VECTOR ANALYSIS
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Dot-product:

Cross-product :
Useful Relations:
A-(B"C)=B-(C" A=C-(A"B); A (B"C)=B(A-C)- C(A-B)
Orthogonal Coordinate Systems: (In general)

A: é'ulA.ll +éu2A.42 +é‘u3A13

A-
A,

Cartesian

cubes, parallelipeds,
plates, and flat planes

unit vectors are fixed
y  redardless of position
iy: front-back

ﬁ},: |eFE—rig|1'|:
* a.: up-down

Spherical
spheres, rings, radial lobes
unit vectors cha nege
with position

ER : emanates from otigin
i1 north-south
Q¢: west-egst

RF Cylindrical
cylinders, rods, tubes, rings
unit vectors change
with position
iz up-down
a e west-egst
ﬁ.u- : elangtes from T-gnis

line differential dement:  dl =4, (hdu,) +4&,,(h,du,) +a(h,du,)
surface differential element: ds=ads

ds; = hohgdu,dug ds, = mhadu,dus ds3 = hyhodu,du,
volume differential element: dv = hyhohzduy duydug



Cartesan Coordinates: u; =x, us =y, uz=z ; hy=h, =hy=1

A B=|A A A|=4(AB,- AB,)+4,(AB,- AB,)+4,(AB,- AB,)
B, B, B

d =4&,dx+4a,dy+4,dz (line)
ds, = dydz ,dsy = dxdz ,ds, =dxdy (area) dv = dxdydz(volume)

Cylindrical Coordinates:
Up=r, up=Ff, ug=z; hy=Lhy=rhg=1A=4 A +34 A +4A
A-B=AB, +A B +AB,

A

aZ
Al=a(AB,- AB)+& (AB - AB)+&(AB - AB)

) a
A B=|A
B, B

o > »

di =& dr+4 rdf +a,dz (lineelement)
ds, =rdfdz ,ds; =drdz ,ds, =rdrdf (areaelement) dv = rdrdf dz (volume element)

Spherical Coordinates:
up =R Uy =g, u3=Ff ; hy=Lh,=Rh3=Rsng A=4,A, +4 A +4& A
A- B:ARBR"'Aqu + A Bf

a; q &
A B=|A, A A|=8.(AB - AB)+4 (AB,- AB)+a (AB, - AB)
B. B, B

d =3&.dR+§ Rig+ § Rsncpf (ineeement)
ds, = R snodogdf ,ds, = RancpRdf ,ds = RdRdq (areaelement)
dv = R®sngdRdcgf  (volume element)




Transfor mations

Cylindrical to Cartesian:

x=rcosf, y=ranf, z=z

Q;
1

x =&y cosf - & sanf

Q,
1]

y =ar anf +3& cosf

dz =4z

Cartesian to Cylindrical:

r=yx%+vy?, f =tan'1l, z=12
X

ar =ay cosf +ay anf
& =-aysnf +ay cosf
a,=4a,

Spherical to Cartesan:
x=Rdgnqgcosf, y=Rsnqsanf, z=Rcosq
asnqcosf +4, cosqceosf - & snf
a, =a,dnqgsnf +§, cosqsnf +§ cosf
a

Cartesian to Spherical:

[2 .2
+
R:1/x2 +y2+22, q:tan'lu, f :tan'll
z X
a, =4 dnqcosf +4a,snqsnf +4,cosq
dq =day cosqcosf +ay cosqsnf - 4,dnq & =-aysnf +ay cosf
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VECTOR CALCULUS

Gradient of aVector (in general):

~ ~ v . W R \Y/
NV = +
a, T a,, X ta, UL
grad V(u,,u,,u;) ° NV ° & v
dn
dv =(NV)- d
Cartesan: NV :éxﬂ+ayﬂ+azﬂ
X Ty z
- - - ~ vV . v WV
Cylindrical: NV =§ —+4 —+4 —
Y 4 I & [ |74

Spherical: NV =4,

Divergence of a Vector:

N- A —(h,h — Ay) + ——(hyh
h1h2h3[ﬂ l( oh3Ay) + (hlh3 0) + ( 1o Ag)
- < o T 1 1
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: N 1 A
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Curl of aVector:
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Useful Theorems

Stoke's Theorem: @Q’A)- ds © 6\ dr
c

Gauss Theorem: @Q -A)dv ° @j\ ds
S

Null Identity |: N” (NV)° 0 Null Identity I1: N- (NxA)° 0
Laplacian operators. N°F
2 2 2
Cartesian: RIS (=S
S AR 4
— 1 112 112
Cylindrical: ——(r— — —F
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