shown as a solution of
the differential equation 3.25(8) which describes the radial variations in
Laplace’s equation for axially symmetric fields where a product solution
is assumed. This is just one of a whole family of functions which are
solutions of the general Bessel differential equation.

Bessel Functions with Real Arguments. For certain problems, as, for
example, the sotution for ficld between the two halves of a longitudinally
split cylinder, it may be necessary to retain the ¢ variations in the equation.
The solution may be assumed in preduct form again, RZF,, where R is a
function of r alone, Z of z alone, and Q of ¢ alone. £ has solutions in
exponentials or sinusoids as before, and F,; may also be satisfied by sinu-
soids: Z = Ce™* 4 De-T* (1)

Fy, = Ecosvé$ + F sin ve. 2)

The differential equation for R is then slightly different from the zero-order
Bessel equation obtained previously:

= 0. (3
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It is apparent at once that Eq. 3.25(8) is a special case of this more general
equation, that is, » = Q. A series solution to the general equation carried
through as in Art. 3.25 shows that the function defined by the series
=) m vam
J(Tr) = (=D™(Tr/2)"" (4)
m=om! (v + m -+ 1)
is a solution to the equation. I
P(» + m + 1)is the gamma function of (» + m + 1) and, for » integral,
is equivalent to the factorial of (v + m): Also for ¢ non-integral, values of
this gamma function are tabulated. If » is an integer ,
o0 m n+Em
7Ty = 3 AT )

m=0 m!(rn + m)!

A few of these functions are plotted in Fig. 3.26a. Similarly, a second
independent solution® to the equation is
cos v (Tr) — J_(Tr)

AT = sin var ) ©

As may be noted in Fig. 3.26b thesc are infinite at the origin. So a com-
plete solution to (3) may be written,

R = AJ(Tr) + BN(T7). N

The constant » is known as the order of the equation. J, is then called a
Bessel function of first kind, order »; N, is.a Bessel function of second
kind, order ». Of most interest for this chapter are cases in which » = n
an integer. :

Itis useful to keep in mind that, in the physical problem considered here,
» is the number of radians of the sinusoidal variation of the potential per
radian of angle about the axis. For different applications of Bessel
functions, » has other significances. :

The functions J (v} and N,(v) are tabulated in the references.10-11.12
Some care should be observed in using these references, for there is a
wide variation in notation for the second solution, and not all the functions
used are equivalent, since they differ in the values of arbitrary constants

® If v is non-integral, J_, is not linearly related to J,, and it is then proper to use either
J_, or N, as the second solution; for » integral, N, must be used. Equation (6) is
indeterminate for » integral but is subject to evaluation by usual methods.

19 E, Jahnke, F. Emde, and F. Lésch, Tables of Higher Functions, 6th ed. revised by
F. Lasch, McGraw-Hill, New York, 1960.

1L G. N. Watson, Theory of Bessel Functions, 2nd ed., Cambridge University Press,
Macmillan, New York, 1944.

12 N. W. McLacHLAN, Bessel Functions for Engineers, 2nd ed., Oxford Clarendon Press,
New York, 1935,

SOLUTIONS TO STATIC FIELD PROBLEMS 209

Jo(v)

di(v)
05 Ja(v)

-10

(b)

Fig.3.26 (a) Bessel functions of the first kind. () Bessel fumnctions
of the second kind.

selected for the series. The N (v) is chosen here because it is the form
most commeon in current mathematical physics, and also the form most
commonly tabulated. It is equivalent to the ¥,(v) used by Watson and by
Mclachlan. Of course, it is quite proper to use any one of the second
solutions throughout a givén ‘problem, since all the differences will be
absorbed in the arbitrary constants of the problem, and the same final
numerical result will always be obtained; but is is necessary to be con-
sistent in the use of only one of these throughout any given analysis.
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It is of interest to observe the similarity between (3) and the simple
harmonic equation, the solutions of which are sinusoids. The difference
between these two differential' equations lies in the term (1/r)(dR/dr) which
produces its major effect as r — . Note that for regions far removed from
the axis as, for example, near the outer edge of Fig. 3.06a, the region
cube. For these reasons, it may be expected that, away from the origin,
the Bessel functions are similar to sinusoids. That this is true may be
seent in Figs. 3.26a and 6. For large values of the arguments, the Bessel

functions approach sinusoids ‘with magnitude decreasing as the square
root of radius. For example,

bounded by surfaces of 4 cylindrical coordinate system approximates a

Tr—oo nTr

JATr) = | !N|nom T{ _T_ e]ﬁv

and the second kind, Ekﬂl.mﬁ?.omn:mm a sine variation with the same

argument,

Hankel Functions, It is sometimes convenient to take solutions to the

simple harmonic equation in the form of complex exponentials rather than
sinusoids. That is, the solution of

d*z .
~—~ + K27 =@
dz* + ®
<an be written as :
‘ 7 = \—N+“Na + .mml&mun . va
where &% = cos Kz 4 jsin Kz, : (10)

Since the complex exponentials are linear combinations of cosine and
sine functions, we may also write the general solution of (8) as
Z =A% 4 B'sin K=
or other combinations.
EE:E&: it is convenient to define new Bessel functions which are
linear combinations of the J(Tr) and N (T7) functions. By direct analogy
with the definition (10) of the complex expornential, we write

HTr) = J(T¥) + JNLTP) (11)
HYATr) = J(Tr) — jN(T). (12)
.H.ramo are called Hankel functions of the first and second kinds, respectively.
Since they both contain the function N (1), they are both singular at

r = 0. For large values of the argument, these can.be approximated by

complex exponentials with magnitude decreasing as Square root of radius
For example,

tM_H.._Au..w.v — /\M\mﬂﬂw‘v mu.ﬁm_afial..iuv.

Tr= o0
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This asymptotic form suggests that Hankel functions may be useful in
wave propagation problems, as the complex exponential was in wave
propagation on transmission lines in Chapter 1. We shall see more of
these functions applied to wave propagation problems in later chapters,
It is also sometimes convenient to use Hankel functions as afternate
independent solutions in static problems. Complete solutions of (3) may
be written in a variety of ways using combinations of Bessel and Hankel
functions. ‘ . . :

Bessel and Hankel Functions of Imaginary Arguments. If T is
imaginary, 7' = jr, as'in Eq. 3.25(15), (3) becomes

- d*R  1dR ?
el GE LB 3

The soiution in (3) is valid here if Tis replaced by jr in the definitions of

JTr) and N(Tr). In this case N Jj7r) is complex and so requires two

numbers for each value of the argument whereas JT(jrr) is always a
purely real number. It is convenient to replace N,(jrr) by a2 Hankel
function. The quantity /*1H®(jrr) is also purely real and so requires
tabulation of only one value for each value of the argument. If v is notan
integer, 'J_( Jjrt) is independent of j=7 (jrr) and may be used as a second
sotution. Thus, for nonintegral » two possible complete solutions are

R = AyJ\(jrr) + ByJ_,(jrr) (14)
and R = Ay + ByH Y () (15)
where powers of j are included in the constants. For » = n, an integer,

. the two solutions in (14) are not independent but (15) is still a valid

solution. _
It is common practice to denote these solutions as ,
| L(2) = j¥°J.,(jv) | (18
. &A«Atv — W .\é.fu.mﬂ.:ﬁ.\.cy - AH‘NV

where v = 7r, :

As is noted in Art. 3.27 some of the formulas relating Bessel functions™
and Hankel functions must be changed for these modified Bessel functions. -
Special cases of these functions were seen as Fo(7r) and Ko(7r) in Art. 3.25
for the axially symmetric ficld. The forms of I(rr)and K(rr)forv =0, 1
are shown in Fig. 3.26c. As is suggested by these curves, the asymptotic
forms of the modified Bessel functions are related to growing and decaying
real exponentials. For example,

K(rr)— e,
T+ oo Nqnu..

It is also clear from the figure that K,(7r) is singular at the origin.
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Fig.3.26¢ Modified Bessel functions.

327 Bessel Function Formulas

Asymptotic Forms.
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Derivatives. The following formulas which may be found by differ-
entiating the appropriate series, term by term, are valid for any of the
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functions J(v), N,(v), HM(r), H®(v). Let R (v) denote any one of these,

and R; denote (d/dv)[R (1)].

o

. Ri) = —R@) Yy ©
Ri(2) = R®) — = Ry(0) ®)
bRY(s) = vR(¥) — vR(0) ©)
pRI(v) = —»R,(1) + vR, () (10)
w_c-éé = — 0 R,1(0) (11)
» |
| L R W)] = 'R, m
Note that W =

ORI =R =L L el 13)

Y (e Tdr '

For the / and K functions different forms for the foregoing derivatives
must be used. They may be obtained from these formulas by substituting
Eqs. 3.26(16) and 3.26(17) in the preceding expressions. Some of these are

vl(v) =
vIi(v) =
oK (v) =
vK!(v) =

vl (v) + vl,4,(v)
—vI{0)+ vl,.,(v) ,
K {v) ~ 0K, 1(1)
—vK (v) — vK,_,(v)

(14)

(15)

Recurrence Formulas. By recurrence formulas, it is possible to obtain
the value for Bessel functions of any order, when the values of functions
for any two other orders, differing from the first by integers, are known.
For example, subtract (10) from (9). ' The result may be written

2y
— R,()
v

= Rypa(0) + Ryos(0). (16)

As before, R, may denote J,, N,, H!V, H!® but not /, or K,. For these,

the recurrence formulas are

N.w;e = Iy(0) = Tya(®) (17)

2y

> K(v) = K,1(0) — K,_5(v). (18)
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Integrals. Integrals that will be useful in solving later problems are
given below. R, denotes J,, N,, HY, or H'®:

[ R do = =m0 19
JerR, sy do = R, (20)
Jor e qp) ds £
= MIIE [BR,(x0)R, 1(B0) — aR,(@)R(B)), w5 B (21)
[oR60) do = 2R Ho) = R, a0R, 0
= 2[R0 + (1 - SR e

3.28 Expansion of a Function as a Series of Bessel Functions

In Chapter | a study was made of the familiar method of Fourier series
by which a function may be expressed over a given region as a series of
sines or cosines. It is possible to evaluate the coefficients in such a case
because of the orthogonality property of sinusoids, expressed in Art. 1.10.
A study of the integrals, Eqs, 3.27(21) and 3.27(22), shows that there are
similar orthogonality expressions for Bessel functions. For example,

 these integrals may be written for zero-order Bessel functions, and, if «
and § are taken as p,,/a and p,fa, where p,, and p, are the mth and gth
roots of Jy(v) =0, that is, Jy(p,,) = 0 and Jop) =0, p,, # p,, then

Eq. 3.27(21) gives o
AEV dr =0, (1)

a

% _Q..Amamvé
[} a

So, if a function f(r) may be expressed as an infinite sum of zero-order
Bessel functions,

f(r) = F.?AF Mv - wm}?m __.v T+ vto?ulﬂ.v 4o

a a
or 50 =3 bgofB2). @

The coefficients b,, may be evaluated in a2 manner similar to that used for
Fourier coefficients by multiplying each term of (2) by l;@ﬁln.u and
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integrating from 0 to @. Then by (1) all terms on the right disappear ¢
the mth term:

ronezyor=[fofes] o

From Eq. 3.27(22),

1] 2

[ (22) ar = 2200,
0 2
b

a
. .
So % H,:,.SAEV dr =220 y2p)
0 a 2
or b, = —2 % ai%cﬁgv dr.
a*J () Jo a :

Thus a formula for the coefficients of the series (2) is derive:
mathematical study of the subject would be concerned with showin)
the scries thus formally derived actually does converge to the d
function over the range of interest. Such a discussion is outside the
of this text, but the results of such studies show that completenes:
convergence requirements are met, so that such a series may be us
represent any piecewise continuous function over the range 0 < r <

Problems

3.28a Write a function f(r) in terms of mh order Bessel functions ove
range 0 to a and determine the coefficients.

3.285  Determine coefficients for a function £(r) expressed over the rangt
a as a series of zero-order Bessel functions as follows:

N (4

m=1

where p,, denotes the mth root of Jy(®) = 0 [i.e., J,(v) = 0].

3.29 Fields Described by Cylindrica! Harmonics

We will consider here the two basic types of boundary value prob
which exist in axially symmetric cylindrical systems. These can be ur
stood by reference to Fig. 3.294. In one type both @, and @y, the poter
on the ends, are zero and a non-zero potential @y is applied to the ¢
drical surface. In the second type @, = 0 and cither (or both) @, o
are non-zero. The gaps between ends and side are considered negli;



