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Conductance-peak height correlations for a Coulomb-blockaded quantum dot
in a weak magnetic field
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We consider statistical correlations between the heights of conductance peaks corresponding to two different
levels in a Coulomb-blockaded quantum dot. Correlations exist for two peaks at the same magnetic field if the
field does not fully break time-reversal symmetry as well as for peaks at different values of a magnetic field
that fully breaks time-reversal symmetry. Our results are also relevant to Coulomb-blockade conductance peak
height statistics in the presence of weak spin-orbit coupling in a chaotic quantum dot.
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[. INTRODUCTION breaks time-reversal symmetry. Unlike the two other causes
for peak-height correlations, the source of correlations under
Measurement of conductance peak heights in a Coulomigavestigation in this paper is universal and survives in the
blockaded quantum dot is one of few experimental tools tdimit of large quantum dots. Furthermore, these correlations
access properties of single-electron wave functions in quarffé not only of direct experimental relevance when
tum dots. Experimentally, the probability distribution of the Coulomb-blockade peaks are measured as a function of an
conductance peak heights in quantum dots with an irregula@xtérnal magnetic field, but our results also pertain to the
shape was found to be in good agreement with prediction§2S€ of quantum dots with weak spin-orbit scattering. We
from random-matrix theoryRMT),* both without magnetic €l@borate on this aspect at the end of the paper.
field and in the presence of a time-reversal symmetry break- Our paper Is organlzeq as_follows._ In .SeC‘ Il, we mtrodu_ce
ing magnetic field According to random-matrix theory, the_ Pandey—Mghta Hamiltonian, W.h'Ch is the RMT Ham|l-.
wave functions in a chaotic quantum dot have a universa%Onlan appropriate for our calcula_uons. We then proceeq n
ec. lll to formulate the problem in terms of orthogonal in-

g;set;'r?lfr'gg’ gt?,epgnnéj?;\,zf fﬂﬁzzatlilgsn oglégin(:gt:\r;r;ﬁgg grﬁ/_ariants of the Pandey-Mehta Hamiltonian and derive a gen-
path, and PeIal expression for the wave-function correlator distribution
dently Gaussian distributed real or complex numbers de;

) . function. This result is employed to calculate the actual peak
pending on the presence or absence of time-reversal symm

trv. respectivelv. There are no long-rande correlations Withinﬁéight correlator distribution function whose first moment is
ayc’:haozc Wavg.function and no c%rrelstions between diI’“fer-CC)mp'f’lred to numerical RMT simulations, both for the case

. 5 of a weak magnetic fiel@Sec. 11l A) and different large mag-
ent wave function$:

It is known that nonuniversal correlations between diI"fer-netIC fields(Sec. Ill B). Finally, we apply our results to cor-

. . relations in presence of spin-orbit coupling and to “spectral
ent wave functions and, hence, correlations between Condugbramblin "in Sec. |V.
tance peak heights exist in both ballistic and diffusive dots. 9 T
In ballistic quantum dots, such correlations are the result of
wave function scarring,which causes a slow modulation of Il. RMT MODEL

. >, 2 . .
the variance(|,(r)|) as a function of the level index At temperatureskgT<A, the maximum conductance

and the positiorr, although the RMT prediction for peak-  gpeakot 5 Coulomb-blockade conductance peak is a function
height statistics remains valid for peaks at nearby enefgies, *

The scarring effect disappears in the limit of large quantu f tf}flzwave functiony,(r) of the resonant statgu)

dots, and is absent in quantum dots with scatterers small ly,

than the Fermi wavelength. In disordered quantum dots

(mean free pathmuch smaller than dot side), correlations

between conductance peak heights are found to be of relative G/

order (A/E7)In(L/),>° whereE; is the Thouless energy of

the quantum dot and the mean level spacing. . _
Here, we address two other mechanisms for peak-heighiere,V is the area of the quantum dat= 3 + V2, rgrandr,

correlations. On the one hand, we investigate correlations atre the positions of the tunneling contacts connecting the dot

a weak perpendicular magnetic field that only partiallyto source and drain reservoi(see Fig. 1, and T, Tg<1

breaks time-reversal symmetry. These correlations follonare the transmission probabilities of the contacts. Equation

from underlying correlations of wave functions, which were (1) is valid in the experimentally relevant range of thermally

reported previously by Waintal, Sethna, and two of thebroadened conductance peak3, { TR)A<kgT<A. The

authors® On the other hand, we also find correlations be-index u is defined with respect to the orbital state. In the

tween peaks corresponding to different wave functions apresence of spin degeneracy, each orbital state gives rise to

two different values of a large magnetic field that fully two conductance peaks, although these two peaks do not

e VA ) T, (TO TRl (TR 2 @

h TL|¢M(FL)|2+TR| ‘/’M(FR)|2.

h KkBT
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The distribution of the orthogonal invariants is known for the
limiting casege,,—&,|>A or a>1, when their distribution
is Gaussian with zero mean and with variafice

Source
Reservoir

Drain

Reservoir 2a%(1+ Ouv)

at+ WZ(SM—SV)Z/Az'

<|p,¢w|2>=4 )
Furthermore, ife ,—¢,|>A or e>1, |p,,|* and|p,,|* are
statistically independent. Equatigf) is also valid in the
FIG. 1. The quantum dot is connected to source and drain redimit «<<1 if an additional average over the energy levels
ervoirs by tunneling contacts ai and r_ and is capacitively &,—¢, is taken. No analytical results are known for the
coupled to a gate. distribution of the orthogonal invariants,, whenu# v, a
is of order unity, ande,—¢,[<A.

need to appear in successiort* We express our results in Using the correspondence between the eigenvectors of the
terms of the distribution of the dimensionless peak heighPandey-Mehta Hamiltonian and the wave functions in the
I quantum dot, we identifys,,(r,) with v, ; and,,(rg) with

5 v,2. We are interested in the joint distribution of the wave
€ A TiTr 2) functions corresponding to the levelsandv and abbreviate

h «xkgT/ T+ TR’ x1=Nlv,, 4%, X2:N|UM,2|21 y1:N|UV,1|2a and vy,

il
— 2 ; ;
and calculate the connected part of the joint conductanc€N|vVv2r' To leading ordEr 'mnf,”' the cck)nnengzﬁfl pf\;&jgan
2/ \A1R2

| n _ |
peak height distribution for two different levels and v, averggr? of the form(xlxzyll Y2)o= (X1 XY .
X(y7Yy5) can be calculated with the help of Wick’s theorem

K_
Gzea - g,u(

Pc(9,,9,)=P(9,,,9,)— P(9,)P(g,). (3  andEq.6),
The single-peak distributioP(g,) for the case of weak (XEXRYTYD) = (1, 2 K2mM2(XE Ix) (y T tyD)
magnetic fields was calculated by Alhassidal*® T PR
Within random-matrix theory, the effect of a magnetic +15n5(xpxa THYTY2 D1

field is described by the Pandey-Mehta Hamiltorifan In the regimese,—e,/>A o a>1, this relation allows us

to express the connected part of the joint distribution func-
e @ tion Po(X1,X2:Y1,Y2) =P(X1,X2:Y1,Y2)
H(a)=S+i—A, 4 o PR, X2, Y1, Y2) = P (X1, X2, Y1, Y2
(@) I V2N @ —P(X1,X2)P(y1,Y,) in terms of the distribution functions

P(x;,%,) andP(yq, for elements of a single eigenvector
whereS and A are symmetric and antisymmetii¢X N ma- (%) (y1.¥2) g g

trices, respectively, with identical and independent Gaussian 202
distributions. The parametet is proportional to the mag- P.(X1,X2;Y1,Y2)=
netic field B ’ 40+ (e, —,)2IA?
2
eBV [Er
a=y+—\ 71" (5) ngl Dy P(x1,%2) Dy P(y1,y2),
where vy is a constant of order unity that depends on the (8)

precise geometry of the dot, for exampte= \/#/2 for a  where D,=d,xdy. The single-wave-function distribution
diffusive disk of radiud. (Er=#vgl/L?) andy==/\/8 fora  P(xy,X,) for the Pandey-Mehta Hamiltonian was calculated
ballistic disk with diffusive boundary scatteringE{ by Falko and Efetov®
=fhvg/L). 17710
A. Weak magnetic field
I1l. WAVE FUNCTION CORRELATIONS AND PEAK

Using Eq.(8), the calculation of the peak-height correla-
HEIGHT CORRELATOR

tion function P.(g,,9,) becomes a matter of quadrature.

The joint distribution of eigenvectors of the Pandey- Closed-form results can be obtained for the casel:
Mehta Hamiltonian(4) is determined by the orthogonal in- 1
variants pWEv;vv, where the superscripff denotes = =~ e 9 Uy(1— 1— 9
transpositiort® At fixed pu» @and for largeN, eigenvector (08 2a? (179,010, ©
components are distributed according to a multivariat

e . _ .
Gaussian distribution with covariance matrix determined by/©" Nighly asymmetric tunneling contact$ (<Tg), whereas

the pair correlators for symmetric contactsT =TR)
SO ur S s 1
(O )y = (0= (©) Pe(Gu19s) = T W(G)W(G,). (10
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where the functionW is a linear combination involving
modified Bessel functions

W(g)=2g e 9[(2—29)Ko(9)+(1-29)K4(g)]. (11

The degree of correlation is well characterized by the first
moment ofP.(g,.9,),

A v=p+1
O v=p+2
O v=pu+3

CLv=(9,9,)—(9,.)(9,)- (12 FIG. 2. The correlatoC,,, for energy levelsu and v=p+1,
pu+2, u+3 for symmetric tunneling contacts, =Tg. The data
points are the result of numerical diagonalizations of the Pandey-
Mehta Hamiltoniar(4). The solid curves are drawn as a guide to the

In the regimea>1 we find from Eqs(9) and (10)

1 . eye. The dashed lines show the largeand smalle asymptotes
Cuv_ﬁ it T <Tg, (133 (13b) and (153, respectively.
1 A comparison of our results with the result of numerical
C,=—— if T =Tg. (13p  diagonalizations of the Pandey-Mehta Hamiltonian is shown
" 9a2 in Fig. 2 for the case of symmetric tunneling contacts. We

used random matrices of sizés=100, 200, and 400 and

For very weak magnetic fielde<1 evaluation of the extrapolated tdN— = to eliminate finiteN effects. Note that
correlatorP, requires knowledge of thigw — v|-level spacing  throughout the magnetic-field range of interest, correlations
distribution functions for the Gaussian orthogonal ensembléetween peaks are positive: small peaks are more likely to be
of random-matrix theory. Although the solution to this prob- surrounded by small peaks and large peaks attract more large
lem is known in the form of a product of eigenvalues of apeaks.
certain integral equatioft, no closed-form expressions exist
to the best of our knowledge. Moreover, if the energy levels
wm and v are nearest neighbors, smallperturbation theory i
fails for small level separationgUpon averaging over en- e now turn to correlations between conductance peaks
ergy, Eq(?) gives a |Ogarithmic divergende'rhis prob|em at d|ffer?nt |al’geva'|ueS of the magnetIC field. |n partl(.:ule'lr,
can be circumvented, noting that the orthogonal invariant§/€ are interested in the connected part of the joint distribu-
p.v the only source of correlations éf<1, are completely tion P(g,,,g,) whereg,, is a (dimensionlesspeak height at
determined by properties of the two energy levels under conmagnetic-field strengthy, while g, is a peak height of a
sideration. Therefore, the peak-height correlations may pdifferent orbital state at a different magnetic-field strength
calculated using a 22 Hamiltonian instead of the fulN a'. (Magnetic-field autocorrelations for the same peak were
x N random matrix. In the eigenvector basis of the Pandeystudied by Bruuset al. in Ref. 22) Peaks corresponding to
Mehta Hamiltonian(4) at =0, the appropriate two-level different wave functions are uncorrelated if measured at the

B. Different large magnetic fields

Hamiltonian reads same value of the magnetic field, but correlated at different
values of the magnetic field. In order to describe these cor-
€, iaA,,! V2N relations, we still employ the Pandey-Mehta Hamiltonian
H=| . , (14  but now takex anda’ large. The joint distribution of eigen-
Tah,,/ V2N &y vectorsv,, andv,, at different values ot is thus character-

wheres, and ¢, are the two energy levels at=0, and  12€d by the unitary invariants

A,,=—A,, is the corresponding matrix element of the per- _

turbing matrixA, see Eq(4). Solving for the eigenvectors of Pur=vh(a)v (@), (16)
H and calculating the distribution of ,, exactly, we were

able to compute the smaiil-behavior of the correlato€ ,, wherev ,(a) denotes the eigenvector of theth level at

for v=p+1, magnetic-field strengthw. At fixed BM, the eigenvector
components are distributed according to a multivariate
a2 Axm Gaussian distribution with covariance matrix determined by
Cuv~ > na262 if T <Tg, (15a the pair correlator
3 2 0.569 <U* (CY)U (a,)>~_5mn;,uv (17)
o . . _ m,m v,n p .
Cv~ 1IN 2 if T =Tg. (15b) N

The second moment§p,,|? are known in the regimes

The numerical coefficients inside the logarithms in E3$) e, —&,|>min(A,a’ —alA) or |a’ —a|>1,2

were obtained by making use of the Wigner surni¥es)

= (msl2)explws*/4) as a numerical approximation to the
distribution of nearest-neighbor spacings <|’;) 2=
s=le, 1, /A% g (

2(a’ —a)?

a’ —C!)4+47T2(8#_8V)2/A2.

(18)
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FIG. 3. The correlatorC,, for different conductance peak
heights at different values of the magnetic field, for energy leuels

andv=pu+1, u+2, u+3 and symmetric tunneling contacts

=Tg. The data points are the result of numerical diagonalization
of the Pandey-Mehta Hamiltonia@). The solid curves are drawn

as a guide to the eye. The dashed curves show(Edp with €,
—€e,=(u—v)A, which is asymptotically correct for largga’
—a| or large|u—v].
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spin-orbit scattering is described by the following two-
dimensional effective Hamiltoniaff:

1

P20y
Hso:ﬁ

_ P10z

A2 Ay

Here, o; are Pauli matrices, and;, \, are length scales
associated with spin-orbit coupling along the directions

andx, that span the plane in which the dot is formed. In the
limit where A, \, are large compared to the linear dot size
L, the spin-orbit contribution can be mapped onto an effec-

tive magnetic field§so by means of a suitable unitary tran-

formation ofHgq:2*

-2

The remainder of the calculation proceeds as before, the onlyhere
difference being the slightly different expression for the av-

erage(lEMV|2> in this case. We thus obtain

z(a,_a)z(l_g,u,)(l_gv) e “ :/

= gl)= ~9,~9
c(0,8,) (a'—a)4+4772(eﬂ—s,,)2/A2
(19
in the limit T <Tg, whereas
1 (a'—a)®W(g,)W(g,)
Pe( - (20

99 E )t dmP(s, o, PIA?

for symmetric tunneling contacts, with the functig¥(g) as
defined in Eq.(11). For the correlatoC,,=(g,9,)—(g,)
(g'), this implies

2’ ~a)” it T <T
v | < y
a ((1,—(1)4+47TZ(8M—8,,)2/A2 LR
(213
C,= Me'~ )’ T =T
" 9(a — a)*+36m%(e e ,) Y A? LR
(21b)

For |a’—a|>1 this result is also valid for the cage=v
and agrees with previous work by Bruesal.in Ref. 22. In

Fig. 3, we compar€,, to numerical diagonalizations of the
Pandey-Mehta Hamiltoniad), using random matrices of

sizesN=100, 150, and 300 with extrapolation kb— oo to
eliminate finiteN effects.

IV. APPLICATION TO SPIN-ORBIT SCATTERING
AND SPECTRAL SCRAMBLING

~ 1 . . p
T — —_ 2__

HSO 2m(p a'L) 2ml (22)
> o3 ~ >
a‘L_4)\1)\2[X3Xr] (23)

is the vector potential that generates the leading spin-orbit
effect. Hence, weak spin-orbit scattering takes the form of an
effective magnetic fieldBgo=7%c/2eN N, of opposite sign

for the two spin directions and perpendicular to the plane of
the two-dimensional electron gas in which the dot is formed.
The parametew in the Pandey-Mehta Hamiltoniaf#) is
then given by

. Y, ==
_7477)\1)\2 A ' (24)
where thex corresponds to the two spin directions, ant

the same geometric factor as in Sec. Il. Experimental esti-
mates sugges¥<1, which implies that the effective mag-
netic field is weak enough to only partially break time-
reversal symmetr§?

The peak-height correlations for a weak magnetic field
calculated in Sec. Il A thus provide a good description of
intrinsic peak-height correlations for a quantum dot with
weak spin-orbit scattering in the absence of an external mag-
netic field. On the other hand, when a large external mag-
netic field B is applied perpendicular to the dot, electrons
move in different effective magnetic fiel@+ Bgo, depend-
ing on the direction of their spin. At zero temperature, con-
ductance peaks correspond to resonant tunneling for one of
the two spin directions. Our calculations in Sec. Il B show
that peaks originating from resonances with the same spin
direction, i.e.,|a’—a|=0, will have uncorrelated heights,
whereas peaks originating from resonances with opposite
spin will have correlated heights, corresponding to the case
of large magnetic fields with magnetic-field strength differ-
ence|la’ — a|=y(VI2m\\,) VET/A.

“Scrambling” is the effect that each electron added to the

o=

Although our calculations were performed for peak heightquantum dot causes a small change to the self-consistent po-
correlations that resulted from an external magnetic field or aential in the do£®?’Hence, every conductance peak is taken

change in the external magnetic field, they can also be ddt a slightly different realization of the dot's potential. While
relevance as an effective description of correlations due tthis leads to alecorrelationof peak heights corresponding to
spin-orbit scattering in GaAs quantum dots or due to “specthe same orbital state, scrambling also causes a positive cor-
tral scrambling.” In two-dimensional GaAs quantum dots, relation between peak heights corresponding to different or-
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bital states, as we have shown above for the case of a largkat of the nonuniversal peak-height correlations in a disor-
applied magnetic fieldIn the unitary ensemble, a change in dered dof We therefore see that both types of correlations
potential has the same effect as a change in the applied mageed to be taken into account for a complete understanding
netic field. The situation at zero applied magnetic field wouldof spectral scrambling effects.

correspond to the orthogonal ensemble of random-matrix
theory, for which the calculation proceeds along the same
lines and gives similar result§) The effect of adding elec-
trons to a disordered quantum dot corresponds to a parameter We thank Harold Baranger, Henrik Bruus, Josh Folk,
change|a’ — a|~n\/A/E+1,%” whereE+ is the Thouless en- Mikhail Polianski, and Gonzalo Usaj for discussions. This
ergy. Hence, we conclude from our calculations that the rework was supported by the Cornell Center for Materials
sulting correlations between peak heights are of ordeResearch under NSF Grant No. DMR0079992, by the NSF
n2A/E;. While such correlations may be of numerical im- under Grant No. DMR 0086509, and by the Packard founda-
portance, its dependence on the rdfip/A is the same as tion.
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