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3.2
The potential everywhere satisfies the equation

Vo =0
1 o 0 1 %) 0
b d=0
r? ar( ar) +r SIHOBO(SIHOBGJ
We can write
1 o 0
— =] ()
sin® ae(smeae) (F+1)

D= ZA, (r)P,(cosO)

Then substituting back into the Laplace equation, obtain

la( ajAm LD 2o
d r’

2 or
This has the solutions
A (r)=Br*

Using this solution, obtain the indicial equation
k(k—D=-l(l+1)=k=1—(+1)
So, obtain the general solution everywhere
= Z(Blrl + AU ) P (cos8)
=0

a.)

Demand that the potential be finite at the origin and at infinity. Thus, we have the poten-
tial divided into two regions, inside the sphere and outside the sphere:

D, = ZBII’IP, (cosB) D = ZAZV_(”DPI (cosB)
=0

=0
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3.2
a.) cont’d

Across the surface of the sphere, we have the conditions
aq)in _ aq)out

ar r=R a}’
b =0

R out |R

o

r=R 80

= Al — BIR21+1

in

So we can rewrite the potential outside the sphere as

The charge density on the surface of the sphere is

0 0<O<a _
c=1 Q0 ZD,P,(COSO)
- a<0<nm 5
4R

From this, we find

21+1

D, = _[ 0P (cos0)d(cosh)

2[+1 cosx
= _[ g P, (cosB)d(cos0)

2 J1 4xR?

= 87rQR2 _Tw[ P, (cos®)- P, (cose)}d(cose)
= 87rQR2[ P, (cosa)—P_, (cosar)]

Then, substituting, obtain

oD, N -
| =3 IB,R™'P,(cos0)
o lg 1=
a¢ oo R21+1
a(’”t 2 (l+1)B — P (cosG)——Z(l+1)B R™'P,(cos6)
r g 1=0
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3.2 cont’d
a.) cont’d

Substitution then yields
_Q p

0

(21+1)BR"" = [P, (cosor)— P_, (cosar)]

B = 0
1~ 1+1
8m(2l+1)R "¢,

[P, (cosa)— P_, (cosr)]

Finally obtain the potentials

28%(2[+1)R”1 [ 1+1(Cos(x)—Pl_l(cosa)]rlpl(cose)
1=0

l

r
= Sre 221+1 R1+1[ P, (cosa) = P, (cos )] P, (cos @)
0 [=0

20+1

[P, (cosar) - P,l(cosa)]li P (cos0)

§0 8m(21 + 1)R’+1

Ry 221+1 — [P, (cosa) = P_, (cos )] P, (cos6)
0 [=0

b.)
Find the electric field inside the sphere at the origin:

- - o, | . (1 0D, ) A
E =-Vo. =—-—0 r—| ——=o
nlr=o L I IR Py
0D, |
= —[P,, (cosa) - P_, (cos )] P, (cos6)
or |, Sneolz;'zzﬂ RV - »
= —2472 e [P, (cosor)— P, (cosax)] P, (cosB)
0
:Lz[cof05—1]0089=——2(sjn2a)cos(9
l6me, R l67e, R
1 0D dD rt
out - _ out P P
sinf 90 |,  9d(cosB)|_, 87, 22l+1 R’“[ 1 (cosa) = P, (cos )| P, (cos6)
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3.2 cont’d
b.) cont’d

So then find the electric field at the origin to be

—

o o e I )OS
0

in
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3.5
To solve this problem, we use equations 3.38, 3.62, and 3.70 in Jackson

o ald® =) V(6.9") ,
D(x)= a4 4 j( 7 dQ

T r’+a’ —2arcos7/)32
1 =7 1
= B (cosy)=
X — arl g)' at’! (cos7) (r* +a* —2arcos )/)1/2
oo rl ar
P/(cosy)= = (cosy)
g)' at! (r* +a* - 2arcos 7/) Z Hl

Substituting, we then obtain

o(3)=2 (-1 jz — P/(cosy )V (6',¢")dY’
5) - 1 }ﬂ'(cose)v(e'@')dg'
a

2)1 ) (cos@) — Z(aj _1,(c059)}v(9"¢')d9,

=2

) { P, (cos@)— (cos@)}}v(a,"p’)dg,
) (21+1)P(COSQ)} (67,0")dY

ji(gj 21+ 1) P (cosO)V (6,9 )dQ’

50f 8



ENEEG680 Electromagnetic Theory |
Problem Set 4

3.5 cont’d
we finally obtain
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3.16
b.)
The Green’s function
1
G(F,7")=—

satisfies the equation
VG =—4r5(7 —7)
4r , , ,
VG =—75(p—p )6(¢p—9")8(z—2')

We have that the delta functions in p and ¢ can be written as

oo

im(¢—¢)
5(0-0)=75 | Ze

%5(;3— p)=], K, (kp)J,, (kp')dk

So, we can write the Green’s function as

277; jkelm¢¢ m(kP)Jm(kP')gkm(Z,z’)dk

Substituting back into the equation for the Green’s function, obtain the equation for g:
82
(a_z ~k* )gkm (z.2")=—4m6(z-2')
Z

From this, we can write the solution

k(z,-z.)

8 (2,2)= Ay, €
Integrating the equation for g across the boundary z=z’, obtain
_2n
Tk
Substituting back into the Green’s function, we finally obtain

=G )= Y [T, (kp)d, (kp)e

— —
- m=—oo

A, (—k)-A k=—4T= A,
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3.16 cont’d
d.)

We have the relation

ejkpcos¢ — 2 imeim¢Jm (kp)

m=—oco

Using orthogonality, we obtain

.[OZTC eikpcosq)e—iml(pd(b = 271’-l.m,‘]m’ (kp)
1
2mi™

Then, we can make the substitution

J (kp) _ Jozn eikPCos¢e—im'¢d(P
x=kp

1 2r -
J , — : elxcos(pe—zm ¢d
w ()= ) ¢
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