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Magnetic-field dependence of energy levels in ultrasmall metal grains

S. Adam, M. L. Polianski, X. Waintal,* and P. W. Brouwer
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14853-2501

~Received 19 June 2002; published 20 November 2002!

We present a theory of mesoscopic fluctuations ofg tensors and avoided crossing energies in a small metal
grain. The model, based on random matrix theory, contains both the orbital and spin contributions to theg
tensor. The two contributions can be experimentally separated for weak spin–orbit coupling while they merge
in the strong coupling limit. For intermediate coupling, substantial correlations are found betweeng factors of
neighboring levels.
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I. INTRODUCTION

Recent developments in nanofabrication techniques h
allowed for the resolution of individual ‘‘particle-in-a-box
energy levels in small metal grains or semiconductor qu
tum dots using tunneling spectroscopy.1–4 In the absence of a
magnetic field, the energy levels«m are twofold degenerate
~Kramers’ degeneracy!. An applied magnetic fieldB lifts the
degeneracy; the splitting of the doublet is described with
help of a ‘‘g factor,’’

d«m5mBgB, ~1!

wheremB5e\/2mc is the Bohr magneton. A cartoon of th
magnetic-field dependence of the energy levels is show
Fig. 1. Whereasg52 for electrons in vacuum, in a meta
grain theg factor can be different from two as a result
spin–orbit scattering. Recently, the magnetic-field dep
dence of particle-in-a-box levels in metal grains have b
measured by two groups.5–8 Measuredg factors range from
0.1 to 2, depending on grain size, material, and, in the cas
Ref. 5, doping with heavy ions.

Unlike in bulk metals, whereg factors are used to de
scribe the effect of spin–orbit coupling on the band structu
g factors in a metal grain are not a ‘‘bulk’’ property.9 Not
only does the typical value of theg factors depend on the
size of the metal grain,g factors also depend on the micro
scopic details such as the impurity configuration, the locat
of defects, and the form of the grain boundary. As a res
different energy levels in a metal grain have differentg fac-
tors. Moreover, even if the metal grain is roughly spheri
and without lattice anisotropy, the presence of impurit
breaks the rotational symmetry on the microscopic sc
causingg factors to depend on the direction of the appli
magnetic field. A statistical description of the level-to-lev
fluctuations ofg factors in metal grains has been formulat
by Matveevet al.10 and by Halperin and two of the authors11

using random matrix theory~RMT!. Petta and Ralph7 mea-
suredg factors for up to 9 consecutive levels in nanomet
size Cu, Ag, and Au grains and found good agreement w
the distributions of Refs. 10 and 11. The dependence on
direction B̂ of the magnetic field is taken into account b
replacing theg factor by a ‘‘g tensor’’G,12

d«m5mBB~B̂TGmB̂!1/2. ~2!
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~The g tensor carries a subscriptm to reflect its dependenc
on the energy level«m , andB̂T is the vector transpose ofB̂.!
The g-factor ~1! for a magnetic field in thez direction is the
square root of the tensor elementGzz. A measurement of full
g tensors in Cu grains was reported quite recently.8 Again,
good agreement was found between the experimentally m
suredg-tensor distribution and RMT.

The effect of the spin–orbit interaction on the wave fun
tions in a metal grain can be described by a dimension
parameterl,

l25
p\

tsod
, ~3!

wheretso is the spin–orbit scattering time andd is the mean
spacing between Kramers’ doublets in the grain~in the ab-
sence of the magnetic field!. The effects of spin–orbit scat
tering are weak ifl!1. In that case, wave functions are re
and have a well-defined spin; the electron magnetic mom
is close to its vacuum valueg52. In the opposite limit of
strong spin–orbit scattering,l@1, wave functions are com
plex and have no well-defined spin. Hence, the spin con
bution to the electron’s magnetic moment is strongly su
pressed, compared to the case of electrons in vacu
However, in addition to a contribution from the electron
spin, there may be a significant orbital contribution to t

FIG. 1. A cartoon showing the definitions of theg-factors and
the avoided crossing energyD. At zero magnetic field, all energy
levels«m are doubly degenerate. A magnetic field splits these d
blets. Theg-factor measures the size of the splitting of a doublet«m

as a function of magnetic field, see Eq.~1!. The avoided crossing
energyD is the minimum distance at the first avoided crossing
neighboring energy levels, see Sec. IV.
©2002 The American Physical Society12-1
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magnetic moment carried by a single electron if spin–o
scattering is present: wave functions are complex, and he
current-carrying.10

Experimental estimates ofl are close to zero in Al and
range from 0.7 in a small Cu grain (d'0.7 meV) to 13 in a
larger Au grain (d'0.1 meV).7 A full theory of the com-
bined orbital and spin contributions to theg tensor was de-
veloped for the asymptotesl!1 and l@1 only.10,11 Both
theories calculate distributions normalized to the aver
(^g2&)1/2. In addition, Matveevet al. calculate both spin and
orbital contributions to (̂g2&)1/2, while Ref. 11 considered
the spin contribution only. The case of intermediatel, nec-
essary for a quantitative comparison with the experiment
Ref. 7, was studied in Ref. 11 using numerical diagonali
tion of a random matrix model with variable spin–orbit sc
tering strength, but without inclusion of the orbital contrib
tion to the magnetization.

In this paper we construct a random matrix theory t
describes both spin and orbital contributions to the electrog
tensor. In the limitl@1 our model reproduces theg tensor
distribution found in Refs. 10 and 11, but it also provides
simple model to numerically obtain the fullg tensor distri-
bution for arbitrary spin–orbit scattering strength. In additi
to the distribution of theg tensor we also look at the cor
relator ofg tensors of neighboring levels. Whileg tensors are
not correlated forl50 and, as we show here, forl@1; we
find that correlations can be substantial forl of order unity.
The random-matrix model is formulated in Sec. II; theg
tensor distributions are considered in Sec. III.

In addition to theg factors, which describe the magneti
field dependence of the energy levels at very small magn
fields, Salinaset al. obtained additional information on th
magnitudes of spin–orbit scattering matrix elements fr
avoided crossings of energy levels at higher magnetic fie
For weak spin–orbit scattering, the minimal energy sepa
tion D in an avoided crossing between the downward mov
level «m11,2 and the upward moving level«m,1 is twice the
matrix element of the spin–orbit coupling between the c
responding eigenstates,5 see Fig. 1. In Sec. IV we calculat
the avoided crossing energyD from the random matrix
model, and find its statistical distribution and dependence
the direction of the magnetic fieldB.

II. RANDOM MATRIX MODEL

In this section we formulate a random-matrix model th
describes the magnetic-field dependence of energy levels
metal grain with spin–orbit scattering, taking into accou
both the Zeeman and the orbital effects of the magnetic fi
Following the basic premises of random matrix theory,
replace the Hamiltonian of the metal grain by a 2N32N
matrix H,

H~l!5HGOE1
l

AN
HGSE1HB . ~4!

The first two terms on the right-hand side of Eq.~4! describe
the Hamiltonian in the absence of the magnetic field; the
term HB describes the effect of the magnetic field. We u
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the convention that the random matricesHGOE, HGSE, and
HB have the dimension of energy.

Without the magnetic field,H is taken from an ensembl
that interpolates between the Gaussian Orthogonal
Gaussian Symplectic ensembles of random matrix the
The Gaussian Orthogonal Ensemble~GOE!, which is rel-
evant for metal grains without spin–orbit scattering, cons
of real symmetricN3N matrices with independently an
Gaussian distributed elements, multiplied by the 232 unit
matrix 12 in spin space,

HGOE5S^ 12 , P~S!}e2(p2/4Nd2)tr STS. ~5!

Hered is the mean level spacing in the metal grain~i.e., the
mean spacing of the Kramers’ doublets!. The Gaussian Sym
plectic Ensemble~GSE!, which describes metal grains wit
strong spin–orbit scattering, consists of self-dual quatern
matrices.13 A Hamiltonian taken from the GSE can be param
eterized as

HGSE5
1
2 S A0^ 121 i (

j 51

3

Aj ^ s j D , ~6!

where A0 is a real symmetricN3N matrix and theAj , j
51,2,3, are real and antisymmetricN3N matrices. The four
matricesA0 , A1 , A2, andA3 have independently and Gaus
ian distributed elements,

P~Aj !}e2(p2/4Nd2)tr Aj
TAj , j 50,1,2,3. ~7!

The crossover parameterl describes the strength of the spi
orbit scattering in the Hamiltonian of Eq.~4!. The casesl
50 and l→` correspond to the GOE and GSE, respe
tively.

The effect of the magnetic fieldB5(B1 ,B2 ,B3) is de-
scribed by the termHB in Eq. ~4!,

HB5(
j 51

3

BjM j , ~8!

where the 2N32N matricesM j ( j 51,2,3) are given by

M j5mBS 1N^ s j1 i
ph

dAN
Xj ^ 12D , ~9!

where theXj , j 51,2,3, are real antisymmetric matrice
with independent and Gaussian distributions,

P~Xj !}e2(p2/4Nd2)tr Xj
TXj . ~10!

The first term in Eq.~9! describes the coupling of the mag
netic field to the electron spin; the second term, which
diagonal in spin space, describes the coupling of the m
netic field to the orbital angular momentum. The second te
in Eq. ~9! was originally proposed by Pandey and Mehta
describe the orbital effect of a time-reversal symmetry bre
ing magnetic field on the statistics of energy levels.14,15For a
diffusive spherical grain with radiusR, mean free pathl, and
effective electron massm* , the coefficienth is given by16
2-2
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h25~m/m* !2
l

5R
, ~11!

whereas for a ballistic sphere with diffuse boundary scat
ing, one has17

h25~m/m* !2 1
8 . ~12!

At the end of the calculation, the limitN→` is taken. With-
out the orbital term, the HamiltonianH of Eq. ~4! is the same
as the random-matrix Hamiltonian used by Halperin and t
of the authors in Ref. 11.

Theg tensorG and the avoided crossing energyD will be
expressed in terms of matrix elements involving the eig
vectors of the Hamiltonian~4!. Eigenvectorscm of the
Hamiltonian ~4! are 2N component complex vectors. The
elements are denoted ascm(n,s), wheren51, . . . ,N refers
to the ‘‘orbital’’ degrees of freedom, ands561 to spin. At
zero magnetic field, all eigenvalues of the Hamiltonian~4!
are twofold degenerate~Kramers’ degeneracy!: each eigen-
value«m (m51, . . . ,N) has two orthogonal eigenvectorscm
and Tcm where Tc(n,s)5sc* (n,2s), is the time-
reversed ofc. In the GOE (l50,B50), the eigenvectors
cm and Tcm can be chosen such thatcm(n,11)
52Tcm(n,21) is a real number andcm(n,21)
5Tcm(n,1)50. In that case, the nonzero elementscm(n,
11) are independently and Gaussian distributed with z
mean and with variance 1/N.13 ~Of course, any linear com
bination of cm and Tcm forms a valid pair of eigenvector
for the eigenvalue«m as well.! In the GSE (l→`, B50),
the elements ofcm are complex numbers with independe
and Gaussian distributions with variance 1/2N. In both the
GSE and the GOE different eigenvectors are statistically
correlated.

In the crossover between GOE and GSE, the eigenve
distribution is more complicated than in each of the tw
basic ensembles. Unlike for the cases of the pure GOE
GSE, eigenvectors at different energy levels are correla
so that it is no longer sufficient to look at the distribution
one eigenvector alone.18 Since orthogonal invariance is pre
served throughout the GOE-GSE crossover, the problem
finding the~joint! distribution of one or more eigenvectors
the crossover ensemble can be simplified by conside
their orthogonal invariants first. For each pair of eigensta
cm andcn , the invariants are four quaternion numbersrmn

j ,
j 50,1,2,3. If we diagonalizeH, writing

H~B50!5U~E^ 12!U†, ~13!

where U is the symplectic eigenvector matrix and theN
3N diagonal matrixE contains the eigenvalues«m on the
diagonal, they are

rmn
0 5@U†U#mn5dmn12 , ~14!

rmn
j 5 i @U†s jU#mn5S ~rmn

j !11 ~rmn
j !12

~rmn
j !21 ~rmn

j !22
D , j 51,2,3.

~15!

The rmn
j satisfy a criterion of anti-Hermiticity,
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rmn
j 52~rnm

j !†, j 51,2,3. ~16!

The orthogonal invariantsrmn
0 express orthonormality of the

eigenvectorscm andTcm . The remaining orthogonal invari
antsrmn

j are characteristic for the crossover and determine
what extend spin-rotation symmetry has been broken. In
GOE, we have(k tr(rmm

i sk)tr(rmm
j sk)54d i j , while rmn

j

50 if mÞn; in the GSE,rmn
j 50 for all m andn. An aver-

age involving different eigenvectors is then calculated in t
steps: First, eigenvector elements have a Gaussian dist
tion with zero mean and with variance determined by
orthogonal invariants.18 In spinor notation, wherec(n) de-
notes the 2-component spinor with elementsc(n,11) and
c(n,21), these variances are

^cm~n!†cn~m!&5
dmn

N
dmn ,

i ^cm~n!†s jcn~m!&5
dmn

N
~rmn

j !11 ,

^cm~n!Ts2cn~m!&50,

^cm~n!Ts2s jcn~m!&5
dmn

N
~rmn

j !21 . ~17!

With the help of Eq.~17! any average over eigenvectors c
be expressed in terms of the orthogonal invariants invol
in the problem.

What remains is to find the average over a small num
of orthogonal invariants. For strong spin–orbit scatteringl
@1, it was surmised that the distribution of thermn

j for the
2N32N crossover Hamiltonian~4! is equal to the distribu-
tion of the same quantities for a GSE Hamiltonian of
smaller size 2N8,18

N85l2N~l212N!/~l21N!2→2l2 if N→`, ~18!

provided the energy differenceu«m2«nu!l2d. This means
that the elements of the matrixr j are uncorrelated and tha
they have a Gaussian distribution with variance,

^u~rmn
j !11u2&5

1

2N
,

^u~rmn
j !12u2&5

11dmn

2N
. ~19!

A similar surmise was proposed in Ref. 18 for the eige
vector statistics in the crossover between the GOE and
Gaussian Unitary Ensemble~GUE! of random-matrix theory.
We are not aware of a formal proof of the surmise, althou
Eq. ~19! can be obtained from diagrammatic perturbati
theory if mÞn ~see Ref. 18 for the crossover GOE-GUE!
and Eq.~19! is in excellent agreement with numerical sim
lations ~see Ref. 11 for the casem5n). The motivation un-
derlying this surmise becomes clear once we consider
crossover Hamiltonian~4! in the eigenvector basis o
HGOE.18 In this basis, eigenvectors of the crossover Ham
2-3
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tonian are ‘‘localized;’’ they are mainly built up from eigen
vectors of HGOE with energies inside a window of siz
;N8d ~with N8 to be determined later!. Since changing to
the GOE basis does not change orthogonal invariants, we
calculate thermn

j using an effective 2N832N8 Hamiltonian
that contains the 2N8 relevant GOE eigenvectors only,
um2nu!N8. As the spin-rotational symmetry breaking ter
is large for the effective Hamiltonian, its distribution is th
of the GSE, not a crossover. The exact relation~18! between
N8 and N is found matching the distributions of a sing
orthogonal invariantrmm

j in the crossover Hamiltonian and i
the GSE.11

In the following two sections, the random matrix mod
~4! will serve as a starting point for analytical calculations
theg tensor distribution and avoided crossing energies in
regimes of weak spin–orbit scattering,l!1, and of strong
spin–orbit scattering,l@1, and for numerical calculation
of the g-tensor distribution in the crossover regimel'1.
The case of weak spin–orbit scattering can be treated u
perturbation theory inl; for strong spin–orbit scattering, w
use the full eigenvector distribution of the GOE-GSE cro
over Hamiltonian and the surmise for the orthogonal inva
ants that was discussed in this section.

III. STATISTICS OF THE G TENSOR

A typical plot of the magnetic field dependence of ener
levels is shown in Fig. 1. A magnetic fieldB5BB̂ splits the
Kramers’ doublets«m into pairs«m,6 that depend linearly on
the magnitudeB of the magnetic field,

«m,65«m6 1
2 d«m , ~20!

with d«m expressed in terms of theg tensorGm as in Eq.~2!
above.

Following Ref. 11, theg tensor can be written as

G5GTG, ~21a!

where the 333 matrix G has elements,

G1 j5
2

mB
Re^cmuM j uTcm&,

G2 j5
2

mB
Im^cmuM j uTcm&,

G3 j5
2

mB
^cmuM j ucm&, ~21b!

whereM j is defined in Eq.~9!, cm is an eigenvector ofH at
B50 with eigenvalue«m , andTcm is its time-reversed.

The tensorG has three eigenvectors and three eigenval
gj

2 , j 51,2,3. The eigenvectors are referred to as ‘‘princip
axes,’’ the eigenvaluesg1 , g2, and g3 as ‘‘principal
g-factors.’’ The three principalg factors describe the split
tings of the doublet for magnetic fields along each of
three principal axes. We describe the distribution of theg
tensor in terms of the distributions of its eigenvectors~the
principal axes! and eigenvalues~the principalg-factors!. For
19541
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a roughly spherical grain, the principal axes will be orient
randomly in space. Hence, it remains to find the distribut
of the three principalg factorsgm,1 , gm,2 , andgm,3 . We will
now consider the cases of weak and strong spin–orbit s
tering separately.

A. Weak spin–orbit scattering

In this section we consider the case of weak spin–o
scattering,l!1 using perturbation theory. Expanding fo
smalll and keeping only the leading terms of orderlh and
l2, we find that theg tensor reads

Gm; i j 54S d i j 1
hlp

Nd (
nÞm

Xi
mnAj

mn1Ai
mnXj

mn

«m2«n

2
l2

N (
nÞm

d i j (
k51

3

~Ak
mn!22Ai

mnAj
mn

~«m2«n!2
D . ~22!

Here «m and «n are eigenvalues of the Hamiltonian~4! at
zero magnetic field and without spin–orbit scattering, a
Aj

mn andXj
mn are the matrix element of the matricesAj and

Xj between the corresponding eigenvectorsucm& anducn& of
H, respectively, cf. Eqs.~6! and~9!. While Eq.~22! assumes
thatl is small,l!min(1,h21), no requirement is necessar
for the parameterh that sets the scale for the orbital contr
bution to the magnetization.

The term proportional tolh in Eq. ~22! corresponds to
orbital paramagnetism. It is of first order in the spin–or
coupling strengthl because the orbital contribution appea
as soon as the wave function is complex, which happen
first order inl. The term proportional tol2 is a reduction of
the Pauli paramagnetism caused by interaction with ot
energy levels. For the case ofi 5 j 53, this term agrees with
earlier work by Sone.19

The distribution ofG without the orbital contribution@sec-
ond term in Eq.~22!# was studied in Refs. 10 and 11. W
find, however, that for very small spin–orbit scattering, th
orbital contribution dominates theg tensor fluctuations. No-
tice that whereas the Zeeman contribution always giveg
factors smaller than 2—the last term in Eq.~22! is negative
definite—the orbital contribution can be of arbitrary sig
allowing for principalg factors larger than 2.

To illustrate this feature, we calculate the tails of the jo
distributionP(g1 ,g2 ,g3) of the three principalg factors. The
distribution of the tails is dominated by events where t
spacing between the level«m and one of its neighbors«m11
or «m21 is exceptionally small, of orderld or lhd ~which-
ever is larger!. Hence, the tails ofP(g1 ,g2 ,g3) can be cal-
culated limiting attention to the nearest-neighbor terms in
summations in Eq.~22!. Keeping only the contribution from
n5m21 or n5m11 ~depending on which level is closer t
«m) in Eq. ~22!, we have

Gm54F 131
hlp

Nds
~XAT1AXT!2

l2

Ns2~ uAu2132AAT!G ,
~23!
2-4
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wheres5minu«m2«m61u is the nearest neighbor energy spl
ting. For smalls, the distributionP(s) is given by P(s)
5ps/d21O(s2). ~Note that this is twice the result for th
small-spacing asymptote of the level-spacing distribution
the GOE,13 sinces is the minimum of two level spacings.!
Further,A andX are shorthand notation for the vectors wi
componentsAj

m,m61 , and7Xj
m,m61 ( j 51,2,3), respectively.

These are vectors of random Gaussian variables whose
tributions are given in Eq.~7! and Eq.~10!, respectively.

We order the three principalg factors asg1,g2,g3 and
parameterize them asgj52(11yj ), j 51,2,3. With this no-
tation, the tails of the distribution correspond
max(l2,lh)!uyju!1 for at least one of theyj . The tails of the
distribution are found to be

P~y1,y2,y3!5
3~pl!2

8h3
Q~2y2!

y32y1

~2py2!7/2

3expF ~y12y22y3!214~y12y2!y2

4h2y2
G ,

~24!

whereQ(x)51 for x.0, andQ(x)50 for x,0. We then
proceed to analyze Eq.~24! in the cases of weak orbita
contribution (h!l) and the case where the orbital ter
dominates (l!h!l21).

In the limit h!l the tail of the distribution factors as

P~y1,y2,y3!}
y32y1

h3~2y2!7/2
expF y12y2

h2
1

y3
2

4h2y2
G ,

reproducing the result

P5
3l2

4py2
2
d~y3!d~y22y1! ~25!

for the tail of theg tensor distribution obtained in Ref. 11 i
the limit h→0. This result is valid forl2!uy1u,uy2u!1.

In the opposite limitl!h!l21, Eq. ~24! simplifies to

P~y1 ,y2 ,y3!5
9h2l2Q~2y1!d~y2!Q~y3!

p~y12y3!4
, ~26!

which is valid if lh!uy1,3u!1.
In Fig. 2 we have shown the distributions of the princip

g factorsg1 , g2, andg3, calculated from the random matri
model ~4! using numerical diagonalization. Although th
limits ~25! and ~26! were derived for the tail of theg-tensor
distribution only, they can account for some qualitative fe
tures of the full g-tensor distribution for weak spin–orb
scattering shown in Fig. 2. When the orbital contribution
the g tensor dominates (h@l), genericallyg3.2, g2'2,
and g1,2, cf. Eq. ~26!. On the other hand, when the Ze
man contribution to theg tensor dominates (h!l), one
typically hasg1'g2,2 andg3'2, cf. Eq.~25!.

We now turn our attention to correlations betweeng ten-
sors of neighboring levels. Such correlations are descri
by the correlator
19541
n

is-

l

-

d

Ci j ,kl5^gm
2 &22~^Gm,i j Gm11,kl&2^Gm,i j &^Gm11,kl&!. ~27!

Calculating the correlatorC to leading order inl!1, we find
that the result is dominated by events where the levels«m
and«m11 are very close. Since this contribution is formal
divergent, as a result of the presence of the energy deno
nators in the perturbation expression~22!, a cut off must be
imposed at energy separations«m112«m of orderld where
the perturbation theory is not valid. To treat the contributi
from nearby levels«m11 and«m correctly, we calculate the
contribution from such events nonperturbatively. To lead
order inl!1, the result of such a treatment amounts to
replacement of the energy denominator«m112«m in Eq.
~22! by @(«m112«m)21uAu2l2/N#1/2. We then obtain the
following result:

Ci jkl 5
l2

p
~d ikd j l 1d i l d jk!S h2 ln l1

1

20D1
3l2

10p
d i j dkl .

~28!

The correlator betweeng factors ~at a fixed direction of
the magnetic field! is found from Eq.~28! setting i 5 j 5k

5 l 5B̂ in the direction of magnetic field~Fig. 3!,

C5^gm11
2 gm

2 &/^g2&2215
2l2

p S h2 ln l1
1

5D . ~29!

B. Strong spin–orbit scattering

In the regime of a strong spin–orbit scattering,l@1, the
g tensor distribution can be calculated from Eq.~21! using
the known distribution of the eigenvectors of the rando
Hamiltonian~4! at zero magnetic field, see Sec. II. We th
find that the matrix elements of the 333 matrix G of Eq.
~21! are Gaussian random numbers, with zero mean and
variance 1/l212h2. The distribution of the eigenvalues o
theg-tensorG then follows from standard results in Rando
Matrix Theory.20 From this we conclude that the distributio
of the principalg factors is11

P~g1 ,g2 ,g3!}S)
i , j

ugi
22gj

2u D)
i

e23gi
2/2^g2&, ~30!

FIG. 2. Distributions of magnitudes of the principalg factors.
Upper panel:l51.0, h50.2; Lower panel:l5h50.5.
2-5
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where

^g2&5
1

3
^g1

21g2
21g3

2&5
3

l2 16h2. ~31!

Values forh for diffusive and ballistic spherical grains ar
given in Eqs.~11! and ~12!. Equations~30! and ~31! extend
the result of Ref. 11 to the casehÞ0. Equation~31!, which
was derived using the random matrix model~4!, agrees with
the results of Matveevet al., which were derived using a
comparison of theg factors and the energy absorption of
time-dependent magnetic field.

In Fig. 4 we show the result of numerical calculations
^g2& as a function of the spin–orbit scattering ratel and for
various values ofh. For h2,2/3, ^g2&,2 for all l, while
for h2.2/3, ^g2&.2. The derivatives withl are maximal
nearl50 because of the enhanced fluctuations due to
orbital part at smalll, cf. Eq. ~22!.

Correlations betweeng tensors of neighboring levels trivi
ally vanish for largel because, in the GSE, different eige
vectors are statistically uncorrelated. However, since the
erageg tensor also depends onl, it is a more meaningful
question to study the correlator betweeng tensors, normal-
ized by the averageg factor, cf. Eq.~27!. In the presence o
an orbital contribution to theg tensor, the averageg factors

FIG. 3. g-factor correlation as a function of spin–orbit couplin
l computed numerically for 2003200 GOE-GSE crossover matr
ces. Dashed line shows the result from perturbation theory Eq.~29!.

FIG. 4. Averagedugu2 as a function of spin-orbit strengthl. The
critical valueh05A2/3'0.81.
19541
f

e

v-

are nonzero forl@1, see Eq.~31!, so that the vanishing o
correlations in the GSE implies that they vanish compared
the average as well. Without the orbital contribution,g-tensor
correlations cannot be addressed with reference to the ei
vector statistics in the GSE, becauseG50 in the GSE. In-
stead we need the more detailed knowledge of the eigen
tor distribution for largel, which is summarized in Sec. II
The main result of that section is that the eigenvector dis
bution depends on the distribution of certain orthogonal
variants rmn

j , j 51,2,3 which are 232 matrices in spin
space, see Eq.~17!. With the help of Eq.~21!, one easily
verifies that, in the caseh50, theg tensor may be expresse
in terms of these orthogonal invariants only,

~Gm! i j 52 trrmm
i rmm

j , i , j 51,2,3, ~32!

where the trace is taken in spin space. Since, forl@1, the
orthogonal invariantsrmm

j are all independently distribute
for different levels, we conclude thatg tensors of different
levels are uncorrelated in the caseh50 as well.

Figure 3 shows theg-factor correlator~29! normalized by
the averageg factor as a function ofl. The numerical di-
agonalization confirms our previous conclusions thatg factor
correlations are small for both asymptotic regimesl!1 and
l@1. Correlations are maximal for intermediate spin–or
scattering strengths,l;1.5, but never amount to more tha
10% of the averagêg2&.

IV. AVOIDED CROSSING ENERGIES

Once the Kramers’ doublets are split by the magne
field, half of the levels move upward with slop
;(1/2)gmBB, while the other half moves downward wit
the same slope. Hence, a downward moving level«m11,2
and the upward moving level«m,1 meet at magnetic field
strength

Bc5
2~«m112«m!

mB~gm1gm11!
. ~33!

In fact, since the matrix element of the couplingHB to the
magnetic field between the corresponding eigensta
ucm11,2& and ucm,1& is finite, the two levels do not cross
but exhibit an avoided crossing, see Fig. 1. In this section
calculate the minimum distanceD between the energy level
in the avoided crossing, its dependence on the directionB̂ of
the magnetic field, and its level-to-level fluctuations.

The avoided crossing energy is well-defined only if t
magnetic field dependence of the two levels«m11,2(B) and
«m,1(B) is linear, the only exception being the curvatu
resulting from their mutual interaction at the avoided cro
ing. For the magnetic field strengths of interest,B;Bc ,
other sources of level curvature as a function of the magn
field, which arise both from the spin and orbital couplings
the HamiltonianHB of Eq. ~8!, are small if bothl!1 and
h!1. Hence, for the purpose of calculating the avoid
crossing energyD it is sufficient to consider the perturbativ
regime of smalll and smallh.
2-6
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Considering the Hamiltonian in the basis of sta
ucm11,2& and ucm,1&, corresponding to the energy leve
«m11,2 and«m,1 at zero magnetic field, respectively,

H5S «m112 1
2 mBBgm ^cm11,2uHBucm,1&

^cm,1uHBucm11,2& «m1 1
2 mBBgm21

D , ~34!

we find that the avoided crossing energyD reads

D52u^cm11,2uHBc
ucm,1&u

5
4u«m112«mu

mB~gm111gm!
u^cm11,2uB̂•M ucm,1&u. ~35!

Using first order perturbation theory inl andh, we find

D5lUB̂3S 1

AN
Am11,mD U , ~36!

plus terms of orderlh which are not relevant in the regim
we consider. The components of the vectorAm11,m are ma-
trix elements of the spin–orbit matricesAj , j 51,2,3 of Eq.
~6! in the basis that diagonalizes the Hamiltonian to zer
order inl.

In order to find the distribution of the avoided crossi
energyD, we write

D5D0 sinu, ~37!

where 0<u<p is the angle between the directionB̂ of the
applied magnetic field and the vectorAm11,m. Using the
known distribution~7! of the spin–orbit coupling matrice
Aj ( j 51,2,3), one finds that the three elements ofAm11,m

each have a Gaussian distribution with zero mean and
variance Nd2/p2. Hence, we conclude that the vect
Am11,m is randomly oriented in space, so that

P~u!5 1
2 sinu, ~38!

and that

P~D0!5
~D0p!2A2p

~ld!3
expF2

1

2 S pD0

ld D 2G . ~39!

Equations~37!–~39! not only give the full distribution of the
avoided crossing energyD, but also the dependence ofD on
the directionB̂ of the magnetic field. Equations~37!–~39!
can be combined to give

P~D!5
p2D

~ld!2
expF2

1

2 S pD

ld D 2G . ~40!

The latter result is relevant for comparison with experime
where the direction of the magnetic field cannot be varied5,7

Figure 5 shows the distribution~40!, together with results
from a numerical calculation of the distribution of Eq.~35!
using the random matrix model~4! for h50 and two differ-
ent values ofl. We see that the agreement between the
merical diagonalization of the random matrix model and
distribution ~40! calculated using first order perturbatio
19541
s

h

th

s
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e

theory in l remains good up tol;1. @We should note,
however, that the approximations leading to an avoid
crossing energy that is dominated by matrix elements invo
ing two neighboring levels only, is valid forl!1 and h
!1 only, see the discussion preceding Eq.~35!.# Although
there are corrections toP(D) to second order inl, the first
nonzero corrections to the average^D& appear to third order
in l only.

V. DISCUSSION AND CONCLUSIONS

In this paper, we have presented a random matrix the
for the distributions ofg tensors and avoided crossing ene
gies in small metal grains with spin–orbit scattering. O
theory includes both the spin and the orbital effects of
magnetic field.

For large spin–orbit scattering, the main effect of the
bital contribution is to increase the typical size of theg ten-
sor; the fluctuations~normalized by the average! and the
relative magnitudes of the three principalg values are the
same with and without a large orbital contribution.11 For
weak spin–orbit scattering, the presence of an orbital con
bution to theg tensor not only increases the average of
g-tensor distribution, it also changes the relative magnitu
of the principalg values. Without orbital contribution, two
principal g values are approximately equal and smaller th
2, while the third principalg value is close to 2. If the orbita
contribution is large, all three principalg values are different
and, on average, symmetrically positioned around 2.

Petta and Ralph have measured distributions ofg factors
~i.e., the square root of theGzz element of theg-tensor! for
small particles of different metals and found that distrib
tions, if normalized to the average, were in very good agr
ment with the random matrix theory of Ref. 11. The avera
of the distribution, however, was up to a factor 10 smal
than the theoretical prediction~31! with a reasonable esti
mate for the parameterh.10 A similar discrepancy between
experimental and theoretical estimates was reported in a

FIG. 5. Main panel: Distribution of the avoided crossing ener
D. Solid line is the perturbative result~40!; the data points are from
numerical evaluation of Eq.~35! using the numerical diagonaliza
tion of the random matrix model~4! with h50 and l50.2
~crosses!, and l50.4 ~circles!. Inset: Comparison of perturbatio
theory ~solid curve! and numerical results~data points! for the av-
erage^D&.
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ferent context by Marcuset al.21 for the magnetic field scale
for fluctuations of Coulomb blockade heights in tw
dimensionalmm-size GaAs/GaAlAs quantum dots~see also
Ref. 22!. Although the experimental system studied in Re
21 and 22 is quite different from that of Petta and Ralph,
random matrix theories describing the magnetic field dep
dence of Coulomb blockade peak heights and the orbital c
tributions tog factors are the same. At present, we do n
know of a solution to either puzzle.

One complication in the search for an orbital contributi
to theg factors measured in Ref. 7 is that the main effect
the orbital contribution is to change the average of
g-factor distribution only. Since, for strong spin–orbit sca
tering, the averageg factor depends on both the dimensio
less spin–orbit couplingl and the dimensionless orbital con
tribution h, cf. Eq.~31!, it is impossible to characterize wha
fraction of a measuredg factor is the result of a state’s orbita
magnetic moment. The recent development of experime
methods to measure the entireg tensor8 opens new avenue

*Present address: CEA, Service de Physique de l’Etat Conde´,
Center d’Etudes de Saclay, 91191 Gif-sur-Yvette, France.
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